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PREFACE

General relativity and quantum field theory are the successful fundamental
theories of the 20th century. The experimental verifications of both theories are
so many that no serious question of their validity actually exists. The funda-
mental mathematical notion of general relativity is the lorentzian metric of the
riemannian geometry. It explains very well gravitation but ”considers” all the
other fields of electromagnetic, weak and strong interactions as external. All
the efforts to incorporate them have failed. On the other hand, the fundamental
mathematical notion of quantum field theory is the rigged Hilbert space formu-
lated in the general realm of generalized functions (Schwartz distributions). Its
last success is the standard model. But the theoretical efforts to generalize it
to grand unified and supersymmetric models have not been experimentally ver-
ified. The recent LHC experimental result and the failed dark matter searches
strongly indicate that supersymmetric particles do not exist. These experimen-
tal results drifted to failure string theory, which was the most serious effort to
unify general relativity with quantum field theory. The present 4-dimensional
lagrangian model consists of a renormalizable generally covariant action based
on a special totally real Cauchy-Riemann (CR-) structure. It does not need su-
persymmetry to incorporate the fermions, which are just distributional solitons.

The euclidean 2-dimensional conformal field theories have been very suc-
cessful in condensed matter. The Polyakov action is a 2-dimensional confor-
mal field theory based on the 2-dimensional lorentzian metric. In 1986, during
my summer stay at CERN, I realized that the ”beauty” and the impressive
properties of the 2-dimensional conformal field theories come from their met-
ric independence without being topological. That is, the fact that any

2-dimensional metric admits coordinates (the light-cone coordinates (z0, z0̃))

such that gµνdx
µdxν = g00̃dz

0dz0̃. Hence, I looked and found a metric inde-
pendent 4-dimensional action with 4-dimentional metrics, which take the form

gµνdx
µdxν = gαβ̃dz

αdzβ̃ with α, β = 0, 1 in a generally complex coordinate
system. Not all the 4-dimensional metrics can take this form. Only those which
admit two geodetic and shear-free null congruences take this form, like the
black-hole metrics. I even considered it as an explanation of the fact that only
these solutions of the Einstein equations are observed in nature. The metric
independence of the 4-dimensional generally covariant action assures its (for-
mal) renormalizability, simply because it is dimensionless and the geometrical
counterterms are not permitted.

The present 4-dimensional action has no other physical relation with string
theory. It depends on a special totally real Cauchy-Riemann structure (called
lorentzian Caucy-Riemann (LCR-) structure) and it contains a compatible SU(N)
gauge field connection. It essentially takes the place of the scalar field Xµ(τ , σ)
of the 2-dimensional conformal action, which string theory interprets as the
immersion field of the 2-dimensional surfaces in the 26-dimensional spacetime.
The SU(N) gauge field is finally identified with the gluon field. Graviton and
photon naturally emerge from the fundamental lorentzian CR-structure (LCR-
structure). Electron and its neutrino are the stable static and stationary soli-
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tonic LCR-manifolds, which are directly related to an irreducible and reducible
quadric of CP (3). They are the massive and massless ruled surfaces with Hopf
invariant one, which may be assumed to be the electronic leptonic number. The
gyromagnetic ratio of the electron LCR-structure is g = 2 even at the classical
solitonic level, already computed by Carter for the Kerr-Newman metric. The
other generations of fermionic leptons may be those with higher Hopf invariants.
The number of the leptonic generations may be restricted to three by the sim-
ple fact that the non conformally flat metrics admit no more than four geodetic
and shear-free null congruences (Petrov classification). No other leptons ex-
ist, up to type III LCR-structure. For every leptonic LCR-manifold, there is
a solitonic colored (SU(N)) configuration, which are interpreted as the corre-
sponding quarks. The ”electron” quark is explicitly derived. This derivation-
correspondence makes apparent why the quarks are colored copies of leptons.
Hence the present action is apparently the extension of general relativity based
on a special totally real CR-structure properly defined in the Cartan moving
frame (independent tangent vectors) formalism. The most shocking difference
with riemannian geometry is that the Hawking-Penrose singularity theorems
do not apply and the Penrose censorship hypothesis is not valid, because the
elementary fermionic particles have gravitational dressings with naked ring sin-
gularities. That is, the stars are aggregations of naked ring singularities, which
are well defined in the context of lorentzian CR-structure.

The present theory is called pseudo-conformal field theory (PCFT) following
the initial term for the CR-structure, used by E. Cartan, Tanaka, Severi and
others, who first worked on this mathematical notion. Besides, this term is com-
patible with the name of 2-dimensional conformal field theories used in physics.
But the 4-dimensional PCFT is invariant under tetrad-Weyl transformations,
which is larger than the metric-Weyl symmetry of the quadratic Weyl-tensor.
This tetrad-Weyl symmetry is broken (even at the classical level) by the exis-
tence of the conserved quantities of charge and energy-momentum. Hence in
brief, LCR-structure is the fundamental structure that replaces the lorentzian
riemannian structure of general relativity and PCFT is essentially the lagrangian
that Einstein was searching to extend his theory of relativity. On the other hand
the Polyakov action is the corresponding 2-dimensional PCFT action. Besides,
the mathematics are algebraically based on surfaces of CP (3) in analogy to the
well known dependence of string theory on curves of CP 2.

The standard model is derived through the causal perturbative theory of
Stuckelber and Bogoliubov combined with the Epstein-Glaser remark and the
operational algorithm of Scharf and collaborators, viewed as a direct appli-
cation of the properties of the Schwartz distributions. The starting point is
the Poincaré covariance of the distributional solitons viewed as elements of the
rigged Hilbert-Fock space of the free fields tempered distributions. The ”inter-
nal” U(2) connection is derived from the LCR-tetrad as a Cartan lift, which
is directly related to the corresponding geodetic and shear-free null tetrad of
Einstein’s gravity. Their sources are the leptonic particles identified with the
singular supports of the LCR-structures. The pair of the massive electron and
its massless neutrino are the massive and massless (developable) quadratic sur-
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faces of CP (3). The relations of the coupling constants and the masses are the
necessary conditions for the existence of the product of the tempered distri-
butions and the elimination of the negative norm states, which appear in the
S-matrix of the causal perturbative field theory as already described by Scharf
in his books.

Hence, PCFT essentially describes the consequences of the simple consider-
ation of the LCR-structure as fundamental geometrical structure, instead of the
Einstein metric. I think the most surprising (to me) results are the intimate re-
lation between the electroweak gauge fields with the geodetic and shear-free null
tetrad of the Einstein metric and the possibility to ”derive” quantum mechanics
from the distributional nature of the solitonic LCR-structures. The purpose of
the present ”Research eBook” is to provide the interested researcher with all
the details of the present status of PCFT, essentially following their historical
evolution.
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Part I

PSEUDO-CONFORMAL ACTIONS

Synopsis
The wonderful properties of the 2-dimensional Polyakov action are essentially

based to its metric independence (without being topological), when written in
the 2-dimensional light-cone coordinates. Because of the conformal anomaly
this occurs in the 26-dimentional embedding Ψj(τ) of the 2-dimensional string
surface. For that, I had to clarify the formulation of the fundamental structure
that had to replace the Einstein lorentzian metric of the riemannian structure,
because a general 4-dimensional lorentzian metric does not always take the off-
diagonal form, that the 2-dimensional lorentzian metric does. In the context
of general relativity, Flaherty had studied this kind of 4-dimensional metrics,
characterized by admitting two geodetic and shear-free null congruences. The E.
Cartan formalism permits the metric independent definition of this fundamental
structure, which I call lorentzian Cauchy-Riemann (LCR-) structure, and which
is formally invariant under a tetrad-Weyl transformation, replacing the metric-
Weyl transformation of the Polyakov action. I write down the covariant 4-
dimensional action and I quantize it. As expected, it is dimensionless and
formally renormalizable. The lowest order 1-loop diagrams have been computed.
The place of the embedding field Ψj(τ) now takes a SU(N) gauge field-like
Ajµ(x), which will be identified with the gluon field. But I have not yet found
any tetrad-Weyl anomaly that could restrict the order N of the gauge field
group, like it happens in Polyakov action. My research steps of this passage
from the 2-dimensional Polyakov action to the 4-dimensional generally covariant
action, compatible with the LCR-structure, are described in this first part of
the Research eBook.
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1 THE 2-D LCR-MANIFOLD

The simplest lorentzian CR-manifoldM is a real 2-dimensional manifold defined
as a real surface of a 2-dimensional complex manifold M̂ with the real equations

ρ1(z
0, z0) = 0 , ρ2(z

0̃, z0̃) = 0

∂ρi
∂zb

̸= 0 ̸= ∂ρi
∂zb

(1.1)

where the two real functions are assumed to be smooth with the indicated
conditions. Notice that the two real functions do not mix the two coordinates.
We essentially have two independent 1-dimensional totally real submanifolds
of a corresponding complex manifold. Any holomorphic transformation (z′0 =

f(z0), z′0̃ = h(z0̃)) preserves the LCR-structure definition. Therefore it is

called LCR-transformation. All these complex functions (z0(x), z0̃(x)) will be
generally called LCR-structure coordinates.

There is an important mathematical subtlety, which is going to play an
essential role in the study of LCR-structure. In the general case of smooth
LCR-manifolds, there is always a LCR-transformation in a neighborhood of
every point p such that

ρ1(z
0, z0) = z0−z0

2i − ϕ( z
0+z0

2 ) = 0 , ρ2(z
0̃, z0̃) = z0̃−z0̃

2i − ϕ̃( z
0̃+z0̃

2 ) = 0

ϕ(0) = 0 = dϕ(0) , ϕ̃(0) = 0 = dϕ̃(0)
(1.2)

where the two functions ϕ(·) and ϕ̃(·) are smooth (≡ have all their derivatives
in a neighborhood of the point p). If they are real analytic (≡ expand to a
summable Taylor series in a neighborhood of the point p), there are[1] always
independent analytic transformations giving them the simple forms

ρ1(z
0, z0) = z0−z0

2i = 0 , ρ2(z
0̃, z0̃) = z0̃−z0̃

2i = 0

z0 = u , z0̃ = v

(1.3)

The two cotangent vectors (1-forms) of the LCR-manifold M are

ℓ = ℓνdx
ν = i(∂ − ∂)ρ1(z

0, z0) = i(dz
0+dz0

2i )|M = du

n = nνdx
ν = i(∂ − ∂)ρ2(z

0̃, z0̃) = i(dz
0̃+dz0̃

2i )|M = dv

ℓ ∧ n ̸= 0

(1.4)

If we multiply the defining real conditions with arbitrary non-vanishing functions
Λ(x) and N(x), we find that the above 1-forms admit the symmetry

ℓ′ = Λℓ , n′ = Nn (1.5)
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A basis (ℓµ∂µ, n
µ∂µ) of the tangent space of M is defined via the conditions

(ℓµ∂µ)⌟(ℓνdxν) = 0 , (ℓµ∂µ)⌟(nνdxν) = 1

(nµ∂µ)⌟(ℓνdxν) = 1 , (nµ∂µ)⌟(nνdxν) = 0
(1.6)

The possibility to multiply the defining real conditions (1.1) with arbitrary non-
vanishing functions Λ(x) and N(x), implies that the above two basis admit the
symmetry

ℓ′ = Λℓ , n′ = Nn
(ℓ′µ∂µ) =

1
N (ℓµ∂µ) , (n′µ∂µ) =

1
Λ (n

µ∂µ)
(1.7)

which we will call dyad-Weyl symmetry.
Notice that we have not yet defined a metric. The LCR-structure does not

need the notion of the metric. But this basis defines a 2-d symmetric tensor
gµν ,

[gµν ] ≡ ℓµnν + ℓνnµ

g ≡ det(gµν) = −[det

(
ℓ0 ℓ1
n0 n1

)
]2

(1.8)

which will be used as a class of equivalent metrics, because of dyad-Weyl sym-
metry. These metrics have the characteristic property to make the two vectors
of the basis null, i.e. ℓµℓνgµν = 0 = nµnνgµν .

The well-known emergence of the algebraic structure in string theory appears

if we consider the two structure coordinates z0 and z0̃ as two different points
of a hypersurface (curve) of CP 2. An hypersurface of CP 2 is generally defined
(in homogeneous coordinates)

Xmi =

X01 X02

X11 X12

X21 X22


K(Xm1) = K(Xm2)

(1.9)

where K(Xm) is the homogeneous polynomial (reducible or irreducible) that

defines the Riemann surface. For the two points z0 and z0̃ to be different,
the 3 × 2 matrix must have rank two. In this case they define a line of CP 2

which intersects the hypersurface at z0 and z0̃. The projective coordinates
rA ; A = 0, 1 of these lines are defined with the identity

Xmi =

 X01 X02

X11 X12

−irAXA1 −irAXA2


det

(
X01 X02

X11 X12

)
̸= 0

(1.10)

in the corresponding affine patch of the grassmannian projective manifold G(3, 2).

Assuming z0 = X11

X01 and z0̃ = X12

X02 , the structure coordinates are holomorphic
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functions of the projective coordinates rA. And vice-versa, the projective coor-
dinates are not always LCR-structure coordinates.

1.1 Examples of Riemann surfaces

The quadratic surfaces, which are usually called conics, are generally reduced
to the (irreducible) homogeneous polynomial

K2(Z
m) = (Z0)2 + (Z1)2 + (Z2)2 = 0

∂0K2 = 2(Z0) = 0
∂1K2 = 2(Z1) = 0
∂2K2 = 2(Z2) = 0

(1.11)

Its tangent space is well defined, because it is well defined at all its points, i.e.
∂nK2(Z

m) ̸= 0. Notice that

∂nK2(Z
m) = 0

⇕
∂0K2 = 2(Z0) = 0, ∂1K2 = 2(Z1) = 0, ∂2K2 = 2(Z2) = 0

(1.12)

admits only the solution Zm = 0, ∀m, which is not an element of the projective
space CP 2. Hence the conics are regular curves (without singular points). That
is the tangent exists at all its points. It is a manifold.

The projective spaces are compact. They do not have ”infinities”. But their
affine patches do have infinities. The infinity of the affine patch Z2 = 1, is the
subspace Z2 = 0. In this patch the infinity of the above conic is found assuming
the additional relation Z2 = 0. The conic meets (intersects) the infinity (a line)
at

K2(Z
m) = (Z0)2 + (Z1)2 = 0

Z0 : Z1 = 1 : ±i (1.13)

which are two points (like its intersections with any other line).
We will now look at its tangents, using the method of the pencil of lines

passing through a point Xm
0 of the conic

Xm = Xm
0 + sTm

K2(X
m
0 + sTm) =

∑
m
[(Xm

0 )2 + 2sXm
0 T

m + s2(Tm)2] =

= 2s
∑
m
[Xm

0 T
m] + s2

∑
m
[(Tm)2] = 0

(1.14)

where Tm are the slopes of the line and we sum over the repeated index m.
The intersection index I(Xm

0 ,K2, L) of this line L is the number of solutions
of K2(X

m
0 + sTm) relative to s. Bezout’s theorem tell us that now, there are

generally two solutions, one of them being s = 0, which corresponds to the
point Xm

0 of the conic. If Tm satisfies the relation Xm
0 T

m = 0 i.e. if the line
is tangent at Xm

0 , then the solution s = 0 is double. So the tangents of regular
points are found.
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In order to find and understand the parametrization and multi-sheet alge-
braic surface, we have to consider an affine patch. In the affine patch Z0 = 1

and the notation x = −iZ
1

Z0 , y = −iZ
2

Z0 we have the complex circle

K2(x, y) = 1− x2 − y2 (1.15)

All its finite points are regular because

K2(x, y) = 1− x2 − y2 = 0
∂xK2 = −2x = 0
∂yK2 = −2y = 0

(1.16)

do not have a (complex) solution.
Starting from a regular solution and using its pencil of lines, we can generally

find the other points where each line intersects the surface. In the present case,
I consider the point (x = 1, y = 0). Then the pencil of lines(

x
y

)
=

(
1
0

)
+ s

(
1
t

)
y = t(x− 1)

(1.17)

imply the equation

(1− x)[x(t2 + 1)− (t2 − 1)] = 0

x = (t2−1)
(t2+1) , y = −2t

(t2+1)

(1.18)

which gives the second intersection point for each line. Returning back to ho-
mogeneous coordinates we find the rational representation

x = −iZ
1

Z0 = (t2−1)
(t2+1) , y = −iZ

2

Z0 = −2t
(t2+1)

Z0 : Z1 : Z2 = (t2 + 1) : i(t2 − 1) : −2it

(1.19)

The infinity t = ∞ is covered by simply making the transformation t = 1
t′ .

The double-valuedness of the quadratic curve is simply indicated by its de-
gree two. It is also indicated by the highest degree of the polynomials which
appear in the rational representation. Notice that in the conics the two values
t = ±c ̸= 0 have one x and two values ± −2c

(c2+1)

t = ±c ̸= 0 → (x, y) = ( (c
2−1)

(c2+1) ,±
−2c

(c2+1) )

t = 0 → (x, y) = (−1, 0)
t = ∞ → (x, y) = (1, 0)

(1.20)

where t = 0,∞ are the branch points, which have one value. But these points
have nothing special. They become special by the chosen (by us) coordinate
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system! A rotation of the coordinate system changes the branch points! A
general projective transformation preserves the characteristics of an algebraic
projective curve, but it changes the role of each point.

Let us now consider the cubic curve

K3(Z
m) = (Z0)(Z2)2 + λ(Z0)(Z1)2 + (Z1)3

∂0K3 = (Z2)2 + λ(Z1)2 = 0
∂1K3 = 2λ(Z0)(Z1) + 3(Z1)2 = 0
∂2K3 = 2(Z0)(Z2) = 0

(1.21)

It has the singular point
Zm = 1 : 0 : 0 (1.22)

We will now look at its tangents, using the method of the pencil of lines
passing through this point Xm

0 = 1 : 0 : 0 of the cubic

Xm = Xm
0 + sTm

K3(X
m
0 + sTm) = s2[(T 2)2 + λ(T 1)2]+

+s3[T 0(T 2)2 + T 0(T 1)2 + (T 1)3]

(1.23)

where Tm are the slopes of the line. Hence this point is a double point, because
the lowest degree of s is two. For λ ̸= 0 there are two different tangents (T 1 :
T 2) = (1 : ±iλ). Hence the point (0, 0) is a node. For λ = 0 we have one
solution, which is a cusp. This manifold is singular at this point, because its
corresponding tangent space has dimension lower than the manifold itself.

The tangent lines at this point in the affine patch Z0 = 1 are

x = Z1

Z0 , y = Z2

Z0

K3(x, y) = λx2 + x3 + y2

K3(0 + sX, 0 + sY ) = s2(λX2 + Y 2) + s3X3

(1.24)

For λ ̸= 0 there are two different tangents (1,±i
√
λ). Hence the point (0, 0) is

a node. For λ = 0 we have the previous cusp.
The parametrization of this curve is found with the pencil of lines(

x
y

)
=

(
0
0

)
+ s

(
1
t

)
y = tx

(1.25)

but now we solve relative to the slope t. We find

K3(x, y) = x2(λ+ x+ t2) = 0

x = −(λ+ t2) = Z1

Z0 , y = −t(λ+ t2) = Z2

Z0

Zm = [1 : −(λ+ t2) : −t(λ+ t2)]

(1.26)
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The multiple points do not cause any problem, if they admit the same num-
ber of different tangents, because the Riemann surface can be generated by
analytically extending one-value yk(x). But if the two or more tangents at a
multiple point coincide, we cannot make the extension! This will appear as a
branch point. The singular points are ”regularized” using blow-ups. This is an
algebraic technique to consider them as points of a larger projective space.

2 THE 2-D PSEUDO-CONFORMAL LAGRANGIAN

The general framework of the two dimensional (2-d) pseudo-conformal field the-
ory (PCFT) will be studied with the simple 2-d conformal action

IG =
∫
M
ℓµ(∂µΨj)n

ν(∂νΨk)θjk
√
−gd2x

gµν ≡ ℓµnν + ℓνnµ , g = −[det

(
ℓ0 ℓ1
n0 n1

)
]2

(2.1)

where Ψj(x) is a field defined on the (differentiable) manifold M , which takes
values in a vector space with internal metric θjk generally assumed diagonal
with ±1 elements. A basis (ℓµ∂µ, n

µ∂µ) of the tangent space of M is also used.
Its dual basis of the cotangent space (ℓνdx

ν , nνdx
ν) is defined via the conditions

(ℓµ∂µ)⌟(ℓνdxν) = 0 , (ℓµ∂µ)⌟(nνdxν) = 1

(nµ∂µ)⌟(ℓνdxν) = 1 , (nµ∂µ)⌟(nνdxν) = 0
(2.2)

This basis defines a 2-d symmetric tensor gµν , which we simply notationally use
in order to proper define the integral.

The field equations are usually derived and found to be

1√
−g∂µ(g

µν√−g∂νΨj) = 0∑
jk

(ℓµ∂µΨj)(ℓ
µ∂µΨk)θjk = 0 ,

∑
j

(nµ∂µΨj)(n
µ∂µΨk)θjk = 0

(2.3)

Notice that if the constant matrix θjk is positive definite we have only the trivial
solution Ψj = const. If the manifold has a boundary, additional relations for
Ψj(x) at the boundary are yielded.

The action is the Polyakov action and it is compatible with the 2-dimensional
LCR-structure, because it is invariant under the local dyad-Weyl transformation

(ℓ′νdx
ν , n′

νdx
ν) = (Λℓνdx

ν , Nnνdx
ν) , Λ(x) ̸= 0 ̸= N(x) (2.4)

Notice that the dyad-Weyl transformation is equivalent to the ordinary Weyl
transformation

g′µν = ΛNgµν (2.5)

which will not be the case for action of the 4-dimensional PCFT.
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A 2-dimensional manifold locally admits a real coordinate system (t, x) such
that

ℓνdx
ν = Λdu = Λd(t− x) , nνdx

ν = Ndv = Nd(t+ x)

gµνdx
µdxν = 2ΛN(du)(dv) = 2ΛN((dt)2 − (dx)2)

(2.6)

Notice that in this LCR coordinate system the action is metric independent

IG =
∫
M
ℓµ(∂µΨj)n

ν(∂νΨk)θjkℓ ∧ n =
=
∫
M
(∂vΨj)(∂uΨk)θjkdudv

(2.7)

while it is not a topological action.
Hence the question is raised whether we can formulate a 4-dimensional LCR-

structure and write down a compatible action which is metric independent with-
out being topological. I found that it can be done, but we need a better knowl-
edge of the Cartan moving frame formalism, which I have to describe below. I
will start first with the Newman-Penrose Cartan formulation of general relativ-
ity and after I will proceed to the 4-dimensional lorentzian CR-structure in order
to make clear that the riemannian structure is different from the LCR-structure.

3 CARTAN FORMULATION OF GENERAL
RELATIVITY

The fundamental property of the 2-dimensional Polyakov action (2.7) is its met-
ric independence in the coordinate system of structure coordinates, where the
metric takes the off-diagonal form ds2 = ΛNdudv. Flaherty has observed[12],[13],
that if a 4-dimensional metric admits a geodetic and shear-free null tetrad

(ℓµ,mµ, nµ,mµ), there is a generally complex coordinate system (zα, zβ̃) :
α, β = 0, 1, such that the 4-dimensional metric takes the off-diagonal form

ds2 = gαβ̃dz
αdzβ̃

gµν = ℓµnν + nµℓν −mµmν −mµmν

(3.1)

The moving frames of E. Cartan[20] is the convenient framework to study
these notions and the LCR-structure formalism. In fact the Newman-Penrose
formalism[6] in general relativity is just the Cartan formalism adapted to a null
tetrad. Therefore we will describe Einstein’s gravity in this formalism in order
to better understand its relation with the LCR-structure.

Every coordinate system xµ defines a frame ∂µ in the tangent space and dxµ

in the cotangent space, which satisfy the following relations

[∂µ, ∂ν ] = 0 , ∂µ⌟dxν = δνµ
∂µ⌟(dxν ∧ dxρ) = δνµdx

ρ − δρµdx
ν (3.2)

A moving frame eµa∂µ of the tangent space of a smooth manifold (spacetime)
satisfies the general commutation relations
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[(eµa∂µ) , (e
ν
b∂ν)] = c d

ab (eρd∂ρ)

c d
ab + c d

ba = 0
(3.3)

c d
ab generally depend on x. If c d

ab are constants, the manifold has a group
structure and the corresponding vectors of the moving frame of the group man-
ifold correspond to the generators of its Lie algebra. Its dual frame in the
cotangent space is eb := ebνdx

ν , defined by the relations

(eµa∂µ)⌟(ebνdxν) = eµae
b
ν(∂µ⌟dxν) = eµae

b
νδ
ν
µ = eµae

b
µ = δba (3.4)

Then, they satisfy the relations

dea + ωab ∧ eb = 0
ωab = ηacω

c
b = −ωba

c d
ab = ωdbµe

µ
a − ωdaµe

µ
b

(3.5)

The curvature of the manifold and the Bianchi identities are

Ωab = dωab + ωac ∧ ωcb
dΩab +Ωac ∧ Ωcb = 0

(3.6)

In the context of Cartan, the curvature measures how much the manifold differs
from a group (of the same dimension) after its osculation with the precise group.

The Newman-Penrose (NP-) formalism makes the following identifications

e0µdx
µ =: ℓµdx

µ , e1µdx
µ =: mµdx

µ , e0̃µdx
µ =: nµdx

µ , e1̃µdx
µ =: mµdx

µ

eµ0∂µ =: nµ∂µ , e
µ
1∂µ =: −mµ∂µ , e

µ

0̃
∂µ =: ℓµ∂µ , e

µ

1̃
∂µ =: −mµ∂µ

eµae
b
µ = δba , eµae

a
ν = δµν

(3.7)
and the metric has the form

gµν = ηabe
a
µe
b
ν , gµν = ηabeµae

ν
b

ηab = ηab =

(
0 ηαβ̃
ηα̃β 0

)
, ηαβ̃ =

(
1 0
0 −1

) (3.8)

The first latin indices a, b, ... have been accommodated to the LCR-structure
definition, which will be presented in the next section. They take the values
(0, 1; 0̃, 1̃).

In the Cartan-NP-formalism, the Cartan connection is denoted with a large
number of symbols, which turn out to be very useful. We precisely have the
following definition[6] of the NP-coefficients
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[ℓµ∂µ , n
ν∂ν ] = −(γ + γ)ℓρ∂ρ − (ε+ ε)nρ∂ρ + (τ + π)mρ∂ρ + (τ + π)mρ∂ρ

[ℓµ∂µ , m
ν∂ν ] = (π − α− β)ℓρ∂ρ − κnρ∂ρ + (ρ+ ε− ε)mρ∂ρ + σmρ∂ρ

[nµ∂µ , m
ν∂ν ] = νℓρ∂ρ + (α+ β − τ)nρ∂ρ + (γ − γ − µ)mρ∂ρ − λmρ∂ρ

[mµ∂µ , m
ν∂ν ] = (µ− µ)ℓρ∂ρ + (ρ− ρ)nρ∂ρ + (β − α)mρ∂ρ + (α− β)mρ∂ρ

(3.9)
which is equivalent to

dℓ = −(ε+ ε)ℓ ∧ n+ (α+ β − τ)ℓ ∧m+ (α+ β − τ)ℓ ∧m−
−κn ∧m− κn ∧m+ (ρ− ρ)m ∧m

dn = −(γ + γ)ℓ ∧ n+ νℓ ∧m+ νℓ ∧m+ (π − α− β)n ∧m+
+(π − α− β)n ∧m+ (µ− µ)m ∧m

dm = −(τ + π)ℓ ∧ n+ (γ − γ + µ)ℓ ∧m+ λℓ ∧m+
+(ε− ε− ρ)n ∧m− σn ∧m+ (β − α)m ∧m

(3.10)

The following direct definitions of the NP-coefficients will be computationally
very useful

α = 1
4 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]

β = 1
4 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]

γ = 1
4 [(nm∂m)− (nm∂m)− (mm∂n) + 2(ℓn∂n)]

ε = 1
4 [(ℓm∂m)− (ℓm∂m)− (mm∂ℓ) + 2(ℓn∂ℓ)]

µ = − 1
2 [(mm∂n) + (nm∂m) + (nm∂m)]

π = 1
2 [(ℓn∂m)− (nm∂ℓ)− (ℓm∂n)]

ρ = 1
2 [(ℓm∂m) + (ℓm∂m)− (mm∂ℓ)]

τ = 1
2 [(nm∂ℓ) + (ℓm∂n) + (ℓn∂m)]

κ = (ℓm∂ℓ) , σ = (ℓm∂m)
ν = −(nm∂n) , λ = −(nm∂m)

(3.11)

where the symbols (...) are constructed according to the rule of the following
example (ℓm∂n) := (ℓµmν − ℓνmµ)(∂µnν). In the NP-formalism the ten real
quantities of the Weyl tensor Cµνρσ are represented with the following five com-
plex scalars

Ψ0 = −Cµνρσℓµmνℓρmσ , Ψ1 = −Cµνρσℓµnνℓρmσ

Ψ2 = −Cµνρσℓµmνmρnσ , Ψ3 = −Cµνρσℓµnνmρnσ

Ψ4 = −Cµνρσnµmνnρmσ
(3.12)

In general relativity, the fundamental quantity is the metric tensor. There-
fore the use of a moving frame generates a local SO(1, 3) symmetry of moving
frames. In the NP-formalism this symmetry is fragmented (as everything) into
the following subgroups

(I) : rotations which leave ℓ invariant
(II) : rotations which leave n invariant
(III) : rotations in the (m,m)− plane,

which leave ℓ and n invariant

(3.13)
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These rotations imply the following transformations of the null tetrad

(I) : ℓ′ = ℓ, n′ = n+ am+ am+ aaℓ, m′ = m+ aℓ

(II) : n′ = n, ℓ′ = l + bm+ bm+ bbn, m′ = m+ bn
(III) : ℓ′ = A−1ℓ, n′ = An, m′ = eiφm

(3.14)

where a, b are complex functions, A is a real function and φ is a real angle
function.

The NP-formalism has a very large number of symbols, but it is really very
effective, because it singles out the geodetic and shear-free properties of the null
tetrad. The geodetic and shear-free null tetrad satisfies the relations κ = σ =
0 = ν = λ, which are the fundamental equations of the 4-dimensional LCR-
structure. Notice that the null tetrad, which satisfies these conditions, has the
basic property of the Frobenius theorem

[ℓµ∂µ , m
ν∂ν ] = (π − α− β)ℓρ∂ρ + (ρ+ ε− ε)mρ∂ρ

[nµ∂µ , m
ν∂ν ] = (α+ β − τ)nρ∂ρ + (γ − γ − µ)mρ∂ρ

(3.15)

The corresponding cotangent basis satisfies the equivalent relations

dℓ = [(ε+ ε)n− (α+ β − τ)m− (α+ β − τ)m] ∧ ℓ+ (ρ− ρ)m ∧m
dm = [(γ − γ + µ)ℓ+ (ε− ε− ρ)n+ (α− β)m] ∧m− (τ + π)ℓ ∧ n

dn = [−(γ + γ)ℓ+ (α+ β − π)m+ (α+ β − π)m] ∧ n+ (µ− µ)m ∧m
dm = [(γ − γ + µ)ℓ+ (ε− ε− ρ)n+ (α− β)m] ∧m− (τ + π)ℓ ∧ n

(3.16)
These conditions permit the application of the holomorphic Frobenius theorem.
For that we trivially complexify the coordinates xµ and apply the theorem to
the two independent pairs (ℓ,m) and (n, m̃), viewed as holomorphic vector fields
on the ambient complex manifold. The holomorphic Frobenius theorem states
that there are four independent complex functions (zα, zα̃), α = 0, 1 , such
that

dzα = fα0 ℓµdx
µ + fα1 mµdx

µ , dzα̃ = f α̃
0̃
nµdx

µ + f α̃
1̃
m̃µdx

µ

ℓ = ℓαdz
α , m = mαdz

α ; n = nα̃dz
α̃ , m̃ = m̃α̃dz

α̃

(3.17)

When we return back to the real spacetime the metric takes the off-diagonal
form

gµνdx
µdxν = 2(ℓαnβ̃ −mαmβ̃)dz

αdzβ̃ (3.18)

Recall that it is exactly this property, that we are looking to transfer to four
dimensions.

Einstein’s idea was to consider the lorentzian metric gµν as the fundamental
quantity of gravitation and the Newton potential and equations of motion are
derived. The basic principle of pseudo-conformal field theory is to consider the
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LCR-tetrad as the fundamental quantity from which electromagnetism, gravi-
tation and weak interactions are derived. The particles are the wavefront singu-
larities of the distributional solutions, which appear when we return back from
the ambient complex manifold down to the real spacetime.

I think it is time to make some fundamental differences between the Cartan
formalism (based on moving frames) than the metric of riemannian geometry.
The moving frame is generally assumed linear independent. It implies the rie-
mannian geometry by assuming it orthonormal. In order to measure a length,
we have to impose the precise symmetric matrix ηab that defines (through the
tetrad) the metric. The local Lorentz group SO(1, 3) of Cartan is implied by
the matrix ηab and it is valid for all spacetimes, flat or curved either. The
LCR-structure by its definition κ = σ = 0 = ν = λ, breaks the Cartan local
symmetry SO(1, 3), but it respects the general diffeomorphism group.

3.1 Goldberg-Sachs and Kerr’s theorems

The Goldberg-Sachs theorem states that if ℓ is geodetic and shear-free null
vector, the corresponding Weyl scalar Ψ0 vanishes. Notice that the inverse is
not true. We will apply this theorem for metrics which admit two geodetic
and shear-free null congruences. That is, a geodetic and shear-free null tetrad.
Hence starting from a general regular tetrad with non-vanishing Weyl scalars,
we can make class I and II rotations such that

Ψ′
0 = Ψ0 + 4bΨ1 + 6b2Ψ2 + 4b3Ψ3 + b4Ψ4 = 0

Ψ′
4 = Ψ4 + 4aΨ3 + 6a2Ψ2 + 4a3Ψ1 + a4Ψ0 = 0

(3.19)

Notice that these two equations are projectively equivalent, because if the first
has a solution b, then 1

b
is solution of the second one. Hence at every point,

the maximum number of roots can be four. This implies a limit of geodetic and
shear-free null tetrads, which are compatible with a metric. We will use this
limited number of projective solutions to restrict the number of the fermionic
elementary particle generations (families).

If the metric is (conformally) flat, no restriction on the number of compatible
LCR-structures is implied but the Kerr theorem permits an algebraic compu-
tation of these LCR-structures. Let us consider the trivial null tetrad of the
Minkowski metric

ℓ = ∂v , n = ∂u , m = −∂ζ

u = t− z , u = t+ z , ζ = x+ iy
(3.20)

All its NP spin coefficients vanish. After a class I and II rotations (3.14) we find
the PDEs

∂ζa− a∂va = 0 , ∂ua− a∂ζa = 0

∂ζb− b∂ub = 0 , ∂vb− b∂ζb = 0
(3.21)
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The two pairs of PDEs are similar, therefore we will describe Kerr’s solution for
the first pair and apply it to the second one too. The first pair may be viewed
as the integrability problem of the following PDEs

(∂ζ − a∂v)X = 0 , (∂u − a∂ζ)X = 0 (3.22)

which admits solutions if

[(∂ζ − a∂v), (∂u − a∂ζ)] = A(∂ζ − a∂v) +B(∂u − a∂ζ) (3.23)

A straightforward calculation implies that it is valid if a satisfies the initial PDEs
(3.21). For such an a the system (3.22) admits the two solutions X1 = v + aζ
and X2 = ζ + au. Hence a satisfies the initial PDEs if it is a root of a general
analytic function

K1(a, v + aζ, ζ + au) = 0 (3.24)

which I will generally call Kerr function. By complete analogy, the general
solution of the second pair is a root of an analytic function

K2(b, u+ bζ, ζ + bv) = 0 (3.25)

Penrose saw the Kerr function as defining a hypersurface of CP (3) and
introduced his twistor program. PCFT needs two geodetic and shear-free null
congruences, therefore we will need two points lying in a reducible or irreducible
hypersurface of CP (3). The first point will provide a solution of the first pair
and the second point of the second pair of the four PDEs (3.14). Besides in
PCFT the emergence of a surface of CP (3) occurs even in the cased of curved
LCR-manifolds.

3.2 Spinorial formalism of general relativity

The indices of a 2-dimensional spinor λA;A = 0, 1 are lowered and raised as
follows[28]

λA = ϵABλB , λC = λBϵBC
λAξA = λAξBϵBA = −λBξB , λAλA = 0

ϵAB = ϵAB =

(
0 1
−1 0

)
, ϵBA = ϵACϵ

BC =

(
1 0
0 1

) (3.26)

A spinor dyad is a basis of two dimensional spinors λAj ;A = 0, 1; j = 1, 2
such that

λ1Aλ
A2 ≡ λB1λA2ϵBA = 1 = −λ2Aλ

A1 (3.27)

One can find that this normalization is invariant under the transformation with
any element S of the unimodular group SL(2,C), which is implied by
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λ′B1λ′A2ϵBA = SBCλ
C1SADλ

D2ϵBA = λC1λD2ϵCD, ∀λB1, λA2

SBCS
A
DϵBA = ϵCD

(3.28)

In two dimensions SL(2,C) has the two non-equivalent representations SAD and

SAD = S
A′

D′

Because of the homomorphism between SL(2,C) and the (orthochronous)
Lorentz group, we may use the 4-dimensional basis of 2× 2 hermitian matrices

σ0
A′B =

(
1 0
0 1

)
, σ1

A′B =

(
0 1
1 0

)
σ2
A′B =

(
0 −i
i 0

)
, σ3

A′B =

(
1 0
0 −1

)
ηµν σA

′A
µ σB

′B
ν = 2ϵA

′B′
ϵAB , ηµνσ

µ
A′Aσ

ν
B′B = 2ϵA′B′ϵAB

ϵA′B′ϵAB σA
′A

µ σB
′B

ν = 2ηµν

(3.29)

to construct a vector field ξa = σaA′Aλ
A′1

λA2. This can be extended to the

curved spacetime by simply considering ξµ = eµaσ
a
A′Aλ

A′1
λA2. The spinor for-

malism is very useful, because any null vector kµ takes the

kµ = eµaσ
a
A′Aλ

A′

λA , kµkνgµν = 0 (3.30)

and a null tetrad has the form

ℓµ = 1√
2
e µa σ

a
A′Aλ

A′1
λA1, nµ = 1√

2
e µa σ

a
A′A λ

A′2
λA2, mµ = 1√

2
e µa σ

a
A′A λ

A′2
λA1

(3.31)
relative to a spinor dyad λAj . These forms permit[28] to write all the tensors
of general relativity with world indices into formally equivalent tensors with
spinorial indices.

4 DEFINITION OF 4-D LORENTZIAN CR-
STRUCTURE

The four dimensional lorentzian CR-structure is defined as a frame with two
real and one complex vector fields (ℓµ∂µ,m

µ∂µ;n
µ∂µ,m

µ∂µ) on a smooth four
dimensional manifold, which satisfy the commutation relations

[ℓµ∂µ , m
ν∂ν ] = h0̃

0̃
ℓρ∂ρ + h1̃

0̃
mρ∂ρ

[nµ∂µ , m
ν∂ν ] = h00n

ρ∂ρ + h10m
ρ∂ρ

(4.1)

In the terminology of integrable systems, they are usually called Lax pairs. This
definition is equivalent with the existence of a coframe (ℓ′µdx

µ,m′
µdx

µ;n′µdx
µ,m′

µdx
µ)
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of two real and one complex 1-forms determined via the non-vanishing duality
relations

(ℓµ∂µ)⌟(n′νdxν) = (nµ∂µ)⌟(ℓ′νdxν) = 1
(mµ∂µ)⌟(m′

νdx
ν) = (mµ∂µ)⌟(m′

νdx
ν) = −1

(ℓ′νdx
ν) ∧ (m′

νdx
ν) ∧ (n′νdx

ν) ∧ (m′
νdx

ν) ̸= 0

(4.2)

The other contractions vanish. The implied relations are

(ℓµmν − ℓνmµ)(∂µℓ
′
ν) = 0 , (ℓµmν − ℓνmµ)(∂µm

′
ν) = 0

(nµmν − nνmµ)(∂µn
′
ν) = 0 , (nµmν − nνmµ)(∂µm′

ν) = 0
(4.3)

which are equivalent to

dℓ′ = Z1 ∧ ℓ′ + iΦ1m
′ ∧m′

dm′ = Z3 ∧m′ +Φ3ℓ
′ ∧ n′

dn′ = Z2 ∧ n′ + iΦ2m
′ ∧m′

dm′ = Z3 ∧m′ +Φ3ℓ
′ ∧ n′

(4.4)

where Z1, Z2 are real 1-forms, Z3 a complex 1-form, Φ1,Φ2 two real scalars and
Φ3 a complex scalar.

The reader familiar with general relativity must be careful. The present
tetrad of vectors (a basis of the tangent space of the manifold) and the corre-
sponding tetrad of 1-forms (a basis of the cotangent space of the manifold) are
not orthonormal, because simply we have not yet assumed any ”metric” in the
tangent and cotangent vector spaces. This first notion of linearly independent
”moving” frame was introduced by Elie Cartan and it is well understood in his
formalism. Therefore, I will remove the primes on the 1-forms. General relativ-
ity (Einstein’s riemannian geometry) is based on the introduction of the metric
structure ηab in the cotangent space. Instead, I introduce the above structure,
which I call lorentzian CR-structure (LCR-structure). The ambition of PCFT is
to derive the dynamics of the leptonic sector from these conditions. Notice that
it coincides with the geodetic and shear-free conditions on the ℓµ∂µ and nµ∂µ
null congruences of general relativity. We will also see that the differences of
manifolds (LCR-manifolds and lorentzian riemannian manifolds) endowed with
these two fundamental structures are essential.

The LCR-structure is not invariant under the internal local SO(1, 3) sym-
metry of Einstein’s riemannian geometry. Instead it admits the transformation

ℓ′µ = Λℓµ , ℓ′µ = 1
N ℓ

µ

n′µ = Nnµ , n′µ = 1
Λn

µ

m′
µ =Mmµ , m′µ = 1

M
mµ

(4.5)

which I call tetrad-Weyl transformation, because the non-vanishing Weyl factors
are applied to the LCR-tetrad (not all the tetrads), than to the metric tensor as
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it is the case of the ordinary Weyl transformation. The auxiliary fields transform
as follows

Z ′
1µ = Z1µ + ∂µ lnΛ , Z ′

2µ = Z2µ + ∂µ lnN , Z ′
3µ = Z3µ + ∂µ lnM

Φ′
1 = Λ

MM
Φ1 , Φ′

2 = N
MM

Φ2 , Φ′
3 = M

ΛNΦ3
(4.6)

Notice that if Φ1,Φ2 and Φ3 do not vanish, we can always make a tetrad-Weyl
transformation which fixes them to 1. That is these scalar constants take the
values either zero or one. They act as topological invariants, which may stabilize
solitonic configurations. Also notice that

F1 = dZ1 , F2 = dZ2 , F3 = dZ3 (4.7)

are LCR invariant.
It is evident that the abelian gauge fields Z1, Z2 and Z3 are defined up to a

term proportional to ℓµ, nµ and mµ respectively. Using the NP-coefficients they
take the form

Z1µ = (θ1 + µ+ µ)ℓµ + (ε+ ε)nµ − (α+ β − τ)mµ−
−(α+ β − τ)mµ

Z2µ = −(γ + γ)ℓµ + (θ2 − ρ− ρ)nµ − (π − α− β)mµ−
−(π − α− β)mµ

Z3µ = (γ − γ + µ)ℓµ + (ε− ε− ρ)nµ − (θ3 + π − τ)mµ−
−(β − α)mµ

Φ1 = ρ−ρ
i , Φ2 = µ−µ

i , Φ = −(τ + π)

(4.8)

with the functions θ1 , θ2 , θ3 á priori arbitrary. These arbitrary terms may be
fixed, using the following transformations of the NP-coefficients

α′ = 1
M α+ M M−ΛN

4MΛN (τ + π) + 1
4M δ ln Λ

NM
2

β′ = 1
M
β + M M−ΛN

4MΛN
(τ + π) + 1

4M
δ ln ΛM2

N

γ′ = 1
Λγ + M M−ΛN

4M MΛ
(µ− µ) + 1

4Λ∆ln M
N2M

ε′ = 1
N ε+

M M−ΛN
4M MN

(ρ− ρ) + 1
4ND ln MΛ2

M

µ′ = 1
2Λ (µ+ µ) + N

2M M
(µ− µ) + 1

2Λ∆ln(M M)

ρ′ = 1
2N (ρ+ ρ) + Λ

2M M
(ρ− ρ)− 1

2ND ln(M M)

π′ = M
2ΛN (π + τ) + 1

2M (π − τ) + 1
2M δ ln(ΛN)

τ ′ = M
2ΛN (τ + π) + 1

2M
(τ − π)− 1

2M
δ ln(ΛN)

κ′ = Λ
NM

κ , σ′ = M
NM

σ

ν′ = N
ΛM ν , λ′ = M

ΛM λ

(4.9)

under a tetrad-Weyl transformation. In the generic case of non-vanishing rela-
tive invariants, the transformations are satisfied if the additional terms are

θ1 = nµ∂µ ln
ρ−ρ
i , θ2 = ℓµ∂µ ln

µ−µ
−i , θ3 = mµ∂µ ln(−τ − π) (4.10)

In brief, the LCR-structure is the fundamental geometric structure and it is
the origin of the Newman ”magic recesses” ([27]). The purpose of the present
Research eBook is to show how all the interactions and quantum theory itself
emerge.
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4.1 LCR-structure coordinates

The LCR-structure conditions are simply the necessary hypothesis to apply
the holomorphic Frobenius theorem, without the existence of a precise metric
structure. The holomorphic version of the theorem is imposed by the complex
nature of one vector (m) of the pair. The application of this theorem implies

the existence of a generally complex coordinate system (zα, zβ̃) : α, β = 0, 1,
such that

dzα = fα0 ℓµdx
µ + fα1 mµdx

µ , dzα̃ = f α̃
0̃
nµdx

µ + f α̃
1̃
m̃µdx

µ

ℓ = ℓαdz
α , m = mαdz

α , n = nα̃dz
α̃ , m̃ = m̃α̃dz

α̃

(4.11)

where (ℓ,m) and (n, m̃) are the pairs of the cotangent tetrad after the necessary
complexification of the coordinates xµ to rµ = xµ + iyµ. By construction, the

coordinate functions (zα(r), zβ̃(r)) determine a holomorphic transformation in
a patch of C4 outside the real surface Im(r) = 0, which is the LCR-manifold
M , viewed as a real submanifold of the ambient complex manifold[1]. When

we return in M , the generally complex functions (zα(x), zβ̃(x))|M may become
generalized functions with singular support at the points where they are not

real analytic. These are the points x, where (zα(x), zβ̃(x)) is not analytic in
both sides of the real surface. Or vice-versa, at the singular points on the real

surface, the structure coordinates (zα(x), zβ̃(x)) can be analytically extended
towards the one side of the real surface, but not in the other.

After the Lewy remark, that a typical partial differential equation (PDE)
of CR-structures does not have non-constant solution, the mathematicians con-
sider the possibility of non-existence of CR-structure coordinates. We will not
consider such non-realizable LCR-structures.

The fact that the ℓ and n are real and m is complex implies the following

conditions of (zα(x), zβ̃(x))|M ,

dz0 ∧ dz1 ∧ dz0 ∧ dz1 = 0

dz0̃ ∧ dz1̃ ∧ dz0 ∧ dz1 = 0

dz0̃ ∧ dz1̃ ∧ dz0̃ ∧ dz1̃ = 0

dz0 ∧ dz1 ∧ dz0̃ ∧ dz1̃ ̸= 0

(4.12)

that is, there are two real functions ρ11 , ρ22 and a complex one ρ12, such that

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(4.13)

These functions are defined up to non-vanishing factors. According to the con-
ventional terminology, the manifold is locally (in every patch of a covering atlas)
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a totally real submanifold of C4. Notice that the defining functions do not de-
pend on all the structure coordinates. The precise dependence of the defining
functions on the structure coordinates characterizes the LCR-structure from
the general definition of a totally real submanifold of C4. The four functions
zb ≡ (zα, zα̃), α = 0, 1 are the structure coordinates of the LCR-structure
in the corresponding coordinate chart. The holomorphic transformations in the
intersection of the charts (of the LCR-atlas), which preserve the LCR-structure,
are

z′α = fα(zβ) , z′α̃ = f α̃(zβ̃) (4.14)

which will be called LCR-transformations. I point out that the general holo-
morphic transformations z′b = f b(zc) do not preserve the LCR-structure! In
a neighborhood of a point p, a LCR-transformation can simplify[1] a smooth
structure to the form

Im z0 = ϕ11(z
1, z1,Re z0) , Im z0̃ = ϕ22(z

1̃, z1̃,Re z0̃) , z1̃ − z1 = ϕ12(z
a, z0̃)

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0
(4.15)

and the corresponding coordinates are called regular LCR-coordinates in the
neighborhood of the point p. The LCR-transformations cannot completely re-
move (annihilate) the real analytic functions ϕij . But, in the neighborhood of a

real analytic point p, an ordinary holomorphic transformation z′b = f b(zc) can
remove these functions. That is, in the neighborhood of a real analytic point p, a
holomorphic transformation makes a real analytic LCR-structure equivalent to
the degenerate totally real CR-structure, which cannot be generally done with
a LCR-transformation. Hence at points p with a real analytic neighborhood,
there are general complex coordinates rb, b = 0, 1, 2, 3, such that rb − rb = 0.
From this mathematical subtlety we conclude that the structure coordinates
are singular generalized functions za(xb) on M , which satisfy the compatible
conditions

ℓµ∂µz
β = 0 , mµ∂µz

β = 0

nµ∂µz
β̃ = 0 , mµ∂µz

β̃ = 0
(4.16)

The inverse procedure to find a tetrad (ℓ , n , m , m) from the defining
LCR-structure conditions (4.13) is straightforward. It is convenient to use the
notation ∂′f = ∂f

∂zα dz
α and ∂′′f = ∂f

∂zα̃
dzα̃. Because of dρij = 0 and the special

dependence of each function on the structure coordinates
(
zα, zα̃

)
, we find

ℓ = 2i∂ρ11 = −2i∂ρ11 = 2i∂′ρ11 = i(∂′ − ∂′)ρ11
n = 2i∂ρ22 = −2i∂ρ22 = 2i∂′′ρ22 = i(∂′′ − ∂′′)ρ22
m1 = 2i∂ ρ12+ρ122 = −2i∂ ρ12+ρ122 = i(∂ − ∂)ρ12+ρ122 = i(∂′ + ∂′′ − ∂′ − ∂′′)ρ12+ρ122

m2 = 2i∂ ρ12−ρ122i = −2i∂ ρ12−ρ122i = i(∂ − ∂)ρ12−ρ122i = i(∂′ + ∂′′ − ∂′ − ∂′′)ρ12−ρ122i
(4.17)
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where we consider all these differential 1-forms restricted on the defined sub-
manifold, therefore they are real. The relations become simpler, if we use the
complex 1-form

m = m1 + im2 = 2i∂ρ12 = −2i∂ρ12 = i(∂ − ∂)ρ12
m = m1 − im2 = 2i∂ρ12 = −2i∂ρ12 = i(∂ − ∂)ρ12

(4.18)

This tetrad of M is apparently defined up to a tetrad-Weyl transformation
implied by the ambiguity of ρij with non-vanishing factors.

4.2 Examples of LCR-structures

The light-cone coordinates is the simplest example of LCR-structure in R4. The
LCR-tetrad and the corresponding structure coordinates are

ℓ = dx0 − dx3 , m = dx1 + idx2 , n = dx0 + dx3

z0 = x0 − x3 , z1 = x1 + ix2 , z0̃ = x0 + x3 , z1̃ = x1 − ix2

ℓ ∧m ∧ n ∧m = 4idx0 ∧ dx1 ∧ dx2 ∧ dx3 ̸= 0 ∀xµ ∈ R4

(4.19)
I point out that the differential forms are coordinate independent structures.
At the intersection of two charts, they have two equivalent expressions derived
the one from the other according to the coordinate transformations. In order
to compare two forms, we have to write them in the same coordinate chart.
We will now compare the above degenerate LCR-structure with the following
spherical light-cone LCR-structure

ℓ′ = dx0 − dr = dx0 − 1
r (x

1dx1 + x2dx2 + x3dx3)

m′ = d(tan θ
2e
iφ) = dx

1+ix2

x3+r = 1
r(x3+r)2 [(r(x

3 + r)− (x1 + ix2)x1)dx1+

+(ir(x3 + r)− (x1 + ix2)x2)dx2 − (x1 + ix2)(x3 + r)dx3]
n′ = dx0 + dr = dx0 + 1

r (x
1dx1 + x2dx2 + x3dx3)

z′0 = x0 − r , z′1 = x1+ix2

x3+r , z′0̃ = x0 + r , z′1̃ = x1−ix2

x3+r

ℓ′ ∧m′ ∧ n′ ∧m′ = 4i
(x3+r)2 dx

0 ∧ dx1 ∧ dx2 ∧ dx3 ̸= 0, ∀xµ ∈ R4 − {R−}
(4.20)

The tetrad is singular at x3 + r = 0, that is the negative z-axis {x1 = 0 =
x2, x3 ≤ 0}. These singularities are not removable, that is, they are not ab-
sorbed by a singular tetrad-Weyl transformation. Hence we conclude that the
above light-cone LCR-structures are not equivalent. One can easily see that by
simply noticing that the relation

dz′0 = x3+r
2r dz0 − x1−ix2

2r dz1 + r−x3

2r dz0̃ − x1+ix2

2r dz1̃ (4.21)

is not LCR compatible.
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Let us now consider the ”Schwartzschild” LCR-tetrad

ℓµdx
µ = (r − 2M)dt− rdr , nµdx

µ = (r − 2M)dt+ rdr
mµdx

µ = dθ + i sin θdφ

ℓ ∧m ∧ n ∧m = 4ir(r − 2M) sin θdt ∧ dr ∧ dθ ∧ dφ ̸= 0
r ̸= 0 , r ̸= 2M , sin θ ̸= 0

(4.22)

where the relations of the coordinates (t, r, θ, φ) with the cartesian coordinates
is not straightforward. Its structure coordinates are

z0 = t− r − 2M ln |r−2M |
r0

, z1 = eiφ tan θ
2

z0̃ = t+ r + 2M ln |r−2M |
r0

, z1̃ = e−iφ tan θ
2

(4.23)

where r0 is a normalization. All the previous LCR-structures are degenerate (≡
all its relative invariants Φ1,Φ2,Φ vanish), but apparently they are not LCR-
equivalent.

The symmetric ”Kerr-Newman” LCR-tetrad is

ℓµdx
µ = ∆dt− ηηdr − a∆sin2 θdφ

nµdx
µ = ∆dt+ ηηdr − a∆sin2 θdφ

mµdx
µ = ia sin θdt− ρ2dθ − i(r2 + a2) sin θdφ

ℓ ∧m ∧ n ∧m = 4iη3η3∆sin θdt ∧ dr ∧ dθ ∧ dφ ̸= 0
∆ := r2 − 2Mr + a2 + q2 ̸= 0 , η := r + ia cos θ ̸= 0 , sin θ ̸= 0

(4.24)
Its structure coordinates are

z0 = t− f0(r) + ia cos θ − ia , z1 = eiφe−iaf1(r) tan θ
2

z0̃ = t+ f0(r)− ia cos θ + ia , z1̃ = e−iφe−iaf1(r) tan θ
2

f0(r) =
∫
r2+a2

∆ dr , f1(r) =
∫

1
∆dr

(4.25)

The relative invariants of this LCR-structure do not vanish, and they are pro-
portional to a.

The ”Taub-NUT” LCR-tetrad is

ℓµdx
µ = fdt− (r2 + l2)dr + 4lf sin2 θ2 dφ

nµdx
µ = fdt+ (r2 + l2)dr + 4lf sin2 θ2 dφ

mµdx
µ = dθ + i sin θdφ

ℓ ∧m ∧ n ∧m = 4if(r2 + l2) sin θdt ∧ dr ∧ dθ ∧ dφ ̸= 0
f = r2 − 2Mr − l2 ̸= 0 , sin θ ̸= 0, π

(4.26)

which is singular at f = 0. This LCR-structure has the relative invariants
Φ1 ̸= 0 ̸= Φ2 and Φ = 0. The structure coordinates are

z0 = t− r′ − 4il ln(cos θ2 ) , z1 = eiφ tan θ
2

z0̃ = t+ r′ − 4il ln(cos θ2 ) , z1̃ = e−iφ tan θ
2

r′ =
∫
dr
f

(4.27)
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Considering the following LCR-structure preserving transformations

i z
0

4l = ln(cos θ2e
i t−r′

4l ) = lnw0 , z1 = eiφ tan θ
2 = w1

w0

i z
0̃

2l = ln(cos θ2e
i t+r′

4l ) = lnw0̃ , z1̃ = e−iφ tan θ
2 = w1̃

w0̃

(4.28)

the new variables wa satisfy the embedding functions

ρ11 = w0w0 + w1w1 − 1 = 0

ρ12 = w0w1̃ − w0̃w1 = 0

ρ22 = w0̃w0̃ + w1̃w1̃ − 1 = 0

(4.29)

which are equivalent to the natural LCR-structure of U(2), which we derive
below.

We now consider the group manifold U(1)×SU(2)[= S1×S3] with generators

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
[σ0 , σj ] = 0 , [σi , σj ] = 2iϵijkσ

k

(4.30)

Its ordinary parametrization

U = eiτ
(

cos ρ+ i sin ρ cos θ −i sin ρ sin θ e−iφ
−i sin ρ sin θ eiφ cos ρ− i sin ρ cos θ

)
τ ∈ (0, 2π) , ρ ∈ [0, 2π) , θ ∈ [0, π] , φ ∈ [0, 2π)

(4.31)

The 1-forms of its left invariant generators eaL = eaLµdx
µ (a basis of the cotangent

space) defined by the relation U †dU = ieaLσa = i(e0Lσ
0 − eiLσ

i), implies

e0L = dτ
e1L = sin θ cosφdρ+ sin ρ(sin ρ sinφ+ cos ρ cos θ cosφ)dθ−

− sin ρ sin θ(sin ρ cos θ cosφ+ cos ρ sinφ)dφ
e2L = sin θ sinφdρ− sin ρ(cos ρ cos θ sinφ+ sin ρ cosφ)dθ−

− sin ρ sin θ(sin ρ cos θ sinφ− cos ρ cosφ)dφ
e3L = − cos θdρ+ sin ρ cos ρ sin θdθ − sin2 ρ sin2 θdφ

(4.32)

The corresponding LCR-tetrad and the U(2) group LCR-structure equations
take the following appropriate form

ω = U−1dU =: i

(
ℓ m
m n

)
, dω + ω ∧ ω = 0

dℓ = im ∧m , dn = −im ∧m , dm = i(ℓ− n) ∧m

(4.33)
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The LCR-structure coordinates are

w0 = (cos ρ+ i sin ρ cos θ)eiτ , w1 = sin ρ sin θ eiφeiτ

w0̃ = (cos ρ− i sin ρ cos θ)eiτ , w1̃ = sin ρ sin θ e−iφeiτ
(4.34)

which satisfy the embedding relations (4.29) of the Taub-NUT LCR-structure
into the ambient complex manifold.

5 THE 4-D PSEUDO-CONFORMAL LAGRANGIANS

We saw that the 4-dimensional spacetime metrics cannot generally take an off-
diagonal form analogous to the 2-dimensional metrics. Only metrics, which
admit two geodetic and shear-free null congruences ℓµ∂µ, n

µ∂µ can take this
form

ds2 = 2gaβ̃dz
αdzβ̃ , α, β̃ = 0, 1 (5.1)

where the LCR-structure coordinates zb = (zα(x), zβ̃(x)) are generally complex
functions. In this case we can write down the following metric independent
Yang-Mills-like integral

IG =
∫
d4z

√
−ggαα̃gββ̃FjαβFjα̃β̃ =

∫
d4z Fj01Fj0̃1̃

Fjab
= ∂aAjb − ∂aAjb − γ fjikAiaAkb

(5.2)

which depends on the LCR-structure coordinates (zα(x), zβ̃(x)), and it does
not depend on the metric. This property is completely analogous to that of
Polyakov action. This integral is apparently complex, because the structure
coordinates are complex. Therefore the real spacetime action must be either its
real or imaginary part. The restriction on the metrics which admit two geodetic
and shear-free congruences, should not physically bother us, because the black-
holes have this property. On the contrary, it is rather encouraging, because it
provides an argument why all the observed spacetimes are Schwartzschild type.

The integral (5.2) is complex and not generally covariant. It is written in the
LCR-structure (chiral) coordinates (where the metric independence appears) in
order to clarify how the metric independence of the Polyakov action triggered
the search, discovery and study of the dynamical content of the 4-dimentional
PCFT.

The fact that the structure coordinates are generally complex implies that
the original metric independent form (5.2) is complex, while the final action must
be real. In order to make things clear, I will start from the LCR compatible
gauge connection and its curvature

(Dα)ij = ∂αδij − γfikjAkα , (Dβ̃)ij = ∂β̃δij − γfikjAkβ̃
Fiαβ = ∂αAiβ − ∂βAiα − γfikjAjαAkβ , Fiα̃β̃ = ∂α̃Aiβ̃ − ∂β̃Aiα̃ − γfikjAjα̃Akβ̃

(5.3)
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in structure coordinates. The gauge invariant and metric independent 4-form is

F ∧ F̃ = ( 12Fiαβdz
α ∧ dzβ) ∧ ( 12Fiα̃β̃dz

α̃ ∧ dzβ̃) = Fi01Fi0̃1̃dz
0 ∧ dz1 ∧ dz0̃ ∧ dz1̃

(5.4)
Using the identity

δµν = ℓµnν + nµℓν −mµm̃ν − m̃µmν

δαβ = nαℓβ − m̃αmβ , δα̃
β̃
= ℓα̃nβ̃ −mα̃m̃̃

(5.5)

in structure coordinates, the complexified 4-form becomes

F ∧ F̃ = ℓ ∧m ∧ n ∧ m̃(ℓµmνFiµν)(n
ρm̃σFiρσ) (5.6)

When we return back to the real spacetime, it becomes the complex 4-form

(F ∧ F̃ )|S = ℓ ∧m ∧ n ∧m(ℓµmνFiµν)(n
ρmσFiρσ)

ℓ ∧m ∧ n ∧m = d4x
√
−gi

g = det(gµν) = det(ηab)[det(e
a
µ)]

2 = [det(eaµ)]
2

ηab =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0


(5.7)

Hence we may assume as gauge field action either its real or its imaginary part

IR =
∫
d4x

√
−gi{(ℓµmνFiµν)(n

ρmσFiρσ)− (ℓµmνFiµν)(n
ρmσFiρσ)}

II =
∫
d4x

√
−g{(ℓµmνFiµν)(n

ρmσFiρσ) + (ℓµmνFiµν)(n
ρmσFiρσ)}

Fjµν = ∂µAjν − ∂νAjµ − γ fjikAiµAkν

(5.8)

Both actions are apparently invariant under the tetrad-Weyl transformation.
Notice that only the null self-dual 2-forms appear in the actions. The non-null
self-dual component does not appear in the action, because simply it is not
multiplicatively transformed relative to the tetrad-Weyl transformation.

In fact these two actions are strongly related. The appearing gauge field
tensors Fiµν are each other duals, because ℓ[µmν] and n[ρmσ] are self-duals
(relative to their corresponding metric). One of these two actions will be the
starting point for the emergence of chromodynamics in the context of PCFT.

We saw that the existence of a globally defined LCR-structure is the new
(fundamental) mathematical notion, which corresponds to the metric structure
of general relativity. In two dimensions all the smooth manifolds are LCR-
manifolds, therefore in the Polyakov functional integral we simply integrate
over all 2-dimensional manifolds. But in four dimensions we have to consider
only the LCR-manifolds. The simple way to impose this restriction is to use
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the Lagrange multiplier technique to add the following action term with the
integrability conditions (4.3) on the tetrad

IC =
∫
d4x

√
−g{ϕ0(ℓµmν − ℓνmµ)(∂µℓν)+

+ϕ1(ℓ
µmν − ℓνmµ)(∂µmν) + ϕ0̃(n

µmν − nνmµ)(∂µnν)+
+ϕ1̃(n

µmν − nνmµ)(∂µmν) + c.conj.}
(5.9)

These Lagrange multipliers make the complete action I = IR(I) + IC self-
consistent and the usual quantization techniques may be applied. The action
is formally renormalizable, because it is dimensionless and metric independent.
The path-integral quantization of PCFT is also formulated as functional sum-
mation of open and closed 4-dimensional LCR-manifolds in complete analogy
to the summation of 2-dimensional surfaces in string theory (cobordism pro-
cedure). These transition amplitudes of a quantum theory of LCR-manifolds
provide (in principle) the self-consistent algorithms for the computation of the
physical quantities.

The field equations are formally derived as usual. The gauge field equations
are completely different to the ordinary gauge field equations, giving the pos-
sibility to find distributional solitonic configurations, which could be identified
with the quarks. The impressing feature of the action is the decoupling of the
LCR-structure conditions (4.3) from the gauge field equations, which provides
the basis of the observed correspondence of the leptonic solitons with the quarks!

6 FIELD EQUATIONS AND INTEGRABILITY
CONDITIONS

Variation of the action II with respect to the gauge field Ajµ gives the field

equations

Dµ{
√
−g[(ℓµmν − ℓνmµ)(nρmσFjρσ) + (nµmν − nνmµ)(ℓρmσFjρσ)+

+(ℓµmν − ℓνmµ)(nρmσFjρσ) + (nµmν − nνmµ)(ℓρmσFjρσ)]} = 0
(6.1)

where Dµ = δℓj∂µ + γfℓjkAkµ is the gauge symmetry covariant derivative and
γ the coupling constant. Multiplying with the null tetrad, these equations take
the form

mµDµ(ℓmFj) +mµDµ(ℓmFj) + (ℓmFj)[(∇µm
µ) + (nm∂ℓ)]+

+(ℓmFj)[(∇µm
µ) + (nm∂ℓ)] = 0

mµDµ(nmFj) +mµDµ(nmFj) + (nmFj)[(∇µm
µ) + (ℓm∂n)]+

+(nmFj)[(∇µm
µ) + (ℓm∂n)] = 0

ℓµDµ(nmFj) + nµDµ(ℓmFj) + (nmFj)[(∇µℓ
µ) + (ℓm∂m)]+

+(ℓmFj)[(∇µn
µ) + (nm∂m)] = 0

(6.2)
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Variation of the action with respect to the Lagrange multipliers ϕ0, ϕ1, ϕ0̃, ϕ1̃
imply the complex structure integrability conditions on the tetrad (4.3). Vari-
ation of the action with respect to the tetrad gives PDEs on the Lagrange
multipliers. In order to preserve the relations between the covariant and con-
travarient forms of the tetrad we will use the identities

δeµa = eλa [−nµδℓλ − ℓµδnλ +mµδmλ +mµδmλ]

δ
√
−g =

√
−g[nλδℓλ + ℓλδnλ −mλδmλ −mλδmλ]

(6.3)

where we denote (e0µ = ℓµ , e1µ = mµ) and (e0̃µ = nµ , e1̃µ = mµ). Variation
with respect to ℓλ gives the PDEs

2ℓλ(nmFj)(nmFj) +mλ(ℓnFj)(nmFj) +mλ(ℓnFj)(nmFj) =

= −∇µ

[
ϕ0(ℓ

µmλ − ℓλmµ)
]
−∇µ

[
ϕ0(ℓ

µmλ − ℓλmµ)
]
−

−ℓλ
[
ϕ0(nm∂ℓ) + ϕ0(nm∂ℓ)

]
−mλ [ϕ0(ℓn∂ℓ) + ϕ1(ℓn∂m)]−

−mλ
[
ϕ0(ℓn∂ℓ) + ϕ1(ℓn∂m)

] (6.4)

which take the tetrad form

mµ∂µϕ0 +mµ∂µϕ0 + ϕ0[(∇µm
µ) + (ℓm∂n)− (nm∂ℓ)]+

+ϕ0[(∇µm
µ) + (ℓm∂n)− (nm∂ℓ)] + 2(nmFj)(nmFj) = 0

ℓµ∂µϕ0 + ϕ0[(∇µℓ
µ) + (ℓm∂m) + (ℓn∂ℓ)] + ϕ1(ℓn∂m)+

+(ℓnFj)(nmFj) = 0

(6.5)

Variation with respect to nλ gives the PDEs

2nλ(ℓmFj)(ℓmFj)−mλ(ℓnFj)(ℓmFj)−mλ(ℓnFj)(ℓmFj) =

= −∇µ

[
ϕ0̃(n

µmλ − nλmµ)
]
−∇µ

[
ϕ0̃(n

µmλ − nλmµ)
]
−

−nλ
[
ϕ0̃(ℓm∂n) + ϕ0̃(ℓm∂n)

]
+mλ

[
ϕ0̃(ℓn∂n) + ϕ1̃(ℓn∂m)

]
+

+mλ
[
ϕ0̃(ℓn∂ℓ) + ϕ1̃(ℓn∂m)

]
(6.6)

which take the tetrad form

mµ∂µϕ0 +mµ∂µϕ0 + ϕ0[(∇µm
µ) + (ℓm∂n)− (nm∂ℓ)]+

+ϕ0[(∇µm
µ) + (ℓm∂n)− (nm∂ℓ)] + 2(nmFj)(nmFj) = 0

ℓµ∂µϕ0 + ϕ0[(∇µℓ
µ) + (ℓm∂m) + (ℓn∂ℓ)] + ϕ1(ℓn∂m)+

+(ℓnFj)(nmFj) = 0

(6.7)

Variation with respect to mλ gives the PDEs

ℓλ(mmFj)(nmFj) + nλ(mmFj)(ℓmFj)− 2mλ(ℓmFj)(nmFj) =

= −∇µ

[
ϕ1(ℓ

µmλ − ℓλmµ)
]
−∇µ

[
ϕ1̃(n

µmλ − nλmµ)
]
−

−ℓλ [ϕ0(mm∂ℓ) + ϕ1(mm∂m)]− nλ
[
ϕ0̃(mm∂n) + ϕ1̃(mm∂m)

]
+

+mλ
[
ϕ1(ℓm∂m) + ϕ1̃(nm∂m)

]
(6.8)
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which take the tetrad form

mµ∂µϕ1̃ + ϕ1̃[(∇µm
µ) + (nm∂ℓ)− (mm∂m)]− ϕ0̃(mm∂n)−

−(ℓmFj)(mmFj) = 0

mµ∂µϕ1 + ϕ1[(∇µm
µ) + (ℓm∂n)− (mm∂m)]− ϕ0(mm∂ℓ)−

−(nmFj)(mmFj) = 0

ℓµ∂µϕ1 + nµ∂µϕ1̃ + ϕ1[(∇µℓ
µ) + (ℓm∂m)− (ℓm∂m)]+

+ϕ1̃[(∇µn
µ) + (nm∂m)− (nm∂m)]− 2(ℓmFj)(nmFj) = 0

(6.9)

In order to simplify the relations, I made the bracket notations like (nm∂ℓ) ≡
(nµmν− nνmµ)∂µℓν for the spin coefficients and like (nmFj) ≡ nµmνFjµν for
the gauge field components.

On the other hand the eaµ field equations imply the four conserved currents

∇λ{ℓλ[2(nmFj)(nmFj) + ϕ0(nm∂ℓ) + ϕ0(nm∂ℓ)]+
+mλ[(ℓnFj)(nmFj) + ϕ0(ℓn∂ℓ) + ϕ1(ℓn∂m)]+

+mλ[(ℓnFj)(nmFj) + ϕ0(ℓn∂ℓ) + ϕ1(ℓn∂m)]} = 0

∇λ{nλ
[
2(ℓmFj)(ℓmFj) + ϕ0̃(ℓm∂n) + ϕ0̃(ℓm∂n)

]
−

−mλ[(ℓnFj)(ℓmFj) + ϕ0̃(ℓn∂n) + ϕ1̃(ℓn∂m)]−
−mλ

[
(ℓnFj)(ℓmFj) + ϕ0̃(ℓn∂n) + ϕ1̃(ℓn∂m)

]
} = 0

∇λ{ℓλ[(mmFj)(nmFj) + ϕ0(mm∂ℓ) + ϕ1(mm∂m)]+

+nλ[(mmFj)(ℓmFj) + ϕ0̃(mm∂n) + ϕ1̃(mm∂m)]−
−mλ[2(ℓmFj)(nmFj) + ϕ1(ℓm∂m) + ϕ1̃(nm∂m)]} = 0

(6.10)

These last relations combined with the tetrad integrability conditions imply
relations between the surface geometric quantities and the gauge field invariants.
For that we will use the following relations of my spin coefficients and the
ordinary Newman-Penrose ones

α = 1
4 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]

β = 1
4 [(ℓn∂m) + (ℓm∂n)− (nm∂ℓ)− 2(mm∂m)]

γ = 1
4 [(nm∂m)− (nm∂m)− (mm∂n) + 2(ℓn∂n)]

ε = 1
4 [(ℓm∂m)− (ℓm∂m)− (mm∂ℓ) + 2(ℓn∂ℓ)]

µ = − 1
2 [(mm∂n) + (nm∂m) + (nm∂m)]

π = 1
2 [(ℓn∂m)− (nm∂ℓ)− (ℓm∂n)]

ρ = 1
2 [(ℓm∂m) + (ℓm∂m)− (mm∂ℓ)]

τ = 1
2 [(nm∂ℓ) + (ℓm∂n) + (ℓn∂m)]

κ = (ℓm∂ℓ) , σ = (ℓm∂m)
ν = −(nm∂n) , λ = −(nm∂m)

(6.11)
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and the inverse relations

(ℓn∂ℓ) = ε+ ε , (ℓm∂ℓ) = κ , (nm∂ℓ) = τ − α− β
(ℓn∂n) = γ + γ , (ℓm∂n) = α+ β − π , (nm∂n) = −ν
(ℓn∂m) = τ + π , (ℓm∂m) = σ , (ℓm∂m) = ε− ε+ ρ

(nm∂m) = −λ , (nm∂m) = γ − γ − µ , (mm∂m) = α− β
(mm∂ℓ) = ρ− ρ , (mm∂n) = µ− µ

∇µℓ
µ = ε+ ε− ρ− ρ , ∇µn

µ = µ+ µ− γ − γ
∇µm

µ = π + β − τ − α

(6.12)

which are implied by the following formula[6] of the covariant derivatives of the
null tetrad

∇µℓν = (γ + γ)ℓµℓν − τℓµmν − τℓµmν + (ε+ ε)nµℓν−
−κnµmν − κnµmν − (α+ β)mµℓν + σmµmν+
+ρmµmν − (α+ β)mµℓν + ρmµmν + σmµmν

∇µnν = −(γ + γ)ℓµnν + νℓµmν + νℓµmν − (ε+ ε)nµnν+

+πnµmν + πnµmν + (α+ β)mµnν − λmµmν−
−µmµmν + (α+ β)mµnν − µmµmν − λmµmν

∇µmν = νℓµℓν − τℓµnν + (γ − γ)ℓµmν + πnµℓν − κnµnν+

+(ε− ε)nµmν − µmµℓν + ρmµnν + (β − α)mµmν−
−λmµℓν + σmµnν + (α− β)mµmν

(6.13)

The field equations (6.5) become

mµ∂µϕ0 +mµ∂µϕ0 + ϕ0[3β − 2τ + α] + ϕ0[3β − 2τ + α]+
+2(nmFj)(nmFj) = 0

ℓµ∂µϕ0 + ϕ0[3ε+ ε− ρ] + ϕ1[τ + π] + (ℓnFj)(nmFj) = 0

(6.14)

The field equations (6.7) become

mµ∂µϕ0̃ +mµ∂µϕ0̃ + ϕ0̃[−3α+ 2π − β] + ϕ0̃[−3α+ 2π − β]−
−2(ℓmFj)(ℓmFj) = 0

nµ∂µϕ0̃ + ϕ0̃[−3γ − γ + µ]− ϕ1̃[τ + π]− (ℓnFj)(ℓmFj) = 0

(6.15)

The field equations (6.9) become

mµ∂µϕ1̃ + ϕ1̃[−3α+ β + π] + ϕ0̃[µ− µ]− (ℓmFj)(mmFj) = 0

mµ∂µϕ1 + ϕ1[3β − α− τ ] + ϕ0[ρ− ρ]− (nmFj)(mmFj) = 0

ℓµ∂µϕ1 + nµ∂µϕ1̃ + ϕ1[3ε− 2ρ− ε] + ϕ1̃[−3γ + 2µ+ γ]−
−2(ℓmFj)(nmFj) = 0

(6.16)
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Using the Newman-Penrose spin coefficients, the field equations (6.2) become

mµDµ(ℓmFj) +mµDµ(ℓmFj) + (ℓmFj)[π − 2α]+
+(ℓmFj)[π − 2α] = 0

mµDµ(nmFj) +mµDµ(nmFj) + (nmFj)[2β − τ ]+

+(nmFj)[2β − τ ] = 0

ℓµDµ(nmFj) + nµDµ(ℓmFj) + (nmFj)[2ε− ρ]]+
+(ℓmFj)[µ− 2γ] = 0

(6.17)

Their integrability conditions are satisfied identically.
The integrability condition of the equations (6.15) is

mµ∂µ[(ℓnFj)(nmFj)] +mµ∂µ[(ℓnFj)(nmFj)]− 2ℓµ∂µ[(nmFj)(nmFj)]+

+(2β + π − 2τ)(ℓnFj)(nmFj) + (2β + π − 2τ)(ℓnFj)(nmFj)+
+(τ + π)(mmFj)(nmFj)− (τ + π)(mmFj)(nmFj)+
+2(ρ+ ρ− 2ε− 2ε)(nmFj)(nmFj) = 0

(6.18)
where the tetrad commutation relations[6] are used. The equations (6.16) imply

mµ∂µ[(ℓnFj)(ℓmFj)] +mµ∂µ[(ℓnFj)(ℓmFj)]− 2nµ∂µ[(ℓmFj)(ℓmFj)]+
+(−2α+ 2π − τ)(ℓnFj)(ℓmFj) + (−2α+ 2π − τ)(ℓnFj)(ℓmFj)+
+(τ + π)(mmFj)(ℓmFj)− (τ + π)(mmFj)(ℓmFj)+
+2(2γ + 2γ − µ− µ)(ℓmFj)(ℓmFj) = 0

(6.19)
and the equations (6.17) imply the integrability condition

ℓµ∂µ[(nmFj)(mmFj)] + nµ∂µ[(ℓmFj)(mmFj)]− 2mµ∂µ[(ℓmFj)(nmFj)]+
+(2ε− 2ρ− ρ)(nmFj)(mmFj) + (2µ− 2γ + µ)(ℓmFj)(mmFj)+
+(ρ− ρ)(ℓnFj)(nmFj) + (µ− µ)(ℓnFj)(ℓmFj)+
+2(2α− 2β + τ − π)(ℓmFj)(nmFj) = 0

(6.20)
Notice that the curvature terms cancel out in all these integrability conditions.

The above integrability conditions are the null tetrad forms of the following
relations implied by the gauge field equations (6.1).

∇µ{ΓµλρσFjνλFjρσ − 1
4δ
µ
ν(Γ

τλρσFjτλFjρσ)} = − 1
4 (∇νΓ

τλρσ)FjτλFjρσ

Γµνρσ := 1
2 [(ℓ

µmν − ℓνmµ)(nρmσ − nσmρ) + (nµmν − nνmµ)(ℓρmσ − ℓσmρ) + c.c.]
(6.21)

which is not exactly a covariant energy conservation form.

7 PATH-INTEGRAL QUANTIZATION

The path-integral quantization can also be accomplished by simply following the
ordinary steps. We first see that the local symmetries of the complete action are
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the usual gauge symmetry, reparametrization and the tetrad-Weyl transforma-
tions. For every local symmetry we have to assume a gauge condition. Here we
must be careful to impose convenient gauge conditions such that the induced
Faddeev-Popov determinant to have vanishing the upper diagonal elements in
order to be reduced down into the product of the three determinants, which cor-
respond the three local symmetries of the action. I assume the convenient gauge
condition for the usual gauge field local symmetry. The additional tetrad-Weyl
symmetry of the tetrad is fixed using the following conditions

ℓµNµ − 1 = 0 , nµLµ − 1 = 0
mµMµ + 1 = 0 , mµMµ + 1 = 0

(7.1)

The convenient conditions which fix the reparametrization symmetry are

Lµℓµn
νLν = 0 , Nµnµℓ

νNν = 0

Mµmµm
νMν = 0 , M

µ
mµm

νMν = 0
(7.2)

where L,N,M,M is an external (flat) light-cone tetrad, which will be fixed be-
low. Then the Faddeev-Popov terms of the effective lagrangian are the following

IFP =
∫
d4x{− 1

2α [η
µν∂µAjν ]

2 +B1(ℓ
µNµ − 1)+

+B2(n
µLµ − 1) +B3(m

µMµ + 1) +B4(m
µMµ + 1)+

+B5(L
µℓµ)(n

νLν) +B6(N
µnµ)(ℓ

νNν)+

+B7(M
µmµ)(m

νMν) +B8(M
µ
mµ)(m

νMν)+

+ηµν(∂µdj)(∂νdj − γfjikdiAkν)−
−c1Lµ[bν(∂νℓµ) + ℓν(∂µb

ν)]− c2N
µ[bν(∂νnµ) + nν(∂µb

ν)]−
−c3Mµ[bν(∂νmµ) +mν(∂µb

ν)]− c4M
µ
[bν(∂νmµ) +mν(∂µb

ν)]}

(7.3)

where dj and dj are the ghost fields, which correspond to the gauge field condi-
tion and ci , b

µ are the ghost fields which correspond to the reparametrization
symmetry. The tetrad-Weyl symmetry on the tetrad does not generate any
ghost field.

The BRS transformation of the fields are found by simply replacing the
reparametrization parameter, the independent Weyl parameters on the tetrad
and the gauge parameters with λbµ , λca and λdj respectively. We precisely
have

7.1 Gauge field propagator in the Landau and Feynman
gauges

It is well known that the Landau and Feynman gauges are introduced in the
path-integral quantization through a term 1

2α (η
µν∂µAjν)

2 in the effective action.
The choices α = 1 or α = 0 are referred as Feynman and Landau gauges
respectively. Following the well known path integral technique, the gauge field
propagator (for arbitrary α) is

⟨TAiµ(x)Ajν(y)⟩ = −iδij
∫

d4k

(2π)4
eik(y−x)∆µν(k) (7.4)
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where ∆µν(k) satisfies the relation

[(LρMµ − LµMρ)(NλM
ν −NνM

λ
) + (NρM

µ −NµM
ρ
)(LλMν − LνMλ)+

+(LρM
µ − LµM

ρ
)(NλMν −NνMλ) + (NρMµ −NµMρ)(LλM

ν − LνM
λ
)−

− 1
αη

ρµηλν ]kρkλ∆µν(k) = −δµσ
(7.5)

In the present section I will expand the action around the light-cone null tetrad

E0
µ ≡ Lµ = 1√

2
(1, −1, 0, 0)

E0̃
µ ≡ Nµ = 1√

2
(1, 1, 0, 0)

E1
µ ≡Mµ = 1√

2
(0, 0, 1, i)

E1̃
µ ≡Mµ = 1√

2
(0, 0, 1, −i)

(7.6)

because the calculations are highly simplified.
Expanding ∆νσ(k) in the null tetrad

∆νσ = H00LνLσ +H01(LνNσ + LσNν) +H02(LνMσ + LσMν)+
+H02(LνMσ + LσMν) +H11NνNσ +H12(NνMσ +NσMν)+
+H12(NνMσ +NσMν) +H22MνMσ+
+H23(MνMσ +MσMν) +H22MνMσ

(7.7)

and substituting into the above relation, a system of linear equations is derived,
which can be directly solved. The final result is

H00 = (Nk)(Nk)

2(Mk)(Mk)k2
+ (α−1)(Nk)(Nk)

k4

H01 = 1
k2

[
1− (Lk)(Nk)

2(Mk)(Mk)k2
+ (α−1)(Lk)(Nk)

k2

]
H02 = (1−α)(Nk)(Mk)

k4

H11 = (Lk)(Lk)

2(Mk)(Mk)k2
+ (α−1)(Lk)(Lk)

k4

H12 = (1−α)(Lk)(Mk)
k4

H22 = − (Mk)(Mk)
2(Lk)(Nk)k2 + (α−1)(Mk)(Mk)

k4

H23 = 1
k2

[
−1 + (Mk)(Mk)

2(Lk)(Nk) +
(α−1)(Mk)(Mk)

k4

]
(7.8)

where I denote (Eak) ≡ Eµa kµ. These are the light-cone coordinates of the
four-vector kµ. This light-cone notation will be used through out this section in
order to keep track of the initial null tetrad structure of the different lagrangian
terms.

In the Landau gauge (α = 0) the Fourier transform of the gauge field prop-
agator takes the form

⟨TAiµ(x)Ajν(y)⟩F = − iδij
k2 [ηµν −

kµkν
k2 + (Nk)(Nk)

2(Mk)(Mk)
LµLν+

+ (Lk)(Lk)

2(Mk)(Mk)
NµNν − (Lk)(Nk)

2(Mk)(Mk)
(LµNν + LνNµ)− (Mk)(Mk)

2(Lk)(Nk)MµMν+

+ (Mk)(Mk)
2(Lk)(Nk) (MµMν +MνMµ)− (Mk)(Mk)

2(Lk)(Nk)MµMν ]

(7.9)
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In the Feynman gauge (α = 1) only the ordinary part of the propagator changes
to the well known form. The additional non-conventional terms remain the
same.

7.2 An appropriate gauge condition

In the Landau and Feynman gauges, the gauge field propagators are very com-
plicated. Therefore they are not convenient for the computation of the Feynman
diagrams. I found that the most convenient gauge condition is

Mµ∂µ(MAj) +M
µ
∂µ(MAj) = 0 (7.10)

where (EaAj) ≡ EaµAjµ are the light-cone coordinates of the gauge field Ajµ.
I have already used this light-cone notation in the previous subsection.

In the path integral formulation, the validity of a gauge condition is formally
assured through the non-annihilation of the Faddeev-Popov determinant. I will
check it below in the case of an abelian U(1) gauge field. It is generally assumed
that the same results are perturbatively extended to the non-Abelian cases
modulo possible Gribov ambiguities. The above gauge condition yields the
following Faddeev-Popov operator

MFP = −
(
∂2

∂y2
+

∂2

∂z2

)
· (7.11)

The determinant of this operator does not vanish, because it has no regular
asymptotically vanishing eigenfunction with zero eigenvalue. One can see it by
simply writing this operator in polar coordinates and making a Fourier expan-
sion. Then we see that the zero modes must satisfy the following differential
equation (

∂2

∂ρ2
+

1

ρ

∂

∂ρ
− n2

ρ2

)
Λn(t, x, ρ) = 0 (7.12)

For n ̸= 0 the general solution of this equation is

Λn(t, x, ρ) = h1n(t, x)ρ
n + h2n(t, x)ρ

−n (7.13)

which is regular at ρ = 0 if h2 = 0 and it vanishes at infinity if h1 = 0. For
n = 0 the solution is

Λ0(t, x, ρ) = h10(t, x) + h20(t, x) ln ρ (7.14)

which does not satisfy the regularity conditions. Hence we see that the kernel
of the Faddeev-Popov operator contains only the zero function.

One should not be confused by the apparent permitted gauge transformation

A′
µ = Aµ − ∂µΛ(t, x) (7.15)

because the asymptotic annihilation is assumed in all space directions. Λ(t, x)
must vanish because at ρ-infinity it is the same function. Recall that the same
argument is applied to the case of the axial gauge condition.
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In the conventional procedure, the non-vanishing of the Faddeev-Popov de-
terminant means that the gauge condition uniquely fixes the gauge freedom of
the action. The additional point, one should clarify, is that the precise gauge can
always be reached starting from any regular asymptotically vanishing field con-
figuration Aµ(x). This is possible if there is a regular asymptotically vanishing
solution to the differential equation(

∂2

∂y2
+

∂2

∂z2

)
Λ =Mµ∂µ(MAj) +M

µ
∂µ(MAj) ≡ f(x) (7.16)

In polar coordinates and after a Fourier expansion it becomes the following
ordinary differential equation(

∂2

∂ρ2
+

1

ρ

∂

∂ρ
− n2

ρ2

)
Λn(t, x, ρ) = fn(t, x, ρ) (7.17)

which always admits a solution with initial conditions

Λn(t, x, 0) = 0 ,
∂Λn
∂ρ

(t, x, 0) = 0 (7.18)

The above analysis of the convenient gauge condition shows that it is well defined
and it may be used to determine the gauge field propagator.

7.3 Lagrangian expansion and propagators

In order to compute the Feynman diagrams we have first to expand the action
II around a classical solution of the field equations. It is generally believed
that the renormalization does not depend on the precise classical solution, but
as far as I know, there is no explicit proof of this assumption. In the present
case it is convenient to expand around the trivial light-cone tetrad Eµa that we
have chosen to introduce the conditions which fix the reparametrization and
tetrad-Weyl symmetries. That is, we consider the expansion

ℓµ = Lµ + γεµ
0̃

nµ = Nµ + γεµ0
mµ =Mµ − γεµ

1̃

(7.19)

where γ is a dimensionless constant. Notice that in the lagrangian there is no
dimensional constant, which could generate non-renormalizable counterterms
through the regularization procedure. In this tetrad expansion, the conditions
become

εµ
0̃
Nµ = 0 , εµ0Lµ = 0 , εµ1Mµ = 0

εµ
0̃
Lµ − γ[(εν

0̃
Mν)(ε

ρ
1Lρ) + (εν

0̃
Mν)(ε

ρ

1̃
Lρ)] +O(γ2) = 0

εµ0Nµ − γ[(εν0Mν)(ε
ρ
1Nρ) + (εν0Mν)(ε

ρ

1̃
Nρ)] +O(γ2) = 0

εµ1Mµ − γ[(εν1Lν)(ε
ρ
0Mρ) + (εν1Nν)(ε

ρ

0̃
Mρ)] +O(γ2) = 0

(7.20)
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They can be solved and replaced back into the action, which is so expanded in
the dimensionless coupling constants γ and q. The first terms of this expansion
of the II part of the action are the following

II ≃
∫
d4x{[(LM∂Aj)(NM∂Aj) + (LM∂Aj)(NM∂Aj)]−

−qfjik[(LAi)(MAk)(NM∂Aj) + (NAi)(MAk)(LM∂Aj) + c.c]+
+γ[(Mε0̃)(MM∂Aj)(NM∂Aj)− (Lε1̃)(LN∂Aj)(NM∂Aj)+
+(Nε1)(LM∂Aj)(LN∂Aj)− (Mε0)(LM∂Aj)(MM∂Aj) + c.c]+
+q2fjikfji′k′ [(LAi)(MAk)(NAi′)(MAk′) + c.c]}

(7.21)
The first terms of the IC part of the action are

IC ≃
∫
d4x{−[ϕ0L

ν∂ν(Lε1̃) + ϕ1M
ν∂ν(Mε0̃)+

+ϕ0̃N
ν∂ν(Nε1) + ϕ1̃M

ν
∂ν(Mε0) + c.c.]−

−γ[ϕ0(Mε0̃)[M
ν∂ν(Lε1)−M

ν
∂ν(Lε1̃)]+

+ϕ1(Lε1̃)[L
ν∂ν(Mε0)−Nν∂ν(Mε0̃)]+

+ϕ0̃(Mε0)[M
ν
∂ν(Nε1̃)−Mν∂ν(Nε1)]+

+ϕ1̃(Nε1)[N
ν∂ν(Mε0̃)− Lν∂ν(Mε0)] + c.c.]}

(7.22)

The first terms of the IFP part of the action are

IFP =
∫
d4x{−2djM

µM
ν
(∂µ∂νdj)− c1L

µ∂µ(Lc)−
−c2Nµ∂µ(Nc)− c3M

µ∂µ(Mc)− c4M
µ
∂µ(Mc)−

−qfjik[Mµ(∂µdj)di(MAk) +M
µ
(∂µdj)di(MAk)]+

+γ[c1(Lε1)L
µ∂µ(Mc) + c1(Lε1̃)L

µ∂µ(Mc)+
+c2(Nε1)N

µ∂µ(Mc) + c2(Nε1̃)N
µ∂µ(Mc)+

+c3(Mε0)N
µ∂µ(Lc) + c3(Mε0̃)M

µ∂µ(Nc)+

+c4(Mε0)M
µ
∂µ(Lc) + c4(Mε0̃)M

µ
∂µ(Nc)]}

(7.23)

where the already defined short light-cone notation is used.
The zeroth order terms of this action expansion determine the field propa-

gator. The Fourier transforms of the gauge field propagator has the following
convenient form

⟨Tφiφj⟩F =
iδij

4(Lk)(Nk)(Mk)(Mk)

⟨T (LAi)(NAj)⟩F =
iδij

4(Mk)(Mk)

⟨T (MAi)(MAj)⟩F = − i(Mk)(Mk)δij
4(Lk)(Nk)(Mk)(Mk)

⟨T (MAi)(MAj)⟩F = − i(Mk)(Mk)δij
4(Lk)(Nk)(Mk)(Mk)

⟨T (MAi)(MAj)⟩F =
iδij

4(Lk)(Nk)

(7.24)

where I use the defined previously light-cone short notation

(Lk) = k0−k1√
2

(Nk) = k0+k1√
2

(Mk) = k2+ik3√
2

(7.25)
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Notice that this propagator is essentially the product of two well known
2-dimensional scalar field propagator

DL(E) =

∫
d2k

(2π)2
eikx

k2 + iε
=

i

4π

∫
dt

t
e−i(x

2−iε)t (7.26)

where the indices L and E correspond to the signatures (+,−) and (−,−)
respectively. This propagator is logarithmically divergent, but the difference
D(x)−D(x0) is apparently finite. One can easily find that the explicit form of
the present gauge field propagator is

⟨Tφi(0)φj(x)⟩ = −iδijDL(x
0, x1)DE(x

2, x3)
⟨T (LAi(0)) (NAj(x))⟩ = −iδijδ(x0)δ(x1)DE(x

2, x3)
⟨T (MAi(0)) (MAj(x))⟩ = iδijDL(x

0, x1)MµMν∂µ∂νDE(x
2, x3)

⟨T
(
MAi(0)

) (
MAj(x)

)
⟩ = iδijDL(x

0, x1)M
µ
M

ν
∂µ∂νDE(x

2, x3)
⟨T (MAi(0))

(
MAj(x)

)
⟩ = iδijDL(x

0, x1)δ(x2)δ(x3)

(7.27)

The Fourier transforms of the other field propagators are

⟨Tϕ0(Lε1̃)⟩F = − 1
(Lk) , ⟨Tϕ1(Mε0̃)⟩F = − 1

(Mk)

⟨Tϕ0̃(Nε1)⟩F = − 1
(Nk) , ⟨Tϕ1̃(Mε0)⟩F = − 1

(Mk)

⟨Tc1(Lc)⟩F = 1
(Lk) , ⟨Tc2(Nc)⟩F = 1

(Nk)

⟨Tc3(Mc)⟩F = 1
(Mk) , ⟨Tc4(Mc)⟩F = 1

(Mk)

⟨Tdidj⟩F =
iδij

2(Mk)(Mk)

(7.28)

Notice that there is no tetrad-tetrad propagator. Only ϕb−tetrad propaga-
tors exist. There is no loop diagram with ϕb external lines. The one-particle
irreducible (1PI) diagrams of the model do not contain ϕ − ε and c − c prop-
agators. This crucial property implies that there is no divergent candidate to
renormalize the term IH of the action. This means that the regularization proce-
dure does not affect the integrability of the complex structure and subsequently
the metric independence of the action in a structure coordinates chart.

7.4 Regularization

The expansion around the constant light-cone tetrad separates the 4-dimensional
spacetime into two different 2-dimensional spaces, because in the convenient
gauge condition all the field propagators become the product of two 2-dimensional
propagators or one 2-dimensional propagator and a 2-dimensional delta func-
tion. This is the characteristic property of the special gauge condition which is
responsible for the finiteness of the loop diagrams computed below. Any loop-
integral turns out to become the product of two independent 2-dimensional
integrals. Therefore the dimensional regularization must be simultaneously be
performed in both 2-dimensional subspaces. It is done by extending the di-
mension of the (Lµ, Nµ)-subspace into 2ω and the (Mµ, Mµ)-subspace into
2ω′.
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When the dimension of the spacetime changes into 2(ω + ω′) the number
of tetrads changes too. Therefore first the substitutions 2(Lk)(Nk) = k2 and
2(Mk′)(Mk′) = k′2 are made in all the integrals, which are then dimensionally
regularized. The results are finally contracted with the remaining tetrads using
the formula

EµaE
ν
b ηµν = ηab (7.29)

which does not contain the spacetime dimension. It does appear after the ad-
ditional contraction with ηab.

The formula of the dimensional regularization, which will be applied are the
called “’t Hooft-Veltman conjecture”∫

d2ωk

(2π)2ω
(k2)β−1 = 0 ∀β = 0, 1, 2, ... (7.30)

and the following logarithmically divergent 2-dimensional integral

Iρν =
∫

d2ωk
(2π)2ω

kρkν
k2(k−p)2 = ηρν

Γ(1−ω)
2(4π)ω

∫ 1

0
dx[x(1− x)p2 + µ2]ω−1+

+pρpν
Γ(2−ω)
(4π)ω

∫ 1

0
dxx2[x(1− x)p2 + µ2]ω−2

(7.31)

where the ordinary mass term µ2 has been introduced in order to distinguish
the ultraviolet from the infrared divergencies. Notice that in the infrared limit
(µ2 = 0) the annihilation of the tadpole diagram (β = 0 in the ’t Hooft-Veltman
conjecture) is rederived.

In the present 2-dimensional case (ω = 1) the second term of Iρνhas no
ultraviolet divergence, therefore the following integrals, which appear in the
calculations, are finite.∫

d2k
(2π)2

(Lk)
(Nk)(L·(k−p))(N ·(k−p)) = i(Lp)2

∫ 1

0
dx x2

x(1−x)(−p2)+µ2∫
d2k′

(2π)2
(Mk′)

(Mk′)(M ·(k′−p′))(M ·(k′−p′)) = (Mp)2
∫ 1

0
dx x2

x(1−x)(p′2)+µ2

(7.32)

where no-primed k, p denote the (Lµ, Nµ)-subspace and the primed k′, p′ denote
the (Mµ, Mµ)-subspace components of the 4-momenta k, p. Analogous results

are found in the (NµNνIµν) and (M
µ
M

ν
Iµν) contractions.

7.5 First order one-loop diagrams

It has already been stated that there are no loop diagrams with ϕa(x) external
lines. I will study below the three possible cases of one-loop diagrams, which
are a) with external tetrads, b) with two external gauge fields and c) with
three external gauge fields. I will use the Bogoliubov-Shirkov procedure for the
computation of the S-matrix one-loop terms as time-ordered products. Only
the main points will be outlined, because it is practically impossible to present
all the calculations here.
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a) Diagrams with two external tetrads. These diagrams come from the con-
tractions between internal couplings of IG, IH and IFP separately. The ghost
field contractions give

[2 ext. tetrads from IFP ] = −γ2
∫
d4y1d

4y2{: (Lε1(1))(Mε0(2)) :
·⟨Tc1(1)Mµ∂µ(Lνc

ν(2))⟩⟨TLµ∂µ(Mνc
ν(1))c3(2)⟩+

: (Lρε
ρ

1̃
(1))(Mτε

τ
0(2)) : ⟨Tc1(1)M

µ
∂µ(Lνc

ν(2))⟩⟨TLµ∂µ(Mνc
ν(1))c4(2)⟩+

: (Nρε
ρ
1(1))(Mτε

τ
0̃
(2)) : ⟨Tc2(1)Mµ∂µ(Nνc

ν(2))⟩⟨TNµ∂µ(Mνc
ν(1))c3(2)⟩+

: (Nρε
ρ

1̃
(1))(Mτε

τ
0̃
(2)) : ⟨Tc2(1)M

µ
∂µ(Nνc

ν(2))⟩⟨TNµ∂µ(Mνc
ν(1))c4(2)⟩}

(7.33)
where : .... : denotes the Wick product and the integration variables y1, y2 are
briefly denoted 1 and 2 respectively.

After the substitution of the propagators and some well known changes of
variables, it takes the following form

[2 ext. tetrads from IFP ] = −γ2
∫
d4y1d

4y2{: (Lρερ1(1))(Mτε
τ
0(2)) :

·
[∫

d2k
(2π)2

(L(p−k))
(Lk)

] [∫
d2k′

(2π)2
(M(p−k′))

(Mk′)

]
+

+ : (Lε1̃)(Mε0) :
[∫

d2k
(2π)2

(L(p−k))
(Lk)

] [∫
d2k′

(2π)2
(M(p−k′))

(Mk′)

]
+

+ : (Nε1)(Mε0̃) :
[∫

d2k
(2π)2

(N(p−k))
(Nk)

] [∫
d2k′

(2π)2
(M(p−k′))

(Mk′)

]
+

+ : (Nε1̃)(Mε0̃) :
[∫

d2k
(2π)2

(N(p−k))
(Nk)

] [∫
d2k′

(2π)2
(M(p−k′))

(Mk′)

]
}

(7.34)

where the defined above light-cone notation (...) is occasionally used.
Using the formulas of the regularization subsection one can show that all the

above integrals vanish in the context of the dimensional regularization.
The integrals generated by the IC couplings are analogous to the previous

ones and I found that they vanish too. The expression is too long to be written
down here, therefore I will compute only the diagram with (Lε1) (Nε0) external
lines in order to show how they look like.

[(Lε1) (Nε0) from IC ] = −γ2
∫
d4y1d

4y2 : (Lε1)(Nε0) : ·
·⟨Tϕ0Nµ∂µ(Mε0̃))⟩⟨TLν∂ν(Mε0)ϕ0̃⟩ =
= −γ2

∫
d4y1d

4y2{: (Lε1)(Nε0) :
∫

d4p
(2π)4 e

ip(y2−y1)·
·
[∫

d2k
(2π)2 (Nk)(L(p− k))

] [∫
d2k′

(2π)2
1

(Mk′)(M(p−k′))

]
}

(7.35)

which vanishes because of the ’t Hooft-Veltman conjecture applied to the k-
integration.

The diagrams from the IG couplings, with gauge field contractions, are

[2 ext. tetrads from IG] = −γ2

2

∫
d4y1d

4y2{: (Mε0)(Mε0) : [⟨T (LM∂Aj) (LM∂Ak)⟩·
·⟨T
(
MM∂Aj

) (
MM∂Ak

)
⟩+ ⟨T (LM∂Aj)

(
MM∂Ak

)
⟩⟨T

(
MM∂Aj

)
(LM∂Ak)⟩]−

−2 : (Mε0)(Nε1) : [⟨T (LM∂Aj) (LM∂Ak)⟩⟨T
(
MM∂Aj

)
(LN∂Ak)⟩+

+⟨T (LM∂Aj) (LN∂Ak)⟩⟨T
(
MM∂Aj

)
(LM∂Ak)⟩]−

−2 : (Mε0)(Nε0̃) : [⟨T (LM∂Aj)
(
MM∂Ak

)
⟩⟨T

(
MM∂Aj

) (
NM∂Ak

)
⟩+

+⟨T (LM∂Aj)
(
NM∂Ak

)
⟩⟨T

(
MM∂Aj

) (
MM∂Ak

)
⟩] + similar terms}

(7.36)
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This expression is also too long to be written down. I computed all these
integrals and I found that they vanish. The conclusion is that there is no
counterterm with two external tetrads.

b) Diagrams with two external gauge fields. The number of these diagrams
is quite large, but they can be grouped using the following discrete symmetries
of the action

a) ℓµ ⇔ nµ , ϕ0 ⇔ ϕ0̃ , ϕ1 ⇔ ϕ1̃
b) mµ ⇔ mµ , ϕa ⇔ ϕa ∀ a (7.37)

The diagrams with (LAi)(LAj) external terms give

[ext(LAi)(LAj)] = −γ2

2

∫
d4y1d

4y2 fj1i1k1 fj2i2k2 : (LAi1)(LAi2) : ·
·[⟨T (MAk1) (MAk2)⟩⟨T

(
NM∂Aj1

) (
NM∂Aj2

)
⟩+

+⟨T (MAk1)
(
NM∂Aj2

)
⟩⟨T

(
NM∂Aj1

)
(MAk2)⟩+

+⟨T (MAk1)
(
MAk2

)
⟩⟨T

(
NM∂Aj1

)
(NM∂Aj2)⟩+

+⟨T (MAk1) (NM∂Aj2)⟩⟨T
(
NM∂Aj1

) (
MAk2

)
⟩+ c.c.] =

= − iγ2C
16(4π)2

∫
d4y1d

4y2
∫

d4p
(2π)4 e

ip(y2−y1) : (LAi1)(LAi2) : ·
·δi1i2 (Np)2(Mp)2(Mp)2I1(p

′′2)[2I2(−p′2)− I1(−p′2)]

(7.38)

where p′2 = (p0)2 − (p1)2 , p′′2 = (p2)2 + (p3)2 and I substituted fjik fj′ik =
Cδjj′ . The finite integrals are

Ir(k
2) =

∫ 1

0

dx
xr

x(1− x)k2 + µ2
(7.39)

The other one-loop diagrams with two external gauge fields are found to be

ext[(LAi)(LAj)] = − iγ2C
16(4π)2

∫
d4y1d

4y2
∫

d4p
(2π)4 e

ip(y2−y1) : (LAi1)(NAi2) : ·
·δi1i2 (Np)2(Mp)2(Mp)2I1(p

′′2)[I2(−p′2)− I1(−p′2)]

ext[(LAi)(MAj)] = 0

ext[(MAi)(MAj)] = 0

ext[(MAi)(MAj)] = 0
(7.40)

which are finite. On the other hand the one-loop diagrams with internal ghost
lines vanish because of the k-integration. Hence my conclusion is that there is
no first order one-loop counterterms with two external gauge fields.

c) Diagrams with three external gauge fields. I wrote down all these diagrams
with two and three internal gauge fields. Their number is quite large, but
they can be grouped using the above discrete symmetry. I investigated these
diagrams and I found that they are all finite. This implies that there is no first
order coupling constant renormalization, which means that the first term of the
function β(γ) of the renormalization group equation vanishes.
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In current terminology, a lagrangian model is called finite if all its transition
amplitudes on mass shell are finite without making use of any infinite renormal-
ization either of the field or of the coupling constants. These amplitudes (on
mass shell) do not depend on the regularization procedure or the imposed gauge
condition, therefore their finiteness should not depend on these two choices ei-
ther. The general Green functions of a finite field theoretical model may diverge,
depending on the used gauge conditions. Apparently the existence of a gauge
condition which makes the Green functions finite, imply finiteness of the model.
This formal reasoning works well in the case of the N = 4 supersymmetric
Yang-Mills model, which is finite, because the Green functions are finite in the
light-cone gauge condition (LAj) = 0. Therefore the fact that in the precise
convenient gauge, that we used in the present calculations, we found that the
Green functions are finite, permit us to claim that the present model is also
finite in the first order approximation. In a different gauge condition (e.g. Lan-
dau or Feynman) the Green functions may not be finite but the cross-sections
must be finite.

The fundamental property of the present model is its tetrad-Weyl symmetry
and the subsequent metric independence of its action. We also saw that there
is no loop diagram with ϕb external fields. This means that the regularization
procedure does not change the term IC . Hence the regularization procedure
will not change the integrability condition and all its consequences. This for-
mal argument implies that no geometric counterterm could be generated by the
renormalization procedure. On the other hand the fact that no dimensional con-
stant appears in the expanded action, no counterterm with mass-dimensionality
higher than four can emerge. Hence the permitted gauge field counterterms
are restricted to the quadratic FF forms. All these arguments suggest that
the present model is formally renormalizable. The existence of possible topo-
logical anomalies of the tetrad-Weyl symmetry should not be excluded. Such
an anomaly could restrict the gauge group to the observed color group SU(3),
in complete analogy to the conformal anomaly of the Polyakov action, the 2-
dimensional PCFT, which determines the 26-dimensional spacetime.

REMARK: At the end of Part I, It is time to point out that the description
of PCFT in this Research eBook followes its historical evolution. It started
as an attempt to find a four-dimensional renormalizable generally covariant
action in the context of quantum field theory. In the begining, I was sure
that quantum theory will prevail to geometry (general relativity). My strugle
with my prejudices is evident from my publications ([31], [32], [33], [34], [35],
[36], [37], [38], [?], [?], [39], [40], [41], [?], [43]). Step by step and in a hostile
proffessional environment, I finally realized that everything is geometry and
that quantum theory is implied by a proper mathematical treatment of the
generalized functions, which appear in the lorentzian CR-structure.
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Part II

MATHEMATICS OF LORENTZIAN CR-STRUCTURES

Synopsis
The lorentzian Cauchy-Riemann (LCR) structure is the new fundamental

notion that replaces the lorentzian riemannian structure of general relativity. It
is a special integrability condition formulated in the context of the E. Cartan
formalism of moving frames. The Newman-Penrose formalism consists the for-
mulation of general relativity in the same Cartan formalism, which we will often
use, in order to stress the similarities and essential differences between these two
structures. I start first with the intimate relation between the LCR-structure
and the generalized functions (Schwartz distributions). If the LCR-structure is
realizable, the application of the holomorphic Frobenius theorem, reveals that
the ambient complex manifold is the grassmannian space G(4, 2) of the lines
of CP (3). The LCR-structure conditions permit the definition of a Kaehler
metric with the corresponding LCR-manifold being a lagrangian submanifold.
The zero gravity LCR-manifold is identified with the characteristic (Shilov)
boundary U(2) of the SU(2, 2) classical domain. Identifying the affine Poincaré
subgroup of SU(2, 2) (in the unbounded realization of the classical domain)
with the corresponding physical symmetry, opens up the possibility to define
the leptonic sector with LCR solitonic configurations related to ruled surfaces of
CP (3). The discrete symmetries, spatial and temporal reflections, left and right
chiral parts and charge conjugation are defined. On the other hand the back-
ground projective structure is going to permit the identification of the electron
with the regular ”Kerr-Newman” LCR-manifold with the g = 2 gyromagnetic
ratio already computed by Carter. Recall that in the context of riemannian
geometry, this possibility was impossible, because of the essential diffeomorphic
naked ring singularity of the Kerr-Newman metric with the electron mass and
angular momentum.
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8 LCR-MANIFOLDS

It is well known that Einstein, after his discovery that the gravitational interac-
tion is based on the lorentzian riemannian geometry, tried (and failed) to find a
geometric origin for the electromagnetic interaction, either through the torsion
(with E. Cartan) or through a five dimensional spacetime (with Kaluza-Klein
theory). PCFT is based on the LCR-manifold and its action contains a ”pe-
culiar” gauge field which will be identified with the gluonic interaction. But
we must first understand the essential similarities and differences between the
LCR-manifolds and riemannian manifolds.

The typical mathematical problem of LCR-structure is to find a smooth
manifold, which can be covered by a well defined atlas of coordinate charts [Ui],
where in every chart there is a smooth tetrad (ℓ , n , m , m) with linearly
independent two real and a complex vector, such that there are four gener-

ally complex (generalized) functions (z0, z1; z0̃, z1̃) called LCR-structure coor-
dinates, which satisfy the following homogeneous partial differential equations

ℓµ∂µz
α = 0 , mµ∂µz

α = 0

nµ∂µz
β̃ = 0 , mµ∂µz

β̃ = 0

dz0 ∧ dz1 ∧ dz0̃ ∧ dz1̃ ̸= 0

(8.1)

Solutions exist if there is an analytic extension of the real chart Ui ⊂ R4 ⊂ C4

(at least in the one side of R4), where the following commutation relations are
valid

[ℓµ∂µ , m
ν∂ν ] = h0̃

0̃
ℓρ∂ρ + h1̃

0̃
mρ∂ρ

[nµ∂µ , m
ν∂ν ] = h00n

ρ∂ρ + h10m
ρ∂ρ

(8.2)

The above two arguments are equivalent because of the holomorphic Frobenius
theorem. The extension to the complex space is imposed by the need to deal
with the involution between the real vector ℓ (n) with its complex partner

m (m). In the neighborhoods of points, where (zα(x); zβ̃(x)) have analytic
extensions in both sides of R4, the structure coordinates are analytic (these

points are regular points). In the neighborhoods of points, where (zα(x); zβ̃(x))
have analytic extensions only in the one side of R4, the structure coordinates
are Schwartz distributions, with singular support these points. The singular
supports constitute the ”particles”. Therefore we have to find the distributional
solutions with singular supports and study their movements.

If we know the tetrad, the method to find the solutions of such a linear
system is well known[7]. Let us consider the homogeneous 1st order PDE of
ℓµ∂µz

α = 0. Its symbol is ℓµkµ = 0. We first find the integral curves, say,
dxµ

ℓ

dσ = ℓµ(xνℓ (σ)), which here are characteristic curves of the homogeneous 1st
order PDE. The values of the solutions zα(x) are preserved along each curve,
because

47



dxµ
ℓ

dσ ∂µz
α(x(σ)) = dzα(x(σ))

dσ = 0 (8.3)

There are two generally complex functions zα(x), which determine three real
independent integral surfaces, because ℓµ is real. The intersection of these three
independent surfaces determine one characteristic curve. From any point of R4

passes one characteristic curve. Hence the parameter σ of the characteristic
curve with the values of the three independent real functions may be considered
as the coordinates of LCR-manifold in a precise chart. These are the ”natural
coordinates” of the ℓµ∂µ real vector. When we ”project” these natural coordi-
nates down to the cartesian coordinates i.e. we change coordinates, singularities
(caustics) may emerge. These are the well known singularities of the jacobian
determinant of the coordinate change.

The same procedure may be used to solve the 1st order PDE nµ∂µz
β̃ = 0,

with the second real vector nµ∂µ. The corresponding real integral curve
dxµ

n

dχ =

nµ(xνn(χ)) is the characteristic curve of the PDE, because its symbol is nµkµ =

0. The two complex solutions zβ̃(x) (and zβ̃(x)) determine (at most) three
independent real functions, which, combined with χ, form another coordinate
system of the LCR-manifold and other set of ”natural” coordinates.

The degenerate ”light-cone” LCR-structure (4.19) does not have any singu-
larity at a finite point of R4, nor the corresponding integral curves xµℓ (t) and
xµn(t) have any singular point in R4. These are geodesics of the Minkowski met-
ric, which have no singularity either. But this conformity does not appear in the
case of the simple degenerate example of the ”spherical” LCR-structure (4.20)
(r := |−→x |).

ℓµ∂µ = ∂0 − (x
1

r ∂1 +
x2

r ∂2 +
x3

r ∂3)

nµ∂µ = ∂0 + (x
1

r ∂1 +
x2

r ∂2 +
x3

r ∂3)
mµ∂µ = [r(x3 + r)− (x1 + ix2)x1]∂1 ++[ir(x3 + r)− (x1 + ix2)x2]∂2−

−(x1 + ix2)(x3 + r)∂3

z0 = x0 − r = u , z1 = x1+ix2

x3+r = tan θ
2e
iφ

z0̃ = x0 + r = v , z1̃ = x1−ix2

x3+r = tan θ
2e

−iφ

(8.4)
Recall that it is singular at the negative z-axis. I use spherical coordinates
(r, θ, φ) for ”convenience”, in fact, because I already know that these are among
the ”natural” coordinates of the two real 4-vectors of the LCR-tetrad. Using t
as the parameter σ (χ respectively) of ℓµ∂µ and nµ∂µ, their characteristic curves
and jacobians are

xµℓ (t) = (t, (t− u) sin θ cosφ, (t− u) sin θ sinφ, (t− u) cos θ)
dx0 ∧ dx1 ∧ dx2 ∧ dx3 = r2 sin θdu ∧ dt ∧ dθ ∧ dφ

xµn(t) = (t, (v − t) sin θ cosφ, (v − t) sin θ sinφ, (v − t) cos θ)
dx0 ∧ dx1 ∧ dx2 ∧ dx3 = r2 sin θdt ∧ dv ∧ dθ ∧ dφ

(8.5)
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We see that a singularity occurs at r = 0 for both congruences. The character-
istic lines passing on t = 0 from the singularity have u = 0 = v and they follow
opposite directions

xµℓ (t) = t(1, sin θ cosφ, sin θ sinφ, cos θ)

xµn(t) = t(1, − sin θ cosφ, − sin θ sinφ, − cos θ)
(8.6)

distinguished by the angles. The corresponding Minkowski spacetime does not
have any singularity problem. Hence we have to reject the ”spherical” LCR-
structure but not the riemannian structure. We will see that in the case of the
”Kerr-Newman” LCR-structure (the electron soliton) is going to happen the op-
posite, because of the essential naked singularity of the ”electron” gravitational
dressing.

8.1 Regular and ”analytic” coordinates

The structure coordinates (z0, z1; z0̃, z1̃) satisfy the differential equations (4.12)

dz0 ∧ dz1 ∧ dz0 ∧ dz1 = 0

dz0̃ ∧ dz1̃ ∧ dz0 ∧ dz1 = 0

dz0̃ ∧ dz1̃ ∧ dz0̃ ∧ dz1̃ = 0

dz0 ∧ dz1 ∧ dz0̃ ∧ dz1̃ ̸= 0

(8.7)

that is, there are (4.13) two real functions ρ11 , ρ22 and a complex one ρ12, such
that

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(8.8)

We see that the forms of these relations is invariant under the transformations

z′α = fα(zβ) , z′α̃ = f α̃(zβ̃) (8.9)

which are called LCR-transformations. I point out that the general holomorphic
transformations z′b = f b(zc) do not preserve the LCR-structure! In a neighbor-
hood of a point p, a LCR-transformation can simplify a smooth structure to the
form

Im z0 = ϕ11(z
1, z1,Re z0) , Im z0̃ = ϕ22(z

1̃, z1̃,Re z0̃) , z1̃ − z1 = ϕ12(z
a, zβ̃)

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0
(8.10)

and the corresponding coordinates are called regular LCR-coordinates in the
neighborhood of the point p. The proof is simple[1]. We can generally make
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translation such that the coordinates of the point p are zβ = 0 = zβ̃ . The next
step is to expand ρij in to powers of zband keep the linear terms. We precisely
have

ρ11(z
α; zβ) =

1∑
α=0

(aαz
α + aαzα) +O(2)

ρ22(z
α̃, zβ̃) =

1∑
α̃=0

(aα̃z
α̃ + aα̃zα̃) +O(2)

ρ22(z
α, zβ̃) =

1∑
α̃=0

(bα̃z
α̃ + bαzα) +O(2)

(8.11)

Then we make the linear transformations to the new coordinates

z′0 = aαz
α , z′1 = −bαzα

z′0̃ = aα̃z
α̃ , z′1̃ = bα̃z

α̃ (8.12)

This linear transformation can be inverted, because the embedding is generic.
Besides the transformation does not change the order of the O(2) terms.

The LCR-transformations cannot completely remove (annihilate) the func-
tions ϕij . But we may exploit the fact that the LCR manifold is a special
maximal totally real submanifold of C4, which may be trivialized at a neigh-
borhood of their real analytic points. This property is the basis of the picture
that we will propose for the geometric picture of the universe and the observed
elementary particles there in. Therefore it deserves to analyze it in details.

A general 4-dimensional maximal totally real submanifold[1] is determined

by four real functions ρa(y
b, yb) vanishing at the submanifold. Under a general

holomorphic (analytic) trasformation z′b = f b(zc), they take the simple form

Im ya = ϕa(Re y
b)

ϕa(p) = 0 , dϕb(p) = 0
(8.13)

If the real functions ϕa(x
b), xb ∈ Rb are additionally real analytic (it is the sum

of a converging sequence), the coordinates ya can be chosen so that Im ya = 0.
Hence at the real analytic points of the LCR submanifolds, we can always make
a holomorphic transformation yb = f b(rc), so that ra−ra

2i = 0, i.e. the real plane
R4 of C4. The physically interesting case is when yb = f b(rc) has singularities
in C4, which are not compact because of Hartog’s lemma. The universe is a real
LCR manifold of C4 and an elementary particle is a set of generalized functions
with their representatives identified with the particle potential dressings having
integrable singularities at its complex trajectory. Therefore I find necessary to
review the generalized functions in the next section.

9 GENERALIZED FUNCTIONS

Let me present an argument that makes the generalized functions indispensable
for the study of physically interesting phenomena of PCFT. In the general realm
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of the ambient complex manifold, the LCR-submanifold is defined by relations
of the following form (4.13)

ρ11(z
α, zβ) = 0 , ρ12(z

α, zβ̃) = 0 , ρ22(z
α̃, zβ̃) = 0

∂ρij
∂zb

̸= 0 ≠
∂ρij

∂zb

(9.1)

where ρ11 , ρ22 are real functions and ρ12 is a complex function. Notice the
particular dependence of ρij on the structure coordinates. The form is invariant

under the restricted holomorphic transformations z′β = f(zα) and z′β̃ = f̃(zα̃).
This may be viewed as a totally real CR-structure, which achieves the above

form via a holomorphic coordinate transformation zβ = f(ra) and zβ̃ = f̃(rb).
Vice-versa, the above form admits a general smooth transformation[1] such that

rb−rb
2i = yb( r

a+ra

2 ) (9.2)

But if the real function yb(·) is real analytic in a neighborhood of the point
ra = 0, there is an analytic transformation r′b = f b(ra), such that the totally
real CR-structure becomes completely degenerate

r′b−r′b
2i = 0 (9.3)

without any dynamics. That is, the real functions yb(x) must have points or
regions of x, which are not real analytic, for the LCR-structure to have some
substantial physical content. This implies that the physically interesting LCR-

structures are those with distributional structure coordinates (zα(x); zβ̃(x))
with singular supports. This characteristic property of the LCR-structures is
very important, because it triggers the ”derivation” of quantum mechanics as
a consequence of the rigged Hilbert space proper treatment of the generalized
functions. Therefore it is necessary to review the notions of distributions.

The notion of distribution (a kind of generalized function[15][50]) was first
introduced by Schwartz in order to extend the set of ”controllable differentiable”
functions. In order to define it, we need a set of test functions τ(x) on which
apply the distribution f as a linear functional. A distribution and its derivative
are defined as follows

< f, τ >:=
∫
R
f(x)τ(x)dx

< f ′, τ >:= −
∫
R
f(x)τ ′(x)dx

(9.4)

The test functions will be denoted with small greek characters and the dis-
tributions with latin characters. The first definition implies that the function
representative f(x) of the distribution must be locally integrable (continuous in
the case dimension one) function. But the definition of its derivative enlarges
the representatives with singular functions, which can be written as higher order
derivatives of locally integrable functions. That is, a locally integrable singular
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function and all is derivatives may be considered as well defined distributions
(which are no longer locally integrable).

Schwartz introduced two sets of test functions. We will start with the set D
of the smooth functions with compact support (C∞

c ). Therefore the definition
of any order derivative of an integrable function is well defined, because the
corresponding derivative of a test function is well defined and it continuous to
have compact support. The set of the corresponding linear functionals on D, the
distributions, is denoted as D′. Typical examples of distributions are the step
(Heavyside) distribution H(x) and the delta (Dirac) distribution δ(x) defined
using the x+ continuous function as follows

x+ := {x, x>0
0, x<0

H(x) := d
dxx+ = {1, x>0

0, x<0 ,
∫
R
H(x)τ(x)dx =

∞∫
0

τ(x)dx

δ(x) := d2

dx2x+ = {0, x>0
0, x<0 ,

∫
R
δ(x)τ(x)dx = τ(0)

(9.5)

Notice that x+ does have ”proper” derivative at x = 0. But viewed as a Schwartz
distribution, it has all the derivatives. the equality of two distributions f and g
are equal if < f, τ >=< g, τ > ∀τ ∈ D. Hence a distribution f ”vanishes” in
neighborhood N of a point x if < f, τ >= 0 ∀τ(x) ∈ D with support in N . A
point x is called essential of a distribution f , if it does not have a neighborhood
in which f vanishes. The support of f , denoted supp(f), is the set of its
essential points. The singular support of f , denoted s − supp(f), is the set of
its essential points, where its function representative is not a smooth function.
Hence

supp(x+) = R+ , supp(H(x)) = R+ , supp(δ(x)) = {0}
s− supp(x+) = s− supp(H(x)) = s− supp(δ(x)) = {0} (9.6)

The logarithmic function ln |x| is a singular function. It is a distribution,
because ln |x| = [x(ln |x| − 1)]′, that is, it is the 1st derivative of a continuous
function. The negative powers of x are neither locally integrable nor continuous
at x = 0, but they are distributions, because they are higher order derivatives
of the locally integrable function x(ln |x|−1). Therefore a simple (naive) way to
visualize the generalized functions on R is to consider the continuous functions
which do not have derivatives at some points. Every such function is the basis of
a ”ladder” of Schwartz distributions which are ”derivatives” of the base function.
We should see Schwartz definition through the integration as a mathematical
trick, because the local integral of a continuous function exists.

In the higher dimensional case of Rn the base functions of the ”ladders” are
locally integrable functions. A typical example is the electric (and gravitational
potential) ϕ(x) = e

|−→x | , which is singular at −→x = 0, but it is a well defined

distribution, because

R∫
0

e
r4πr

2τ(r)dr = 4πe
R∫
0

rτ(r)dr <∞ (9.7)
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The electric field strength
−→
E is well defined as a distribution, despite the fact

that it is not locally integrable, because it is a derivative of ϕ(x).
In order to understand the power of the generalized functions to manage

with singularities, let us solve the equation xkf(x) = 1, k a positive integer. A
general solution is the distribution

f(x) = 1
xk +

k−1∑
j=0

cjδ
(j)(x) (9.8)

where cj are arbitrary constants and δ(j)(x) denotes the j derivative of the delta
function.

The second set of Schwartz test functions S is the set of smooth (rapid
decaying) functions, which vanish at infinity faster than any polynomial. The
tempered distributions are those linear functionals which apply on S. Their set
is denoted S ′. Notice that D ⊂ S and therefore S ′ ⊂ D′.

The Fourier transform of a tempered distribution is defined through the
following steps

τ̂(k) = (2π)
−1
2

∫
e−ikxτ(x)dx , τ(x) = (2π)

−1
2

∫
eikxτ̂(k)dk

f̂(k) := (2π)
−1
2

∫
e−ikxf(x)dx , f(x) := (2π)

−1
2

∫
eikxf̂(k)dk

< f, τ >:=
∫
f(x)τ(x)dx = (2π)

−1
2

∫
f̂(−k)τ̂(k)dk =< f̂(−k), τ̂(k) >

(9.9)

The Fourier transform is an isomorphism of S. The Fourier transform of
a rapid decaying test function is in S, and any function of S is the Fourier
transform of a rapid decay function. Hence the Plancherel theorem is applied
and therefore the set of the square integrable functions (L2) is dense in S. This
fundamental property makes the tempered distributions the natural framework
of the extended Hilbert space (rigged Hilbert space) of quantum field theory.

The Fourier transform permits the analytic extension of ϕ̂(k) for any ϕ(x) ∈
C∞
c . It is an entire analytic function with the bound

|ϕ̂(k)| ≤ KNe
R| Im k|

(1+|k|)N , ∀k ∈ C, ∀N ∈ N (9.10)

where KN is a constant which depends on the integer N , and R is the radius of a
sphere containing the support of ϕ(x). The inverse is also true (Paley-Wienner
theorem). Any entire analytic function with the above bound is the Fourier
transform of a C∞

c function. This theorem is generalized for S ′ distributions,
with a different bound relation. A distribution f(x) ∈ S ′ has compact support

if f̂(k) has an analytic continuation to an entire analytic function that satisfies

|f̂(k)| ≤ KN (1 + |k|)NeR| Im k|, ∀k ∈ C, ∀N ∈ N (9.11)

The difference between the asymptotic limits of the above Fourier transforms
is the basis for the emergence of the wavefront singularities, which play funda-
mental role in quantum field theory.
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Another set of test functions is E := C∞ i.e. the set of smooth functions.
The set of distributions applying on E is denoted E ′. We have E ′ ⊂ D′ because
D ⊂ E . Precisely E ′ are the D′ (and S ′) distributions, which have representatives
with compact support.

Sato’s hyperfunctions[16],[24] may be viewed as distributions (linear func-
tionals) applied to the real analytic functions (Cω). Their set is denoted A
and the set of hyperfunctions is denoted A′. The apparent subset relation
D ⊂ S ⊂ E ⊂ A for the test functions implies the reversed relation for the
corresponding distributions A′ ⊂ E ′ ⊂ S ′ ⊂ D′.

9.1 Colombeau generalized functions

We consider the following regularization fε(x) of a distribution f(x) ∈ D′ using
a test function η(x) ∈ D as ”mollifier”

f(x) ∈ D′ , η(x) ∈ D ,
∫
R
zkη(z)dz = δk0

fε(x) =
∫
R
[ 1εη(

y−x
ε )]f(y)dy =

∫
R
η(z)f(x+ εz)dz

(9.12)

where the last integral is found after a change of variables y−xε = z. The mollifier
η(x) may also belong to the space S of test functions, which at infinity |η(x)|
decrease faster than any power of |x|, i.e.

lim
|x|→∞

η(x) < O(|x|−q), ∀q ∈ N (9.13)

Assuming a distribution f̃(x), which corresponds to a function f(x) ∈ Cm ,
the regularization tends to the same f(x) because the function (and its corre-
sponding distribution) can be Taylor expanded up to order m.

f̃ε(x) =
∫
R
[ 1εη(

y−x
ε )]f̃(y)dy =

∫
R
η(z)f̃(x+ εz)dz ≃

≃ f̃(x) +O(εm) , ∀m ⩾ 0
(9.14)

Notice that the mollifying procedure embeds the f(x), g(x) ∈ C∞ , and their
product (fg) into the mollified functions. We precisely have

[fε(x)][gε(x)] ≃ [f(x) +O(εm)][g(x) +O(εn)] ≃ [f(x)g(x) +O(εm+n)]

[(fg)ε(x)] ≃ [f(x)g(x) +O(εm+n)]
(9.15)

These two approaches imply that C∞ functions respect their product up to
some negligible terms. The set of the objects f̃ε(x) is denoted E .

We use the fact that a singular distribution can always be written as the
derivative of a continuous function in order to find the form of its molified
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representative.

sε(x) =
∫
R
[ 1εη(

y−x
ε )]Dng(y)dy , g(y) ∈ C

sε(x) =
∫
R
η(z)Dn

xg(x+ εz)dz = 1
εn

∫
R
η(z)Dn

z g(x+ εz)dz =

= (−1
ε )n

∫
R
Dn
z η(z)g(x+ εz)dz ≃ O( 1

εn )

(9.16)

The embedding of the Heavyside function (the mollified step function) is

Hε(x) =
∫
R
[ 1εη(

y−x
ε )]H(y)dy =

∫
R
dzη(z)H(x+ εz) =

∞∫
− x

ε

dzη(z) ≃ O(1) (9.17)

while we expect

Hε(x) =
∫
R
[ 1εη(

y−x
ε )]D |y|

2 dy = −1
2ε

∫
R
dzDzη(z)|x+ εz|) ≃ O( 1ε ) (9.18)

The embedding of the Dirac distribution (the mollified delta function) is

δε(x) =
∫
R
[ 1εη(

y−x
ε )]δ(y)dy = 1

εη(
−x
ε ) ≃ O( 1ε ) (9.19)

while we expect

δε(x) =
∫
R
[ 1εη(

y−x
ε )]D2 |y|

2 dy = 1
2ε2

∫
R
dzD2

zη(z)|x+ εz| ≃ O( 1
ε2 ) (9.20)

The mollified square of the step function is (by definition)

H2
ε(x) = [

∞∫
− x

ε

dzη(z)]2

lim
ε→0

∫
R
dx[Hε(x)]

2ϕ(x) = lim
ε→0

{
0∫

−∞
dxϕ(x)[0 + 0ε+ ...] +

∞∫
0

dxϕ(x)[1 + 0ε+ ...]} =
∫
R
dxH(x)ϕ(x)

H2
ε(x) ≈ Hε(x)

(9.21)
which means that [Hε(x)]

2 is associated with the Hε(x) generalized function.
The square of the Dirac function is

δ2ε(x) = [ 1εη(
−x
ε )]2∫

R
dx[δε(x)]

2ϕ(x) =
∫
R
dxϕ(x)[ 1εη(

−x
ε )]2 =

= 1
ε

∫
R
dzϕ(εz)η2(−z) = ϕ(0)

ε

∫
R
dzη2(−z) + ... ≃ O( 1ε )

(9.22)

Hence the square of the delta function is a moderate generalized function.
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9.2 Wavefront singularities

From now on we will work with generally complex valued test functions de-
fined in higher dimensional spaces Rn and the distribution will be a sesquilinear
functional

< f, τ >:=
∫
Rn

f(x)τ(x)dnx

< ∂µf, τ >:= −
∫
Rn

f(x)∂µτ(x)d
nx

(9.23)

where f(x) is the complex conjugate of f(x). In the Schwartz localization the-
orem now any distribution is generally a higher partial derivatives of integrable
functions

L1(Rn) := {g(x) :
∫
Rn

g(x)dnx <∞}

f(x) = (
k∏
j=1

∂µj
)g(x)

(9.24)

These are locally integrable functions (with possible controllable singularities)
which decay at infinity fast enough to have a finite integral. The classical electro-
magnetic potentials are such L1(R3) solutions which ”build” the electromagnetic
generalized functions.

A regular point x of a distribution f ∈ D′(Rn) has a neighborhood U(x)
and a function f(x) ∈ C∞(Rn) so that

< f, τ >=
∫
f(x)τ(x)dnx , ∀τ(x) ∈ D(Rn) : supp(τ) ⊂ U(x) (9.25)

All the other points of the distribution are called singular and their set is called
singular support of f . If this function representative of the distribution is
multiplied with a test function with compact support, we have a distribution
with compact support, which enters in the Paley-Wienner theorem. Its Fourier
transform can be analytically extended to a holomorphic function.

Recall the difference of the bounds of the Fourier transforms of test functions
τ(x) and distributions f(x) with compact support

|τ̂(k)| ≤ CNe
R| Im k|

(1+|k|)N , ∀k ∈ Cn

|f̂(k)| ≤ CN (1 + |k|)NeR| Im k| , ∀k ∈ Cn
(9.26)

This difference is used to define the (x, k ̸= 0) regular and singular points of the
cotangent bundle. We first multiply the function representative of a distribution
f(x) with a test function ϕc(x) with compact support a neighborhood of a point
y. After we take the Fourier transform of the distribution ϕc(x)f(x). If

|ϕ̂cf(k)| ≤ CN

(1+|k|)N , ∀k ∈ N(p) (9.27)

where N(p) is a convex cone of p and the point (y, p ̸= 0) is a regular point and
direction in a cotangent vector bundle. The set of non-regular (y, p ̸= 0) is the
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wavefront of the distribution. Notice that a singular point y of a distribution
may have ”good” and ”bad” (wavefront) directions p. The Bogoliubov-Epstein-
Glaser[10] work revealed that all the non-renormalizability problems of a quan-
tum field theory are caused by the existence of ”bad” (wavefront) directions in
the terms of the perturbative expansion of the S-matrix. In order to describe it,
we have to describe how the wavefront singularities pass from two distributions
to their ”product”. But product of functionals (Schwartz distributions) does
not exist! This is achieved through the Gelfand introduction of the notion of
rigged Hilbert space. The tempered distributions are viewed as operators in the
rigged Hilbert space S → H → S ′, which will be briefly reviewed.

The product of two distributions f1 and f2 at a point x is defined after
localizing them at x through their multiplication with a smooth function ϕ(x)
with supp(ϕ) ⊂ U(x), a neighborhood of x, and taking the convolution

ϕ̂2g(k) =
∫
ϕ̂f1(p)ϕ̂f2(p− k)dp (9.28)

The product g(x) ≡ f1(x)f2(x) exists if the above convolution integral abso-
lutely converges. Apparently, if the two distributions do not have common sin-
gular points, the product exists. But there are possibilities, where the product
exists even if they have common singular points. This means that a singularity
of a localized distribution needs both (x, k ̸= 0) of the Fourier transform vari-
ables, which transform as a point of cotangent vector bundle. That is, a singular
point x may have ”good” and ”bad” directions relative to their asymptotic be-

havior. As a tempered distribution we always have ϕ̂f(k) ≤ CN (1 + |k|)N , ∀k.
But in some cases we have ”good” directions p where ϕ̂f(p) ≤ CN

(1+|p|)N , ∀N ,

falls off faster than any polynomial, like a regular test function. That is, the
Fourier transform of the localized distribution behaves as the Fourier transform
of a test function of S(Rn). This implies that, if at a point x a direction p is
”good” for at least either f1 or f2, the above convolution integral exists and the
product of the two distributions exists.

There is the following strong criterion[46]: If the set

WF (f1)⊕WF (f2) ≡ {(x, k1 + k2)|(x, kj) ∈WF (fj)} (9.29)

does not contain any element of the form (x, 0), then the product of the two
distributions exists and

WF (f1f2) ⊂WF (f1) ∪WF (f2) ∪ [WF (f1)⊕WF (f2)] (9.30)

Example 2. The wavefront of the delta function in R2 is

WF (δ(x1)) = {(0, x2; k1, 0) : x2 ∈ R, k1 ̸= 0}
WF (δ(x2)) = {(x1, 0; 0, k2) : x1 ∈ R, k2 ̸= 0}

WF (δ(x1)δ(x1)) = {(0; k1 + k2) : k1 ̸= 0, k2 ̸= 0}
WF (δ(x1)δ(x2)) = {(0, 0; k1, k2) : k1 ̸= 0, k2 ̸= 0}

(9.31)
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Notice that the product δ(x1)δ(x1) does not exist because (0, k1 + k2 = 0) ∈
WF (δ(x1)δ(x1)), while δ(x1)δ(x2) ≡ δ(x1, x2) does exist.

Another very useful (in quantum field theory) property of the generalized
functions is the effect of the elliptic and strictly hyperbolic P operators applied
to generalized functions[49]. We generally have

WF (f) ⊂WF (Pf) ∪ Characteristics(P ) (9.32)

That is a (pseudo-differential) operator diminishes the wavefront of the gener-
alized function, where it applies. That is the solution f of a partial differential
equation Pf = h has larger wavefront than h, and precisely by the set of the
characteristics of the operator P .

9.3 de Rham currents

In Rn a current of degree p is a sesquilinear functional

< f, τ >:=
∫
Rn

f(x) ∧ τ(x)

< dh, τ >:= −
∫
Rn

h(x) ∧ dτ(x)dnx
(9.33)

where f(x) is the complex conjugate of a p-form f(x), which applies on the n−p
test forms τ(x) with compact support. The second line defines the differential
form of a p−1 form h(x). Apparently the Schwartz distributions are 0-degree de
Rham currents and vice-versa the deRham currents are differential forms with
distribution coefficients. Using coordinates and a representative of the p-form
fi1...ip we find the formula

< f, τ >:= 1
n!

∫
Rn

fi1...ip(x)τ ip+1...in(x)ϵ
i1i2...indnx

< dh, τ >:= − 1
n!

∫
Rn

∂i1hi1...ip(x)τ ip+1...in(x)ϵ
i1i2...indnx

(9.34)

A typical example appears in the case of the Coulomb field and the corre-
sponding potential −→

E = q
4π

−→r
r3 ⇐⇒ A0 = −q

4πr

F ≃ d(A0dt)

(9.35)

Notice that the field and its potential are singular at −→x = 0. The field F is not
a proper derivative of A at the R4. But the potential A0 is locally integrable,
therefore it can be taken as the base of a ladder of distributions,which may not
be locally integrable. Hence, viewed as distributions we can write the equation
F = d(A0dt).
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10 THE AMBIENT COMPLEX MANIFOLD

We have already seen that if a LCR-structure is realizable, it becomes a special
totally real submanifold of a complex manifold. The embedding functions (9.1)

ρ11(z
α, zβ) = 0 , ρ12(z

α, zβ̃) = 0 , ρ22(z
α̃, zβ̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(10.1)

are in a special (related to the LCR-structure) coordinate patch of the ambient
complex manifold. The general coordinate system of this (ambient) complex
manifold needs some elementary clarifications. In every LCR-coordinate patch
the embedding conditions ρij are determined up to non-vanishing factors Aij
depending on the same corresponding structure coordinates. We should also be
aware that the ambient complex manifold is a mathematical useful notion. It is
analogous to the embedding of any riemannian manifold to a higher dimensional
flat manifold. It does not exist in nature.

Recall that we first made a complexification of the (real) coordinates xµ

of the 4-dimensional real LCR-manifold, imposed by the need to apply the
holomorphic Frobenius theorem. This means that we pass to a complex manifold
with coordinates rI = (ra, rb) and the previous real transition functions (in the
coordinate patches) become holomorphic. Of course this complexification may
generate singularities in the holomorphic transition functions, but we may forget
it now, because in practice we will essentially use the inverse procedure. This
provides a trivial background complex structure Ĵ . The integrability conditions

of the LCR-structure determine special coordinates za(rc) = (zβ , zβ̃), via the
indicated holomorphic transformations. This defines a new meaningful complex
structure J , which apparently commutes with the trivial one Ĵ . In the complex

structure J the complex coordinates are zI = (zβ , zβ̃ ; zβ , zβ̃) with

J(dzβ) = idzβ , J(dzβ̃) = −idzβ̃

J(dzβ) = −idzβ , J(dzβ̃) = idzβ̃

Ĵ(dzβ) = idzβ , Ĵ (dzβ̃) = idzβ̃

Ĵ(dzβ) = −idzβ , Ĵ(dzβ̃) = −idzβ̃

(10.2)

At the intersections of these special patches the coordinates transform as (z′α, z′α̃) =

(fα(zβ), f α̃(zβ̃)), where fα(zβ) and f α̃(zβ̃) are holomorphic functions. In the
context of these two complex structures we may say that the lorentzian CR-
structure is a totally real CR-structure restricted to the above transformations
in the ambient complex 4-dimensional manifold.

After the first lift of the 4(real)-dimensional LCR-manifold to the 4(complex)-
dimensional complex manifold, we will now find a second lift to the hypersurfaces
of CP (3). This suggested by the well known Kerr theorem in Minkowski space.
This second lift consists to projectivize the LCR-structure conditions (9.1)
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ρ11(Z
m1, Zn1) = 0 , ρ12

(
Zm1, Zn2

)
= 0 , ρ22(Z

m2, Zn2) = 0

K(Zm1) = 0 = K(Zm2)

(10.3)

where K(Zn) is a homogeneous function function in C4.

10.1 The grassmannian manifold G(4,2)

The rank two 4× 2 complex matrices with equivalence relation

X ∼ Y if ∃ 2× 2 matrix λ (detλ ̸= 0) : Y = Xλ (10.4)

is theG(4, 2) compact complex manifold. The charts of its typical non-homogeneous
coordinates are determined by the invertible pairs of rows. If the first two rows
constitute an invertible matrix, the chart is determined by det Y1 ̸= 0 and the
projective coordinates w are defined by

Y =


Y 01 Y 02

Y 11 Y 12

Y 21 Y 22

Y 31 Y 32

 =:

(
Y1
Y2

)
=

(
Y1
wY1

)
w = Y2Y

−1
1

(10.5)

The other five charts of the atlas are analogously defined. The coordinates Y
are called homogeneous coordinates and the coordinates w are called projective
coordinates. Under a general linear 4 × 4 transformation(

Y ′
1

w′Y ′
1

)
=

(
A11 A12

A21 A22

)(
Y1
wY1

)
(10.6)

the projective coordinates of the first chart transform as follows

w′ = (A21 +A22 w) (A11 +A12 w)
−1 (10.7)

It is called linear fractional transformation and it is an automorphism of the
compact manifold G4,2. The chart det Y2 ̸= 0 is the corresponding ”infinity”
chart with projective coordinates w′ = Y1Y

−1
2 and transition function w′ = w−1.

The grassmannian manifold may be viewed as the lines of CP (3) determined
by the two distinct points of the columns of Y . The projectivization of the
embedding functions (9.1) of the LCR-structure has the form

ρ11(Y
m1, Y n1) = 0 , ρ12

(
Y m1, Y n2

)
= 0 , ρ22(Y

m2, Y n2) = 0

K(Y m1) = 0 = K(Y m2)

(10.8)
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where K(Zm) is a homogeneous analytic function, which we will call Kerr
function. I call Kerr function the hypersurface analytic homogeneous func-
tion K(Zm), because in the derived general relativity, it will coincide with the
analytic function of the Kerr theorem. A line of CP (3) intersects a surface to
a number of points equal to the degree d of the surface. On the other hand a
line implies a projectivization of CP (3) to a CP 2 subspace with d sheets. Two
intersection points of the lines of CP (3) with a hypersurface K(Zm) = 0 of
CP (3) determine the structure coordinates of the LCR-structure. That is, the
ambient complex manifold of a realizable LCR-structure may be identified with
the grassmannian manifold G(4, 2). The general SL(4,C) linear transformation
of G4,2 preserves the form of the LCR-structure embedding conditions. But the
LCR-structure solution (10.8) is not covariant with the grassmannian equiva-
lence relation X ∼ Xλ with detλ ̸= 0. Notice that the structure coordinates zα

is directly related with one sheet of the hypersurface K(Zm) = 0 of CP (3) (the

left column of the homogeneous coordinates of G(4, 2)) and zβ̃ with a second
sheet of the hypersurface. Hence every pair of sheets i.e. the structure coordi-

nates (zα, zβ̃) and the pairs [(ℓ,m) , (n,m)] of the tetrad of the LCR-structure
projectively ”communicate” through the surface of CP (3).

The advantage of the projectivization is the application of Chow’s theorem,
that asserts that any analytic subvariety in projective space is an algebraic
(polynomial) subvariety. Hence our study of subvarieties may be restricted to
the study of polynomials.

10.2 The SU(2,2) symmetric classical domain

Following the Piatetski-Shapiro approach[30], the SU(2, 2) symmetric bounded
classical domain is the set of points of G4,2 with positive definite 2 × 2 matrix(

Y †
1 Y †

2

)( I 0
0 −I

)(
Y1
Y2

)
≻ 0 ⇐⇒ I − w†w ≻ 0

w ≡ Y2Y
−1
1

(10.9)

This is the bounded realization of the SU(2, 2) classical domain, which corre-
sponds to the unit disk domain of the plane. The linear transformations which
preserve the hermitian matrix have the following form(

Y ′
1

Y ′
2

)
=

(
A11 A12

A21 A22

)(
Y1
Y2

)
w′ = (A21 +A22 w) (A11 +A12 w)

−1

A†
11A11 −A†

21A21 = I , A†
11A12 −A†

21A22 = 0 , A†
22A22 −A†

12A12 = I
(10.10)

But if we use instead the following unitary transformation of the hermitian
matrix (

0 I
I 0

)
= 1

2

(
I I
I −I

)(
I 0
0 −I

)(
I I
I −I

)
(10.11)
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the classical domain takes the unbounded form(
X†

1 X†
2

)( 0 I
I 0

)(
X1

X2

)
≻ 0 ⇐⇒ −i(r − r†) ≻ 0

r ≡ iX2X
−1
1

(10.12)

where the homogeneous coordinates of the bounded Y and unbounded X real-
izations are related with the following unitary transformations

X =

(
X1

X2

)
= 1√

2

(
I I
I −I

)(
Y1
Y2

)

Y =

(
Y1
Y2

)
= 1√

2

(
I I
I −I

)(
X1

X2

) (10.13)

The corresponding bounded z and unbounded r projective coordinates trans-
form as follows

r = i(I − w)(I + w)−1 = i(I + w)−1(I − w)

w = (iI − r)(iI + r)−1 = (iI + r)−1(iI − r)
(10.14)

It is a Cayley transformation completely analogous to the bounded disk domain
and the unbounded upper half-plane domain. That is, the Cartan (bounded)
domain and the Siegel (unbounded) domain are viewed as different realizations
of the same classical domain.

The general linear transformation of the homogeneous coordinates, which
preserves the Siegel (unbounded) domain has the form(

X ′
1

X ′
2

)
=

(
B11 B12

B21 B22

)(
X1

X2

)
r′ = (B22 r + iB21) (B11 − iB12 r)

−1

B†
11B22 +B†

21B12 = I , B†
11B21 +B†

21B11 = 0 , B†
22B12 +B†

12B22 = 0
(10.15)

where the fractional transformation of the corresponding projective coordinates
is also indicated. Notice that if B12 = 0, the transformation becomes an element
of the Poincaré×Dilation group, in its spinorial representation(

X ′
1

X ′
2

)
=

(
B 0

−iTB (B†)−1

)(
X1

X2

)
detB = 1 , T † = T

(10.16)

It is important, because we will identify this Poincaré subgroup with the Poincaré
group observed in physics.

The smallest (Shilov) boundary of the bounded realization of the SU(2, 2)
symmetric domain is w†w = I i.e. the U(2) manifold. The Shilov boundary of
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the unbounded realization is the ”real axis” y = 0, where y := −i
2 (r− r†) is the

imaginary hermitian matrix of r =: x+ iy. It is evident that we have to identify
the cartesian coordinates of the Minkowski spacetime with

x = ηµνx
µσν =

(
x0 − x3 −(x1 − ix2)

−(x1 + ix2) x0 + x3

)
x0 = ct , xi = (x, y, z)⊤

(10.17)

Notice the appearance of the constant c (with velocity units), which fits the
”time” and ”length” units. It turns out to become the velocity of light in the
vacuum. This identification implies the identification of the present Poincaré
group with the physically observed symmetry. Recall that the projectivization
permitted the above identifications of the light velocity and the Poincaré group.
Hence there must be a fundamental length R0 for the transformation between
the bounded and unbounded realizations to be self-consistent

r = iR0(I − w)(I + w)−1 = iR0(I + w)−1(I − w)

w = (iR0I − r)(iR0I + r)−1 = (iR0I + r)−1(iR0I − r)
(10.18)

In fact we should have already introduced it in the projective coordinates r →
1
R0
r of G(4, 2). That is we should have defined 1

R0
r ≡ iX2X

−1
1 . Its physical

meaning is expected to appear.

10.3 Algebraic definition of gravity

We first observe that the defining condition of the Shilov boundary in the un-
bounded realization

ρij(X
mi, Xnj) = XmiEUmnX

nj = 0

K(Xm1) = 0 = K(Xm2) , EUmn :=

(
0 I
I 0

) (10.19)

has exactly the form of the embedding conditions of the LCR-structure. Hence,
for these LCR-structures, which we call ”flat”, we have real projective coordi-
nates r = x = x†, and the LCR-structure is determined only by the homoge-
neous holomorphic function K(Xm). That is, the points of the Shilov boundary
take the representation

Xmj =

(
λ

−ixλ

)
=

(
λAj

−ixA′Bλ
Bj

)

x = ηµνx
µσν =

(
x0 − x3 −(x1 − ix2)

−(x1 + ix2) x0 + x3

)
= xA′B

(10.20)
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in homogeneous coordinates. Under a Poincaré transformation, they transform
as follows (

λ′

−ix′λ′
)

=

(
B 0

−iTB (B†)−1

)(
λ

−ixλ

)
λ′ = Bλ , x′ = (B−1)†xB−1 + T
detB = 1 , T † = T

(10.21)

In order to osculate the general LCR-structure relations with the flat LCR-
structure conditions I write

ρij(X
mi, Xnj) = XmiXnjEmn −Gij(Xmi, Xnj) = 0

K(Xm1) = 0 = K(Xm2)

(10.22)

Using the following spinorial form of the rank-2 matrix Xmj in its unbounded
realization

Xmj =

(
λAj

−irA′Bλ
Bj

)
(10.23)

and the null tetrad

La = 1√
2
λ
A′1

λB1σaA′B , Na = 1√
2
λ
A′2

λB2σaA′B , Ma = 1√
2
λ
A′2

λB1σaA′B

ϵABλ
A1λB2 = 1

(10.24)
the above relations take the form

2
√
2yaLa = G11(Xm1, Xn1)

2
√
2yaMa = G12(Xm1, Xn2)

2
√
2yaNa = G22(Xm2, Xn2)

(10.25)

where ya is the imaginary part of the projective coordinate ra = xa + iya

defined by the relation rA′B = raσaA′B and σaA′B being the identity and the
three Pauli matrices. The normalization of the spinors is permitted because of
the homogeneity of the functions. These conditions are formally ”solved” by

ya = 1
2
√
2
[G22N

a +G11L
a −G12M

a −G12M
a
] (10.26)

which, combined with the computation of λAi as functions of ra, and using the
Kerr condition K(Xmi), permit us to perturbatively compute ya as functions of
the real part of ra. This procedure gives the canonical form ya = ha(x) of the
(totally real) lorentzian CR submanifold expressed in the projective coordinates
of G4,2. The explicit form of ha(x) is implied by the precise dependence of

Gij(Xmi, Xmj) and their expansion into a series relative to ha.

64



Notice that this surface does not generally belong into the Seigel domain,
because y0 and

yaybηab =
1
8 [G22G11 −G12G12] (10.27)

are not always positive. But the regular surfaces (with an upper bound) can
always be brought inside (or outside) the Siegel domain (and its correspond-
ing holomorphic bounded classical domain) with an holomorphic complex time
translation. That is we may take(

λ′

−ir′λ′
)

=

(
1 0
d 1

)(
λ

−irλ

)
(10.28)

with d a real constant.
It is important to point out that the bounded realization is the patch of

the grassmannian space, which permits the global view of the SU(2, 2) classical
domain and subsequently its boundary, Minkowski spacetime. But the Cayley
transformation of the boundary is R4 ∋ x → w ∈ U(2), i.e. it is an 1 → 2
correspondence (I will describe it below in details). Hence the ”flat” universe
is the spinorial U(2). In the case of elementary particles, the real geodetic and
shear-free LCR-rays xµ· (σ) pass smoothly from the one R4-sheet to the other
R4-sheet, creating focussing regions, which will be identified with the particles.
Therefore, we have to pay attention to this region, which is going to appear as
a ”manageable singularity” of the LCR-rays.

We will now show that the physical content of LCR-structure will appear
through the emergence of generalized functions. We already know that the
smooth LCR-transformations imply the existence of the regular coordinates
satisfying the conditions

Im z0 = ϕ11(z
1, z1,Re z0) , Im z0̃ = ϕ22(z

1̃, z1̃,Re z0̃) , z1̃ − z1 = ϕ12(z
β , z0̃)

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0
(10.29)

in a neighborhood of a point p. But the LCR-structure is a special totally real
CR-structure, which at a real analytic neighborhood admits a general analytic
transformation z′b = f b(zc), which makes it trivial

Im z′0 = 0 , Im z′0̃ = 0 , z′1̃ − z′1 = 0 (10.30)

At the non real analytic regions generalized functions appear. We will see that
the gravitational, electromagnetic, weak and gluonic dressings of the particle-
solitons are distributional representatives with singular supports at these re-
gions.

10.4 The Cartan moving frame approach

In the unbounded realization the LCR-structure is determined by two points
of a hypersurface K(Zn) of CP (3), which satisfy the LCR-conditions (9.1). In
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homogeneous coordinates it is written as a 4 × 2 non-degenerate matrix

Xmj =

(
λAj

−irA′Bλ
Bj

)
(10.31)

where rA′B is the point of G(4, 2) and λAj(rA′B) with det(λAj) ̸= 0 are the
projective coordinates of two solutions of K(Zn) = 0. Recall that at the precise
point rA′B (line of CP (3)) the number of solutions is equal to the degree of the
polynomial. Apparently the application of a general 4×4 from the left provides
LCR-structures. But the application from the right of a general 2 × 2 does not
give LCR-structure. Hence Xmj(rA′B) is a section of an SL(4,C) bundle over
G(4, 2).

The Poincaré×dilation transformation(
λ′

−ir′λ′
)

=

(
B 0

−iTB (B†)−1

)(
λ

−irλ

)
λ′ = Bλ , r′ = (B−1)†rB−1 + T
detB ̸= 0 , T † = T

(10.32)

respects the LCR character of Xmj . Its isotropic subroup (for rA′B = 0) has
T = 0. The quotient space is based on the decomposition

P =

(
B 0

−iTB (B†)−1

)
=

(
I 0

−iT I

)(
B 0
0 (B†)−1

)
(10.33)

The 1-forms of the affine group P are

P−1dP =

(
B−1dB 0

−iB−1drB −(B−1dB)†

)
=

(
e 0

−iB−1drB −e†
)

(10.34)

and their Cartan structure relations are directly derived.
The present structure SL(2,C) group is not isomorphic to the corresponding

Lorentz group of special relativity. It is isomorphic to its proper orthochronus
subgroup. Hence we expect to find an explanation of the ”time’s arrow” ob-
served in nature.

10.5 The coordinate charts of the ”flat” LCR-submanifold
of G(4, 2)

We have already made clear that the LCR-structure solution (10.8) is not a
proper submanifold of the grassmannian space, because it does not respect the
equivalence relation X ∼ Xλ with detλ ̸= 0. The LCR-structure is rather a
section of the tautological vector bundle of G(4, 2) viewed as the set of lines
Xni in CP (3), where Xni, i = 1, 2 are two points of a line. But the flat
LCR-manifold X†EX = 0 is well defined in G(4, 2). Besides, perturbative
gravity may also be understood as a deformation ra = xa+ iya(x) of the Shilov
boundary of the classical domain. Therefore, it is essential to understand the
Shilov boundaries of the SU(1, 1) and SU(2, 2) classical domains.
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The usually called complex plane with its infinity C∪{∞} is the well defined
projective space CP 1 covered with the following two charts

Y =

(
Y 0

Y 1

)
, Y 0 ̸= 0 or Y 1 ̸= 0

U1 = {Y 0 ̸= 0 , z1 = Y 1(Y 0)−1 ∈ C}
U2 = {Y 1 ̸= 0 , z2 = Y 0(Y 1)−1 ∈ C}

(10.35)

with transition function z2 = 1
z1
, z1 ∈ C−{0}. The SU(1, 1) bounded classical

domain is

Y †EBY = 0 , EB =

(
1 0
0 −1

)
D1 = {1− z†1z1 > 0 , z1 ∈ U1}
D2 = {z†2z2 − 1 > 0 , z2 ∈ U2}

(10.36)

Notice that the entire classical domain (and its boundary) belongs to one coor-
dinate chart D1. Therefore it is called the bounded realization of the SU(1, 1)
classical domain.

In the coordinate charts

X :=

(
X0

X1

)
= 1√

2

(
1 1
1 −1

)(
Y 0

Y 1

)
with X0 ̸= 0 or X1 ̸= 0
U ′
1 = {X0 ̸= 0 , r = iX1(X0)−1 ∈ C}

U ′
2 = {X1 ̸= 0 , r̂ = iX0(X1)−1 ∈ C}

(10.37)

the transition function is r̂ = −1
r , r ∈ C− {0}. The Cayley transformation is

r = i 1−z1+z ↔ z = i−r
i+r (10.38)

The SU(1, 1) classical domain takes the unbounded form

X†EUX = 0 , EU =

(
0 1
1 0

)
P1 = { r−r2i = y > 0 , r ∈ U1}
P2 = { r̂−r̂2i = ŷ < 0 , r̂ ∈ U2}

(10.39)

In the first chart, it is the unbounded upper half-plane and in the second chart
it is the unbounded lower half-plane. Therefore this realization of the classical
domain is called unbounded. The Cayley transformation of the boundary of
the classical domain is

r := x+ i0 , z = eiφ

R ∪ {∞} ∋ x = − cot φ2 , φ ∈ (0, 2π)
(10.40)

where the circle of the disk transforms to the real line plus infinity. The trans-
formation of circles to lines and vice versa is a possibility of the linear fractional
transformation z′ = az+b

cz+d , ad− bc ̸= 0.
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The characteristic boundary of the SU(2, 2) classical domain in its bounded
realization is

Y †EBY = Y †
1 Y1 − Y †

2 Y2 = 0 (10.41)

which, in the ”finite” chart det Y1 ̸= 0, has the form w†w = 1. In the ”infin-
ity” chart detY2 ̸= 0 has projective coordinates ŵ = Y 1(Y 2)−1 and transition
function ŵ = w−1. Notice that the boundary of the bounded classical domain
U(2) = U(1)× SU(2) belongs entirely in both charts. Hence in the case of the
bounded realization we may work in a proper chart without paying attention to
chart transition problems.

The unbounded realization of the characteristic boundary of the SU(2, 2)
classical domain is

X†EUX = X†
2X1 +X†

1X2 = 0 (10.42)

In the coordinate chart detX1 ̸= 0, with r ≡ iX2X
−1
1 , it has the form r−r†

2i =
y = 0. In the corresponding ”infinity” coordinate detX2 ̸= 0, with transition

function r̂ ≡ iX1X
−1
2 = −r−1, it has the form r̂−r̂†

2i = ŷ = 0. Notice that in
this unbounded realization the transition function of the two boundaries is

x̂ :=

(
x̂0 − x̂3 −(x̂1 − ix̂2)

−(x̂1 + ix̂2) x̂0 + x̂3

)
= −x−1 = −1

det x

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
⇓

x̂0 = −x0

ηρσx
ρxσ , x̂j = xj

ηρσx
ρxσ , j = 1, 2, 3

(10.43)
Apparently the boundary of the classical domain y = 0 does not belong in the
transition region det x ̸= 0. Therefore we have to be careful with the projective
charts.

Notice that there is an essential difference between these two similar (bounded
and unbounded) realizations of the SU(1, 1) and SU(2, 2) classical domains.
The double covering of SU(2) over its homomorphic group SO(3,R) group im-
plies that the group manifold SU(2) needs two non-intersecting sheets R3 to be
covered.

In the U(2) manifold parametrization

w = eiτ
(

cos ρ+ i sin ρ cosσ −i sin ρ sinσ e−iχ
−i sin ρ sinσ eiχ cos ρ− i sin ρ cosσ

)
τ ∈ (−π, π) , ρ ∈ [0, 2π) , σ ∈ [0, π) , χ ∈ (0, 2π)

(10.44)

the angle variable ρ ∈ [0, 2π) takes values in a double region instead of the
corresponding angle ρ ∈ [0, π) of the homomorphic SO(3,R) group. Therefore
the Cayley transformation needs the following two cartesian coordinates xµ+ for
ρ ∈ [0, π) and xµ− for ρ ∈ [π, 2π) to cover the entire U(2) ”flat universe” defined
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as
x0+ = sin τ

cos τ + cos ρ

x1+ + ix2+ = sin ρ
cos τ +cos ρ sinσ e

iχ

x3+ = sin ρ
cos τ + cos ρ cosσ

τ ∈ (0, 2π) , ρ ∈ [0, π) , σ ∈ [0, π) , χ ∈ (0, 2π)

s := sin ρ
cos τ +cos ρ > 0 ↔ cos τ + cos ρ > 0

(10.45)

and for ρ = π + ρ′ as

x0− = sin τ ′

cos τ ′ − cos ρ′

x1− + ix2− = − sin ρ′

cos τ ′ −cos ρ′ sinσ
′ eiχ

′

x3− = − sin ρ′

cos τ ′ −cos ρ′ cosσ
′

τ ′ ∈ (−π, π) , ρ′ ∈ [0, π) , σ′ ∈ [0, π) , χ′ ∈ (0, 2π)

s′ := − sin ρ′

cos τ ′ −cos ρ′ > 0 ↔ cos τ ′ − cos ρ′ < 0

(10.46)

It is clear that xµ+ and xµ− coordinate charts do not overlap, because they cor-
respond to two different regions of U(2), which is the entire ”flat universe”. In
fact the parametrizations are chosen such that xµ+ and xµ− are coordinate charts
of w = I and −I respectively.

One may better undestand that the two R4 are complementary by noticing
that the boundary Cayley transformation (10.14)

w = (iR0I − x)(iR0I + x)−1 = (iR0I + x)−1(iR0I − x) (10.47)

as a transformation from the algebra x ∈ su(2) to the group w ∈ SU(2). The
proof is very simple

w†w = I
⇓

x† − x = 0
(10.48)

which is the hermitian condition for the algebra elements of a unitary group.

10.6 Difference of Penrose twistor and LCR-manifold

The reader might have observed the similarities of the LCR-structure formalism
with the Penrose twistors. But one should not be confused with the algebraic
similarities, because these two formalisms are conceptually completely differ-
ent! The LCR-structure is a conventional Cartan-Klein structure based on the
tetrad-Weyl symmetry. The Penrose twistor program is based on his observa-
tion that CP (3) is the space of the solutions of the spinorial partial differential
equation

∇(A
A′λ

B) = 0

λA =
◦
λ
A

− ix̂AA
′ ◦
wA′

(10.49)
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with

Zm =

(
λA

wB′

)
, ZmZnE

(U)
mn = 0

wB′ =
◦
wB′

(10.50)

The hermitian matrix x̂AA
′
determines the real line congruence

x̂A′A = iwA′wA

λC1w1
C
+ rλ1A′λ1A , ∀ r and λCwC ̸= 0 (10.51)

Hence in the context of LCR-manifolds, the Penrose observation may be used
in the case of asymptotically flat LCR-manifolds at null infinities, i.e.

ρ11(X
m1, Xn1) = Xm1Xn1EUmn = 0 , ρ22(X

m2, Xn2) = Xm2Xn2EUmn = 0

ρ12(X
m1, Xn2) = Xm1Xn2Emn −G12(Xm1, Xn2) = 0

K(Xm1) = 0 = K(Xm2)
(10.52)

In this case we have two characteristic real vectors (line congruences) x̂a(+), x̂
a
(−)

, with possible different initial points

x(+)A′A =
iw1

A′w1
A

λC1w1
C

+ rλ1A′λ1A , ∀ r and λC1w1
C ̸= 0

x(−)A′A =
iw2

A′w2
A

λC2w2
C

+ sλ2A′λ2A , ∀ s and λC2w2
C ̸= 0

(10.53)

with fixed zα and zα̃ respectively being different. This difference may describe
LCR-structure emerging interactions, but apparently the twistor formalism can-
not provide the gluonic gauge field.

11 QUADRATIC HYPERSURFACES OF CP3

We saw that the LCR-structure is directly related to a hypersurface of CP (3).
The need for two geodetic and shear-free null congruences implies that the
corresponding polynomial must be at least of second degree. After a SL(4,C)
transformation a quadratic polynomial takes the form

K(X) =
4∑

n=0
an(X

n)2 (11.1)

This surface is regular if

∂K(X)
∂Xm = 2

(
a0X

0 a1X
1 a2X

2 a3X
3
)
̸= −→

0 (11.2)

It occurs if an ̸= 0, ∀n. Recall that the unique solution Xn = 0 is not an element
of CP (3), because it does not define a radial line of C4. If one of an vanishes the
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surface is rank-3 singular and if two of an vanishes, it is rank-2 singular. Hence
the problem of ”flat” LCR-structures is analogous to the number of conics with
RP (3) replaced by CP (3).

We will restrict our study to the following set of quadratic hypersurfaces

K(Z) = AmnZ
mZn = 0

Amn ≡
(
ω P
P⊤ 0

)
, P ≡

(
−(p1 − ip2) −p0 + p3

p0 + p3 (p1 + ip2)

)
(11.3)

which is invariant under the Poincaré×dilation transformations. The variable
pµ is the (real) 4-momentum and ω a symmetric 2 × 2 complex matrix. If
detP = pµpνηµν ̸= 0, the polynomial is irreducible and the hypersurface is
regular. After a Poincaré×dilation transformation, it takes the form

K(Xn) = X1X2 −X0X3 + 2aX0X1 = 0 (11.4)

In order to generally study the regularity of a precise point Xn
0 , we use the

line defined by the point Xn
0 and a direction Tn as follows

Xn = Xn1
0 + sTn (11.5)

Then the quadratic (in s) polynomial becomes

K(Xn) = K(Xn
0 ) + 2s

∑
nm

AnmX
n
0 T

m + s2
∑
nm

AnmT
nTm = 0 (11.6)

If the point is generic, there are two solutions sj(T
n), j = 1, 2, for any direction

Tn. These two solutions represent the two sheets, which correspond to the
vertex point Xn

0 . The directions with s1(T
n) = s2(T

n) appear as singularities
of the precise projection. In order to cover this set too, we have to change the
vertex Xn

0 of the projection.
If the point Xn

0 belongs to the quadric we find the quadratic polynomial

K(Xn) = s(2
∑
nm

AnmX
n
0 T

m + s
∑
nm

AnmT
nTm) = 0 (11.7)

As expected, one solution is s1 = 0, and the second one s2 is different of zero if∑
nm

AnmX
n
0 T

m ̸= 0, otherwise the line determined by the solution Tnsol is tangent

to the quadric at the point Xn
0 . In the present case of regular (det(Anm) ̸= 0)

quadrics, at each point of the quadric there are two different solutions, which
determine the tangent space of the quadric at Xn

0 .
Let us now use two points Xni, i = 1, 2 of CP (3) to determine the line

Xn = (1− s)Xn1 + sXn2 (11.8)

which intersects the above quadratic hypesurface at two points. Essentially we
take Tn = Xm2−Xn1 in the above method. They are the roots of the following
quadratic polynomial

K(Xn) = (1− s)2K(Xn1) + s2K(Xn2) + 2(1− s)s
∑
nm

AnmX
n1Xm2 = 0

(11.9)
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If the two points belong to the hypersurface we find

K(Xn) = 2(1− s)s
∑
nm

AnmX
n1Xm2 = 0∑

nm
AnmX

n1Xm2 ̸= 0
(11.10)

that the intersections are only two, s = 0 and s = 1, as expected by the Bezout
theorem. But if the two points coincide, the method cannot be used, because
they cannot define a line of CP (3) or equivalently a plane of C4.

Recall that every line of CP (3) corresponds to a point rA′B of the grass-
mannian space G(4, 2). If the two columns of the homogeneous coordinates are
projectively identified with the two intersection points of the surface with the
line rA′B , the corresponding sheets s = 0 and s = 1 are

Xn
j =


1

λj(rA′B)
−i(r0′0 + r0′1λj)
−i(r1′0 + r1′1λj)

 , j = 1, 2 (11.11)

where λj(rA′B) are the two roots of the corresponding Kerr quadratic polyno-
mial. In the case of the simple form (), this polynomial is

r0′1λ
2 + (r0′0 − r1′1 + 2ia)λ− r1′0 = 0 (11.12)

and the two roots with their branch curve are

λ1(2) =
−(r0′0−r1′1+2ia)∓

√
(r0′0−r1′1+2ia)2+4r0′1r1′0
2r0′1

(r0′0 − r1′1 + 2ia)2 + 4r0′1r1′0 = 0

(11.13)

A variation of the two sheets (branches) of the quadric and the CP (3) embedding
of the branch curve can be subsequently found.

11.1 Reducible Poincaré covariant quadrics

If det(Amn) = 0, the quadric is reducible. In the case of Poincaré invariant
quadrics we actually study, it happens if detP = pµpνηµν = 0. In this subsec-
tion I consider the rank-3 quadric surface. The rank-2 quadric will be studied
in connection with the neutrino particle.

After a Lorentz transformation, p1 + ip2 = 0 may be imposed in order to
simplify the calculations. In this case E−p3 = 0 or E+p3 = 0 and the singular
points of the algebraic surface are

ω11 ω12 0 0
ω12 ω22 2E 0
0 2E 0 0
0 0 0 0



Z0

Z1

Z2

Z3

 = 0 , Eω11 ̸= 0

Z0 = Z1 = Z2 = 0

(11.14)
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for E − p3 = 0 . At this point the tangent space is
Z0

Z1

Z2

Z3

 =


0
0
0
1

+ t


X0

X1

X2

0


ω11(X

0)2 + 2ω12X
0X1 + ω22(X

1)2 + 4EX1X2 = 0

(11.15)

It is a tangent cone. Two linearly independent tangent vectors are
X0

X1

X2

0

 =


0
0
1
0

 ,


X0

X1

X2

0

 =


0
4E
−ω22

0

 (11.16)

which determine the tangent plane at the singular point.
The rational parametrization of the tangent cone is found using the pencil

of lines that pass from (0, 1,−ω22

4E )

x0 = X0

X1 , x2 = X2

X1

ω11(x0)
2 + 2ω12x0 + ω22 + 4Ex2 = 0

x0 = s(x2 − ω22

4E )
⇓

x0 = ω22

4E − 4E+2ω12s
ω11s2

x2 = − 4E+2ω12s
ω11s

(11.17)

Hence we see that the reducible quadric is parametrized as follows
Z0

Z1

Z2

Z3

 = c


tx0
t
tx2
1

 =


−4E(4E + 2ω12s)st

4Eω11s
2t

[ω11ω22s
2 − 4E(4E + 2ω12s)]t
4Eω11s

2

 (11.18)

In the zero gravity approximation we may parametrize the two columns of
G(4, 2) as

ω11(Z
0)2 + 2ω12Z

0Z1 + ω22(Z
1)2 + 4EZ1Z2 = 0

Z0

Z1

Z2

Z3

 =


1
λ

−i(x0′0 + x0′1λ)
−i(x1′0 + x1′1λ)


(ω22 − 4iEx0′1)λ

2 + 2(ω12 − 2iEx0′0)λ+ ω11 = 0

(11.19)

The two roots

λ1(2) =
−(ω12−2iEx0′0)±

√
(ω12−2iEx0′0)

2−ω11(ω22−4iEx0′1)

ω22−4iEx0′1
(11.20)
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determine the two points on the two branches of the quadric intersected by the
line xA′A.

For E + p3 = 0 we have the singular points of the algebraic surface

ω11(Z
0)2 + 2ω12Z

0Z1 + ω22(Z
1)2 + 4EZ1Z2 = 0

ω11 ω12 0 2E
ω12 ω22 0 0
0 0 0 0
2E 0 0 0



Z0

Z1

Z2

Z3

 = 0 , Eω22 ̸= 0

Z0 = Z1 = Z3 = 0

(11.21)

and proceed with Z2and Z3 interchanged.
Because of the singularity, this reducible surface cannot be properly embed-

ded into CP (3). It has to be blown up at the singularity point, i.e. embedded

into M̂ ×CP 2. The blowing up at the singularity (0, 0, 0, 1) goes as follows. We
first consider

∆̂ = {(x0, x1, x2;W 0 :W 1 :W 2) :
: x0W

1 = x1W
0, x0W

2 = x2W
0, x1W

2 = x2W
1} ⊂ A3 × CP (3)

w0 = W 0

W 2 , w1 = W 1

W 2

∆̂ = {(x0, x1, x2;w0, w1) : x0 = x2w
0, x1 = x2w

1} ⊂ A3 × CP 2
Z0

Z1

Z2

Z3

 =


0
0
0
1

+ t


X0

X1

X2

0


ω11(X

0)2 + 2ω12X
0X1 + ω22(X

1)2 + 4EX1X2 = 0

(11.22)

Replacing into the surface I find

ω11(x0)
2 + 2ω12x0x1 + ω22(x1)

2 + 4Ex1x2 = 0

ω11(x0)
2 + 2ω12x0x1 + ω22(x1)

2 + 4Ex1x2 = 0

∆̂ = {(x0, x1, x2;W 0 :W 1 :W 2) : x0W
1 = x1W

0, x0W
2 = x2W

0, x1W
2 = x2W

1} ⊂ A3 × CP 2

w0 = W 0

W 2 , w1 = W 1

W 2

∆̂ = {(x0, x1, x2;w0, w1) : x0 = x2w0, x1 = x2w1} ⊂ A3 × CP 2

(11.23)
We will now study for E − p3 = 0 the rank-2 singular quadric (with the

additional condition ω11 = 0)

Z1[2ω12Z
0 + ω22Z

1 + 4EZ2] = 0 , Eω12 ̸= 0 (11.24)
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Its singular points are 
0 ω12 0 0
ω12 ω22 2E 0
0 2E 0 0
0 0 0 0



Z0

Z1

Z2

Z3

 = 0

Z1 = 0 = ω12Z
0 + 2EZ2

(11.25)

This hypersurface of CP (3) is the union of two independent hyperplanes. Their
singularities are the points of their intersection line.

For E + p3 = 0 and ω22 = 0, the singular points of the algebraic surface are

Z0[ω11Z
0 + 2ω12Z

1 + 4EZ3] = 0 , Eω12 ̸= 0
ω11 ω12 0 2E
ω12 0 0 0
0 0 0 0
2E 0 0 0



Z0

Z1

Z2

Z3

 = 0

Z0 = Z1 = ω12Z
1 + 2EZ3

(11.26)

and proceed with Z2and Z3 interchanged.

12 AUTOMORPHISMS OF LCR-STRUCTURES

The automorphisms of a structure are diffeomorphic deformations which pre-
serve the precise form of the structure. For example, looking for ”static axially
symmetric spacetimes” is equivalent to look for metrics, which admit the ”au-
tomorphisms of time-translation and z-rotation”. The general mathematical
approach to the mathematical goes through the Lie derivative along the de-
formation vector and apply the implied conditions on the structure variables.
In the present case we may apply either the Cartan method ([4]) or the direct
method of the real tetrad subject to the tetrad-Weyl symmetry.

The Cartan method starts with the extended tetrad (in the ambient complex
manifold) written in structure coordinates

ℓ = ℓα̃∂α̃ , m = mα̃∂α̃ , n = nα∂α , m = mα∂α (12.1)

The generator G of an automorphism of this LCR-structure must satisfy the
conditions

[G, ℓ] = f 0̃
0̃
ℓ+ f 1̃

0̃
m , [G,m] = f 0̃

1̃
ℓ+ f 1̃

1̃
m

[G,n] = f00n+ f10m , [G,m] = f01n+ f11m

(12.2)

This implies that the coordinates of a (real) symmetry generator have the fol-
lowing dependence on the structure coordinates

G = Gα(zβ)∂α +Gα̃(zβ̃)∂α̃ +Gα(zβ)∂α +Gα̃(zβ̃)∂α̃ (12.3)
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In the direct method, we look for diffeomorphic transformations which leave
the LCR-tetrad invariant. If Xµ∂µ is the general form of the symmetry alge-
bra generator of these transformations, their Lie derivatives must satisfy the
relations

LXℓ = ΛXℓ , LXn = NXn , LXm =MXm (12.4)

where ΛX , NX ,MX are the tetrad-Weyl parameters. If we apply the property

LX(fω) = fLXω + (Xµ∂µf)ω (12.5)

of the Lie derivative relative to the general form of the symmetry algebra gen-
erator, the symmetry conditions () are reduced to

LXℓ = 0 , LXn = 0 , LXm = 0 (12.6)

which imply
LXj ℓ = 0 , LXjn = 0 , LXjm = 0 (12.7)

for all the independent generators of the Lie algebra.
Let us now suppose that Xµ

j ∂µ are the independent Lie generators, which
determine the symmetry algebra of the LCR-structure

[Xµ
i ∂µ , X

µ
j ∂µ] = hijlX

µ
l ∂µ (12.8)

Using the formula

LX(ea) = X⌟(dea) + d(X⌟ea)
LX(fω ∧ϖ) = LX(f)ω ∧ϖ + fLX(ω) ∧ϖ + fω ∧ LXϖ

dLXj
ℓ = LXj

(dℓ) = 0 , dLXj
n = LXj

(dn) = 0 , dLXj
m = dLXj

(dm) = 0
(12.9)

and the integrability conditions which are defined by the relations

dℓ = −(ε+ ε)ℓ ∧ n+ (α+ β − τ)ℓ ∧m+ (α+ β − τ)ℓ ∧m+ (ρ− ρ)m ∧m
dn = −(γ + γ)ℓ ∧ n+ (π − α− β)n ∧m+ (π − α− β)n ∧m+ (µ− µ)m ∧m
dm = −(τ + π)ℓ ∧ n+ (γ − γ + µ)ℓ ∧m+ (ε− ε− ρ)n ∧m+ (β − α)m ∧m

(12.10)
We finally find the relations

LXj (ε+ ε) = 0 , LXj (α+ β − τ) = 0 , LXj (ρ− ρ) = 0

LXj
(γ + γ) = 0 , LXj

(π − α− β) = 0 , LXj
(µ− µ) = 0

LXj
(τ + π) = 0 , LXj

(γ − γ + µ) = 0 , LXj
(ε− ε− ρ) = 0 , LXj

(β − α) = 0
(12.11)

We know that the elementary particles belong to representations of the
Poincaré group. In the context of PCFT the elementary particles (leptons and
quarks) are LCR-structure (and gauge field) distributional configurations, which
transform under a Poincaré transformation. The configurations, which admit
the time-translation and z-rotation generators as their automorphisms, will be
considered as their ”eigenstates”, and the configurations of the representation
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will be derived by simply applying the general transformation. Hence the prob-
lem of finding the elementary particles turns out to find the LCR-structures,
which are automorphic relative to the infinitesimal t-translation and z-rotation.

Using the following structure coordinates, viewed as regular structure coor-
dinates satisfying the following embedding conditions

z0 := iX
21

X01 , z1 := X11

X01 , z0̃ := iX
32

X12 , z1̃ := −X02

X12

z0−z0
2i − U( z

0+z0

2 , z1, z1) = 0 , z1̃ − Z(z0̃, z0, z1) = 0 , z0̃−z0̃
2i − V ( z

0̃−z0̃
2 , z1̃, z1̃) = 0

(12.12)
the infinitesimal z-rotations are

δX0i = −i ε
12

2 X
0i , δX1i = i ε

12

2 X
1i , δX2i = −i ε

12

2 X
2i , δX3i = i ε

12

2 X
3i

δz0 = 0 , δz1 = iε12z1 , δz0̃ = 0 , δz1̃ = −iε12z1̃
(12.13)

the above general form is restricted to

z0−z0
2i − U( z

0+z0

2 , z1z1) = 0 , z1̃ − z1W (z0̃, z0) = 0 , z0̃−z0̃
2i − V ( z

0̃−z0̃
2 , z1̃z1̃) = 0

(12.14)
Assuming a quadratic Kerr polynomial K(Xm) =

∑
m,n

AmnX
mXn , I find that

the automorphic one relative to the z-rotation has the form

K = A01X
0X1 +A03X

0X3 +A12X
1X2 +A23X

2X3 (12.15)

The infinitesimal time-translations are

δX0i = 0 , δX1i = 0 , δX2i = −iε0X0i , δX3i = −iϵ0X1i

δz0 = ε0 , δz1 = 0 , δz0̃ = ε0 , δz1̃ = 0
(12.16)

The automorphic LCR-structure conditions relative to both z-rotation and time-
translation become

z0−z0
2i − U(z1z1) = 0 , z1̃ − z1W (z0̃ − z0) = 0 , z0̃−z0̃

2i − V (z1̃z1̃) = 0
(12.17)

and the quadratic Kerr polynomial K(Xm) takes the form

K = A01X
0X1 +A12(X

1X2 −X0X3) (12.18)

Notice that if we try to impose the dilation

δX0i = − ε
2X

0i , δX1i = − ε
2X

1i

δX2i = ε
2X

2i , δX3i = ε
2X

3i
(12.19)

as an additional automorphism, the definition (12.12) of the structure coordi-
nates implies the infinitesimal transformation

δz0 = εz0 , δz1 = 0

δz0̃ = εz0̃ , δz1̃ = 0

(12.20)
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which imposes a = 0, which is the ”spherical” degenerate LCR-structure. The
additional condition of asymptotic flatness at null infinity

Xm1EmnX
n1 = 0 = Xm2EmnX

n2

z0−z0
2i + 2a z1z1

1+z1z1
= 0 , z1̃ − z1W (z0̃ − z0) = 0 , z0̃−z0̃

2i − 2a z1̃z1̃

1+z1̃z1̃
= 0

(12.21)

and a symmetry between the left and right chiral columns z1z1 = z1̃z1̃. Its
embedding in G(4, 2) is

Xmi =


1 −z1̃
z1 1

−iz0 iz1̃(z0̃ − 2ia)

−iz1(z0 + 2ia) −iz0̃


z0 = t− f0(r)− 2ia sin2 θ2 , z1 = eiφe−iaf1(r) tan θ

2

z0̃ = t+ f0(r) + 2ia sin2 θ2 , z1̃ = e−iφe−iaf1(r) tan θ
2

f0(r) =
∫
r2+a2

∆ dr , f1(r) =
∫

1
∆dr

(12.22)

The important point here is that this LCR-structure with ”electromagnetic”
and ”gravitational” dressing admits as automorphisms the two commuting gen-
erators of the Poincaré group.

12.1 Symmetric LCR-structures

In the unbounded realization the affine group of the boundary of the SU(2, 2)
classical domain is the Poincaré×dilation group(

X ′
1

X ′
2

)
=

(
B 0

−iTB (B†)−1

)(
X1

X2

)
detB ̸= 0 , T † = T

(12.23)

The infinitesimal z-rotations are

δX0 = −i ε
12

2 X
0 , δX1 = i ε

12

2 X
1 , δX2 = −i ε

12

2 X
2 , δX3 = i ε

12

2 X
3

(12.24)
The regular symmetric quartic

∑
AklmnZ

kZlZmZn homogeneous Kerr polyno-
mial is

A0011(Z
0)2(Z1)2 +A0013(Z

0)2(Z1)(Z3) +A0033(Z
0)2(Z3)2+

+A0112(Z
0)(Z1)2(Z2) +A0123(Z

0)(Z1)(Z2)(Z3)+
+A0233(Z

0)(Z2)(Z3)2 +A1122(Z
1)2(Z2)2+

+A1223(Z
1)(Z2)2(Z3) +A2233(Z

2)2(Z3)2 = 0

(12.25)

If we impose automorphism under an infinitesimal massive time-translation

δX0 = 0 , δX1 = 0 , δX2 = −iε0X0 , δX3 = −iϵ0X1 (12.26)
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to the above axially symmetric Kerr polynomial, we find that the invariant
polynomial takes the form

A(Z1Z2 − Z0Z3)2 +B(Z0Z1)(Z1Z2 − Z0Z3) + C(Z0Z1)2 = 0 (12.27)

which is essentially a reducible quartic polynomial equivalent to the product of
two static quadrics.

The general quartic has four intersections with a general line of CP (3). Two
such intersections determine an LCR-structure

Xni =

(
λAi

−irA′Bλ
Ai

)
(12.28)

at a complex point rA′B = xA′B + iyA′B of the grassmannian manifold G(4, 2).
Two different SL(2,C) transformations can apply on λAi

λ′Ai = S′A
B λ

Bi , λ′′Aj = λBiS′′j
i (12.29)

The first is simply part of a Lorentz transformation implying the form of the
solution in the new coordinates. But the second transformation gives a linear
combination of the two solutions at the same grassmannian point, which are no
longer solutions of the Kerr polynomial. In the spinorial terminology of general
relativity, the second transformation changes the dyad basis. The new one is no
longer geodetic and shear-free, and hence they do not define a LCR-structure.

In the zero gravity case

Xn =


1
λ

−i[(t− z)− (x− iy)λ]
−i[−(x+ iy) + (t+ z)]

 (12.30)

in the X0 ̸= 0 coordinate chart, the axisymmetric quartic Kerr polynomial takes
the form

A0011(Z
0)2(Z1)2 +A0013(Z

0)2(Z1)(Z3) +A0033(Z
0)2(Z3)2+

+A0112(Z
0)(Z1)2(Z2) +A0123(Z

0)(Z1)(Z2)(Z3)+
+A0233(Z

0)(Z2)(Z3)2 +A1122(Z
1)2(Z2)2+

+A1223(Z
1)(Z2)2(Z3) +A2233(Z

2)2(Z3)2 = 0

(12.31)

13 RULED SURFACES OF CP (3)

Through the realizability of the lorentzian CR-structure (the fundamental geo-
metric structure of PCFT) and its projectivization, we found its direct relation
with the (reducible and irreducible) algebraic surfaces of CP (3). Our first result
was the identification of the physical Poincaré group with the linear transfor-
mation of the boundary of the Siegel domain, viewed as a subgroup of SU(2, 2),
which is subgroup of SL(4,C) of CP (3). It is known that besides the im-
plicit (polynomial) parameterization, a surface has the explicit (not necessarily
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rational) parameterization. The ruled surfaces have a special explicit parame-
terization, which reveals their internal property to be made up of lines, which
determine a generally complex trajectory in the grassmannian space. That is,
they have the form

Zm(τ , s) = (1− s)Zm1(τ) + sZm2(τ) =
= Zm1(τ) + sTm(τ)

Tm(τ) := Zm2(τ)− Zm1(τ)

(13.1)

where Tm(τ) indicates the direction of the generating line which meets Zm1(τ)
(the generatrix) at τ . In this definition the Kerr function is replaced with its
proper parametrization.

Any two different directrices of a ruled surface are in one-to-one correspon-
dence implied by their intersection points with a generating line (generator,
ruling). Hence all the curves of the ruled surface have the same genus, which is
the genus of the ruled surface.

Let us now consider a ruled surface of order k. A non-tangent plane in
general position in CP (3), passing through a generator l, also intersects the
surface with a curve Zml(τ) of order k− 1. The line l intersects Dm(τ) in k− 1
points, which are the points where the plane meets other generators of the ruled
surface. Hence every generator is met by k − 2 other generators (see Edge’s
book[8]). Besides, there is a double curve Dm(τ), where every two generators
meet and it meets every generator in k − 2 points.

The generating lines correspond to complex points of the grassmannian man-
ifold G(4, 2), with projective coordinates

ξ(τ) =: iX2X
−1
1 =:

(
ξ0 − ξ3 −(ξ1 − iξ2)

−(ξ1 + iξ2) ξ0 + ξ3

)

X1 =:

(
Z01 Z02

Z11 Z12

)
=

(
Z0(τ , 0) Z0(τ , 1)
Z0(τ , 0) Z1(τ , 1)

)
X2 =:

(
Z21 Z22

Z31 Z32

)
=

(
Z2(τ , 0) Z2(τ , 1)
Z3(τ , 0) Z3(τ , 1)

) (13.2)

Using homogeneous coordinates, this curve of G(4, 2) is spanned by the two
points Zni(τ); i = 1, 2 of C4. The curve is called non-degenerate if the following
determinant does not identically vanish

det[Zn1, Zn2, dZ
n1

dτ , dZ
n2

dτ ] = det

(
X1

.

X1

−iξX1 −i(
.

ξX1 + ξ
.

X1)

)
=

= det[

(
1 0

−iξ 1

)(
X1

.

X1

0 −i
.

ξX1

)
] = − det(

.

ξ)(detX1)
2

(13.3)

This happens if and only if
.

ξ
a .

ξ
b
ηab ̸= 0. This condition will differentiate the

massive from the massless partner (neutrino) of a leptonic generation. The
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complex trajectory is related to the ordinary classical trajectory of the particle
viewed as a soliton. If they are real, they are identified with the well known
trajectories of the Lienard-Wiechert potential. In the context of general rela-
tivity, Newman first observed the relation of such complex trajectories with the
geodetic and shear-free null congruences.

If the curve is degenerate, the gaussian curvature of the ruled surface vanishes
and the ruled surface is called developable. The developable surfaces of CP (3)

are cones, cylinders and tangent developables with Tn(τ) =
dZm

1 (τ)
dτ .

In the context of general relativity, Newman[?] showed that a complex tra-
jectory in complex Minkowski spectime defines a geodetic and shear free null
congruence. A quite general Poincaré covariant explicit parameterization of a
ruled hypersurface of CP (3) and its corresponding grassmannian patch, is

Xni =


Z0(τ , s) Z0(τ̃ , s̃)
Z1(τ , s) Z1(τ̃ , s̃)
Z2(τ , s) Z2(τ̃ , s̃)
Z3(τ , s) Z3(τ̃ , s̃)

 =

(
λAi

−irB′Bλ
Bi

)
(13.4)

where the rB′B = rbσ
b
B′B are the projective coordinates, generally outside the

ξb(τ) trajectory of the ruled surface. Because simply not all the pairs of points
of a ruled surface belong to rulings. If rb ∈ ξb(τ) a projective line of CP (3)
cincides with a ruling line of the ruled surface.

The reparametrization (τ) ambiguity may be fixed with either the condition

ξ0(τ) = τ or the more restrictive one
.

ξ
a .

ξ
b
ηab = 1. In the coordinate chart

Z0 = 1 of CP (3), a general point of the ruled surface determined by a trajectory
ξb(τ) has the form

Zn(τ , λ) =


1
0

−i(ξ0 − ξ3)

i(ξ1 + iξ2)

+ λ


0
1

i(ξ1 − iξ2)

−i(ξ0 + ξ3)


λ =: (1−s)λ11(τ)+sλ12(τ)

(1−s)λ01(τ)+sλ02(τ)

(13.5)

The first term is the ”directrix curve” of the ruled surface and the second is the
”generating line” (”ruling”) of the surface. This is the form we have already
assumed in order to introduce the trajectory of the electron. And precisely the
linear trajectory ξb(τ) = vbτ + db with (vb)2 = 1 corresponds to the ”free”
electron and with (vb)2 = 0 corresponds to its neutrino.

A general line (r ∈ G(4, 2)) of CP (3), generally intersects d times the ruled
surface and d coincides with the algebraic degree of the ruled surface. Two
of these intersection points (Xn1(τ1, s1) , X

n2(τ2, s2)) determine the line and
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subsequently

Xni =

(
λA1(τ1, s1) λA2(τ2, s2)

−iξB′B(τ1)λ
B1 −iξB′B(τ2)λ

B2

)
=

(
λAi

−irB′Bλ
Bi

)

λAi(τ i, si) =

(
λ0i(τ i, si)

λ1i(τ i, si)

)
, i = 1, 2

(13.6)

Using spinorial coordinates, the above relation takes the form(
λAj

−irA′Bλ
Bj

)
=

(
λAj

−iξA′B(τ j)λ
Bj

)
(rA′B − ξA′B(τ j))λ

Bj = 0

(13.7)

which are two homogeneous linear equations for every j = 1, 2. They admit a
(projectively) non-vanishing solution λBj for every j, if

det(rA′B − ξA′B(τ)) = det(r − ξ(τ)) =

= (ra − ξa)(rb − ξb)ηab = 0
(13.8)

Every generally complex solution τ(r) of this equation is replaced back into
(13.7) and find the corresponding spinor λA. For every column of Xni (point of
CP (3)) we get a pair of generally complex functions

z0(r) = τ1(r) , z1(r) = λ11(τ1(r))
λ01(τ1(r))

z0̃(r) = τ2(r) , z1̃(r) = −λ01(τ2(r))
λ11(τ2(r))

(13.9)

which may be assumed as the structure coordinates in the ambient complex man-
ifold of the LCR-structure. After the projection to the real LCR-submanifold,
they become proper structure coordinates.

The reader must not confuse the set of ”straight” lines of CP (3), which are
all the points rA′A of the grassmannian manifold G(4, 2), with the rulings of
the rulled surface, i.e. the ”straight” lines which belong (as sets of points) to
the ruled hypersurface of CP (3), and which are just the points of the complex
trajectory ξA′A(τ) in G(4, 2).

A geometric visualization of the above mathematical procedure is the fol-
lowing. A point of the grassmannian manifold with projective coordinates r
determines a line of CP (3). This line intersects the hypersurface of CP (3)
at a number of points (equal to the polynomial degree of the surface), which
belong to different sheets of the surface of CP (3). Every pair of intersection
points with homogeneous coordinates Xni may be taken as the correspond-
ing homogeneous coordinates of the grassmannian point r. Hence every point
r ∈ G(4, 2) , determines (and is determined by) two points ξb(τ1) and ξb(τ2)
of the complex trajectory ξb(τ) with two corresponding spinors λA1(τ1, s1) and
λA2(τ2, s2). Notice that the trajectory ξb(τ) determines the algebraic subcurve
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of CP (3), where the two sheets intersect, λA(τ1) = λA(τ2). This is valid for
any point r of the ambient complex manifold. If the point belongs in the real
LCR-submanifold, i.e. if ra = xa + iya(x), the ”observer” at the point xa, has
the local null system

La = 1√
2
σaA′Aλ

A′1
λA1, Na = 1√

2
σaA′A λ

A′2
λA2, Ma = 1√

2
σaA′A λ

A′2
λA1

(13.10)
where we have substituted ra = xa + iya(x). Notice that if we choose the
ξ0(τ) = τ parameterization, we find

z0(x) = r0(x)−
√
(ri(x)− ξi(z0))2 , z1(x) = r1+ir2−ξ1(z0)−iξ2(z0)

r0+r3−ξ0(z0)−ξ3(z0)

z0̃(x) = r0(x) +

√
(ri(x)− ξi(z0̃))2 , z1̃(x) = r1−ir2−ξ1(z0̃)+iξ2(z0̃)

r0−r3−ξ0(z0̃)+ξ3(z0̃)
(13.11)

Hence, the left column of Xn1 provides the retarded coordinates zα(x) and the
right column Xn2 provides the advanced coordinates zα̃(x). The (curved) LCR-
tetrad is found as usual by simply taking the differential forms of the structure
coordinates and using their reality conditions.

One can easily see that in the zero gravity approximation ya(x) = 0, the
structure coordinates (and the null tetrad) are completely determined by the
generally complex trajectory as we should expect from Kerr’s theorem (in Minkowski
spacetime). In the first 1

c approximation, the LCR-structure coordinates take
the form

z0(x) ≃ x0 − 1
c

√
(xi − ξi(x0))2 , z1(x) ≃ x1+ix2−ξ1(x0)−iξ2(x0)

x0+x3−ξ0(x0)−ξ3(x0)

z0̃(x) ≃ x0 + 1
c

√
(xi − ξi(x0))2 , z1̃(x) ≃ x1−ix2−ξ1(x0)+iξ2(x0)

x0−x3−ξ0(x0)+ξ3(x0)

(13.12)

where the (dimensional) light velocity factor is made apparent in order to reveal
the newtonian approximation.

The points of the trajectory ξi(x0) are the singularities of the structure
coordinates. If the trajectory is real, the trajectory is just a curve in LCR-
manifold. But if the trajectory is complex ξj(x0) = ξjR(x

0) + iξjI(x
0), the

singularity is the surface

(xi − ξi(x0))2 = (xj − ξjR(x
0))2 − (ξjI(x

0))2 − 2i(xj − ξjR(x
0))ξjI(x

0) = 0

(xj − ξjR(x
0))2 − (ξjI(x

0))2 = 0 , (xj − ξjR(x
0))ξjI(x

0) = 0
(13.13)

This is the well-known ring-like singularity of Kerr-type metrics in general rel-
ativity. The imaginary part of the trajectory is related to the spin of the LCR-
structure. It is exactly this imaginary part that generates the fermionic gyro-
magnetic ratio of the Kerr-Newman spacetime. Hence the complex trajectory
ξa(τ) is the singular curve where two sheets of the surface of CP (3) intersect.
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The free electron and its neutrino correspond to the linear trajectory ξb(τ) =
vbτ+db with vb real and db generally complex. Using the common parametriza-
tion ξ0 = s, i.e. ξj(s) = V js + db we may realize how the electron and its
neutrino singularities are related. The electron is a ruled irreducible surface
with non-vanishing gaussian curvature with its algebraic singularity the cylin-
der space ring ∀x0 ∈ R. Its neutrino is a reducible developable hypersurface,
which is the union of two hyperplanes, intersecting at a line which closes at the
”infinity” of the compact reducible hypersurface of CP (3).

Up to now we have considered that both left and right columns of the homo-
geneous coordinates have the same generally complex trajectory. But we may
also assume that they have different trajectories. That is(

λAj

−irA′Bλ
Bj

)
=

(
λAj

−iξ(j)A′B(τ j)λ
Bj

)
(13.14)

Recall that in the implicit (polynomial) parameterization of the hypersurfaces
of CP (3), we had considered the possibility of irreducible and reducible polyno-
mials. Apparently the case of different trajectories for each column corresponds
to the case of reducible polynomial surfaces.

13.1 The free electron trajectory

Let us now consider the simple case of LCR-structures with linear trajectory

ξa(τ) = vaτ + ca , (
.

ξ
a
)2 = (va)2 = 1

X0

X1

X2

X3

 =


λ0

λ1

−i[((v0 − v3)τ + (c0 − c3))λ0 − ((v1 − iv2)τ + (c1 − ic2))λ1

−i[−((v1 + iv2)τ + (c1 + ic2))λ0 + ((v0 + v3)τ + (c0 + c3))λ1


(13.15)

where va is the real velocity of the LCR-structure and cais generally complex.
If we eliminate the projective variable λA, we find(

iX2 − (c0 − c3)X0 + (c1 − ic2)X1

iX3 + (c1 + ic2)X0 − (c0 + c3)X1

)
=

(
(v0 − v3)X0 − (v1 − iv2)X1

−(v1 + iv2)X0 + (v0 + v3)X1

)
τ

(13.16)
and after the elimination of the second variable τ , we find the following quadratic
hypersurface

AmnX
mXn = 0

A00 = −2i[(c0 − c3)(v1 + iv2)− (c1 + ic2)(v0 − v3)]
A01 = 2i[c0v3 − c3v0 + ic1v2 − ic2v1]
A02 = −(v1 + iv2) , A03 = −(v0 − v3)
A11 = −2i[(c1 − ic2)(v0 + v3)− (c0 − c3)(v1 − iv2)]
A12 = v0 + v3 , A13 = v1 − iv2 , A22 = A23 = A33 = 0

(13.17)
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Recall that the Poincaré transformation of the homogeneous coordinates X,
the velocity v and complex initial position are given by the formula(

X ′
1

X ′
2

)
=

(
B 0

−iTB (B†)−1

)(
X1

X2

)
v′ = (B−1)†v(B−1) , c′ = (B−1)†c(B−1) + T
detB = 1 , T † = T

(13.18)

After a spacetime translation and a Lorentz transformation we may impose
cb = (0, 0, 0, ia) and v = I. Then the quadratic polynomial takes the form

X1X2 −X0X3 + 2aX0X1 = 0 (13.19)

which is the Kerr polynomial already suggested by the use of automorphisms.
Notice that a complex Poincaré transformation, which preserves the LCR-structure
form, but it does not preserve the classical domain, removes completely ca.

13.2 Complex trajectories in Plucker coordinates

I consider the six homogeneous Plucker coordinates of G(4, 2) ,

pmn = ϵmnklX
k1X l2

ϵmnklpmnpkl = 0
(13.20)

which is a quadric in CP 5. In the proper homogeneous coordinates it takes the
simple form

R0 = ip23−p142 , R1 = ip24−p132 , R2 = −p24+p13
2

R3 = ip23+p142 , R4 = p12−p34
2 , R5 = p12+p34

2

ϵmnklpmnpkl = (R0)2 − (R1)2 − (R3)2 + (R5 −R4)(R5 +R4) = 0

(13.21)

Using the formula

ϵA
′B′
σµA′Aσ

ν
B′B = Σ

[µν]
(AB) + ηµνϵAB

λA1λB2ϵAB = 1

(13.22)

we find

p12 = −ηabrarb , p13 = i(r1 + ir2) , p14 = i(r0 − r3)
p23 = −i(r0 + r3) , p24 = −i(r1 − ir2) , p34 = 1

R0 = r0, R1 = r1, R2 = r2, R3 = r3, R4 = −ηabr
arb+1
2 , R5 = −ηabr

arb−1
2

(13.23)
where the notation has been chosen such that Rj becomes real for ”flat” LCR
structures.
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The LCR-surface in Plucker coordinates (in the quadric of CP 5) is found by
simply replacing ra = xa+iya(x). But the LCR-structure cannot be completely
determined, because it also depends on the sections λA1 and λ

A
2 in CP 1 fiber. In

the case of zero gravity the LCR-surface is implied by ya(x) ≡ 0, as usual.
In the case of a ruled surface determined (in my notation) by the two curves

Xn
1 (τ , 0) =


1
0

−i(ξ0 − ξ3)

i(ξ1 + iξ2)

 , Xn
2 (τ , 1) =


1
1

−i(ξ0 − ξ3) + i(ξ1 − iξ2)

i(ξ1 + iξ2)− i(ξ0 + ξ3)


(13.24)

the corresponding trajectory has the form

p12 = −ηabξ
aξb , p13 = i(ξ1 + iξ2) , p14 = i(ξ0 − ξ3)

p23 = −i(ξ0 + ξ3) , p24 = −i(ξ1 − iξ2) , p34 = 1

T 0 = ξ0 , T 1 = ξ1 , T 2 = ξ2 , T 3 = ξ3

(13.25)

in the Klein quadric of CP 5.

13.3 Classification of rational ruled surfaces in CP (3)

The are determined by one of its generatrices Zn1(τ) and the direction Tn(τ)
of the corresponding to τ line, which belongs to the ruled surface

Zm(τ , s) = Zm1(τ) + sTm(τ) (13.26)

If the direction Tn(τ) is tangent to a generatrix, i.e. Tn(τ) = dZn1(τ)
dτ , the ruled

surface becomes developable and constitutes the formal massive-massless pairs
of leptons and quarks.

A typical classification of the ruled surfaces (and its related developable)
exists through the classification of the curves in CP (3). The most general
rational (genus g = 0) curve has the form

Zn(τ) =


1
τ
τ2

τ3

 , Zn(τ , s) =


1
τ
τ2

τ3

+ s


0
1

t1(τ)
t2(τ)


Z0Z2 − (Z1)2 = 0, (Z0)2Z3 − (Z1)3 = 0, Z1Z3 − (Z2)2 = 0

(13.27)

where the last line gives the algebraic form of this cubic curve. The correspond-
ing developable surface is

Zn(τ , s) =


1
τ
τ2

τ3

+ s


0
1
2τ
3τ2

 (13.28)

where the direction of lines is the holomorphic derivative of the generatrix.
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13.4 Frenet and Darboux frames in CP (3)

Following Griffiths[17] the homogeneous coordinates Zn ∈ C4 of the points of
CP (3) are understood relative to a unitary basis {An, n = 0, 1, 2, 3}. Thus the
set of all these frames are the group SU(4). Then (following Cartan) we have

dAn = Amθ
m
n , θmn = θnm

Ω = dθkn + θkm ∧ θmn = 0

(13.29)

where θmn is the SU(4) connection and Ω is the vanishing of the group curvature
(the Maurer-Catan equations). Fixing the vector A0, the group SU(4) is reduced
down to U(1) × SU(3), where U(1) applies along the line determined by A0,
and SU(3) in its perpendicular (A⊥

0 ) 3-dimensional space.
In terms of a holomorphic curve Z(ζ) of CP (3), we may build up a Frenet

frame[17] if its jacobian

J(ζ) := Z(ζ) ∨ Z(1)(ζ) ∨ Z(2)(ζ) ∨ Z(3)(ζ) (13.30)

does not identically vanish. In the neighborhood of a regular point J(ζ0) ̸= 0,
the (complex) orthonormal basis is

W0 = eiχ0
Z(ζ)

||Z(ζ)||

W0 ∨W1 = eiχ1
Z(ζ)∨Z(1)(ζ)

||Z(ζ)∨Z(1)(ζ)||

W0 ∨W1 ∨W2 = eiχ2
Z(ζ)∨Z(1)(ζ)∨Z(2)(ζ)

||Z(ζ)∨Z(1)(ζ)∨Z(2)(ζ)||

W0 ∨W1 ∨W2 ∨W3 = eiχ3
Z(ζ)∨Z(1)(ζ)∨Z(2)(ζ)∨Z(3)(ζ)

||Z(ζ)∨Z(1)(ζ)∨Z(2)(ζ)∨Z(3)(ζ)||

(13.31)

where the angle ambiguity is explicitly written. Thus the Frenet equations are

dW0 = θ00W0 + θ01W1

dW1 = θ10W0 + θ11W1 + θ12W2

dW2 = θ21W1 + θ22W2 + θ23W3

dW3 = θ32W2 + θ33W3

(13.32)

In the affine subspace Z0 = 1, the holomorphic curve is Zi(ζ), the group is
restricted to SU(3) and the corresponding affine ASU(3) basis is

eiχ1W1 = Z(1)(ζ)
||Z(1)(ζ)||

eiχ2W1 ∨W2 = Z(1)(ζ)∨Z(2)(ζ)
||Z(1)(ζ)∨Z(2)(ζ)||

eiχ3W1 ∨W2 ∨W3 = Z(1)(ζ)∨Z(2)(ζ)∨Z(3)(ζ)
||Z(1)(ζ)∨Z(2)(ζ)∨Z(3)(ζ)||

(13.33)

and the Cartan lift of the holomorphic curve Zi(ζ) is

ζ → g(ζ) =


1 0 0 0
Z1 W 1

1 W 1
2 W 1

3

Z2 W 2
1 W 2

2 W 2
3

Z3 W 3
1 W 3

2 W 3
3

 (13.34)
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The flat ASU(3) connection ω and its flat curvature are

ω := g−1dg
Ω = dω + ω ∧ ω = 0

(13.35)

That is
dg = gω

dZ =Wiω
i , dWi =Wjω

j
i

⇓
dωi + ωik ∧ ωk = 0 , dωij + ωik ∧ ωkj = 0

(13.36)

In the case of non-trivial scalar product < Wi · Wj >= δij , the Maurer-
Cartan connection of ωij will satisfy the anti-hermiticity condition

< Wi ·Wj >= δij
⇓

< dWi ·Wj > + < Wi · dWj >= 0
⇓

δilω
l
j + δjkωki = 0

(13.37)

That is ωij belongs to the Lie group of SU(3), as expected.
In the simple case of the 1-dimensional conformal metric and the correspond-

ing (1,1) form
ds2 = h2dςdζ , Ω = i

2h
2dς ∧ dζ

RicΩ = i∂∂ log h
(13.38)

where the last is the Ricci form (curvature). Let a (1,0)-form θ such that

θ = hdζ

Ω = i
2θ ∧ θ

(13.39)

symmetric relative to θ → eiψθ. Then there is the (antihermitian) connection

ϕ = −∂ log h+ ∂ log h = −ϕ
dθ = ϕ ∧ θ

RicΩ = i
2dϕ

(13.40)

providing the U(1) curvature, which is apparently invariant under the U(1)
transformation

θ → eiψθ
ϕ→ ϕ+ dψ

(13.41)

In the case of CP (3) we have[17] the hermitian Frenet frame Wk(ζ) is a
linear combination of the first k derivatives of the holomorphic curve

W0(ζ), W1(ζ), W2(ζ), W3(ζ)

dW0 = θ00W0 + θ01W1

dW1 = θ10W0 + θ11W1 + θ12W2

dW2 = θ21W1 + θ22W2 + θ23W3

dW3 = θ32W2 + θ33W3

(13.42)
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Let
Ω0 = i

2θ01 ∧ θ01 → ϕ0 = θ00 − θ11
Ω1 = i

2θ12 ∧ θ12 → ϕ1 = θ11 − θ22
Ω2 = i

2θ23 ∧ θ23 → ϕ2 = θ22 − θ33
Ω3 = i

2θ01 ∧ θ01

(13.43)

the (1,1) and the corresponding (antihermitian) connections
The definition of the Darboux frame starts from the choice of a curve in

a surface, and it is finally adapted to the surface by completing the frame
with the normal vectors of the surface. Our interest to this kind of frames
comes from the possibility to ”clarify” (at least at the classical level) how a free
massless neutrino may appear as massive. The classical emergence of a particle
trajectory strongly suggests that the original hypersurface of CP (3), has to be
(or related to) a ruled surface which is intimately related to a complex trajectory.
The massive and massless electron and neutrino pair will be determined with
a proper ruled surface and its corresponding developable (tangential) surface
respectively. Therefore we will now determine the Darboux frame of a ruled
surface

Xm(τ , s) = Xm1(τ) + sTm(τ) (13.44)

The Frenet frame is based on the base curve Xm1(τ), which provides the or-
thonormalization of the four linearly independent Xm1, X ′m1, X ′′m1, X ′′′m1,
using the Gram-Schmidt method. In the case of a developable surface, the
Frenet frame cannot be defined because the Gaussian curvature vanishes. But
its adaptation to the surface works. Notice that the two tangent vectors to the
ruled surface are

∂τX
m(τ , s) = ∂τX

m1(τ) + s∂τT
m(τ)

∂sX
m(τ , s) = Tm(τ)

(13.45)

For a tangential developable surface i.e. Tm(τ) = ∂τX
m1(τ), we have

∂τX
m(τ , s) = ∂τX

m1(τ) + s∂2τX
m1(τ)

∂sX
m(τ , s) = ∂τX

m1(τ)
(13.46)

the surface is well defined for s ̸= 0 ̸= ∂2τX
m1. The third vector is chosen

vertical to the above vectors (i.e. to the surface).

14 DISCRETE TRANSFORMATIONS

We know that a quite general LCR-structure may be viewed as a line in CP (3)
which intersects an (reducible or irreducible) algebraic hypersurface in d distinct
points. d is the degree of the hypersurface. Two distinct intersection points Xmi

determine the structure coordinates if

ρ11(X
m1, Xn1) = 0 = ρ22(X

m2, Xn2)

ρ12(X
m1, Xn2) = 0

K1(X
m1) = 0 = K2(X

m2)

(14.1)
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where all the functions are (independently) homogeneous relative to Xn1 and
Xn2.

A general symmetry group of the above set of solutions is SL(4,C), the sym-
metry group of the grassmannian space G(4, 2). Do not confuse the symmetries
of the set of solutions and the automorphisms of a given LCR-structure. The
symmetry group of the boundary of the classical domain (the flat spacetime in
PCFT) is (

X ′i
1

X ′i
2

)
=

(
B 0

−iTB (B†)−1

)(
Xi

1

Xi
2

)
B ∈ SL(2,C) , T † = T

(14.2)

In the context of riemannian geometry a general Lorentz transformation is
defined as the set of matrices g, which preserve the Minkowski metric (gT ηg = η)
and they constitute the general Lorentz group. The complete Lorentz group
leaves invariant all the three regions of the Minkowski spacetime divided by the
light cone

xaηabx
b > 0 , x0 > 0 , forward time− like cone

xaηabx
b > 0 , x0 < 0 , backward time− like cone

xaηabx
b < 0 , space− like region

(14.3)

The subgroup with det g = 1, is called proper Lorentz group.
A minkowiskian vector xa is represented with a hermitian 2 × 2 matrix

xA′B = ηabx
bσaA′B with measure det x = xaxbηab and vice-versa a hermitian

matrix defines a vector xc = σcA
′BxA′B . Hence the SL(2,C) transformation B

is a general Lorentz transformation x′ = B†xB, because it preserves hermiticity
and detx. In fact B and −B correspond to the same general Lorentz trans-
formation. But SL(2,C) is a connected group, therefore it must correspond to
the proper Lorentz group (det g = 1), where the identity of the general Lorentz
group belongs. Hence the symmetry of PCFT is just the proper orthochronus
Lorentz group, while the symmetry of the Minkowski space is the larger general
Lorentz. That is LCR-structure may ”see” spatial and temporal reflections,
which cannot be ”seen” by the metric of the riemannian geometry.

14.1 Parity (Spatial reflection)

The spatial reflection is the cartesian coordinate xa transformation with the
matrix

s =


1

−1
−1

−1

 (14.4)

It does not belong to the proper Lorentz group because det g = −1. In fact the
complete Lorentz group is the group obtained by including s into the proper
Lorentz group.
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The spatial reflection s defines the following automorphism of the proper
Lorentz group g′ = sgs−1. This automorphism is external for proper Lorentz
group and internal for the complete and general Lorentz groups. Note that

(gT )−1 = ηgη−1 = sgs−1 (14.5)

The spatial reflection s does not belong to SL(2,C), which is identical with
the proper Lorentz group. That is there is no element of SL(2,C), which cor-
responds to s. But one can easily see that

x′ =

(
x′0 − x′3 −(x′1 − ix′2)

−(x′1 + ix′2) x′0 + x′3

)
=

(
x0 + x3 (x1 − ix2)

(x1 + ix2) x0 − x3

)
= ϵxϵ−1

ϵ =

(
0 1
−1 0

)
(14.6)

We know that g′±a′ = sg±as
−1 is an external automorphism of the proper

Lorentz group, the corresponding automorphism of the SL(2,C) group is A′ =
±(A†)−1, that is

A =

(
a b
c d

)
, A′ = (A†)−1 = ±

(
d −c
−b a

)
(14.7)

The geodetic and shear-free condition for a flat null vector ℓµ = λ
A′

σµA′Bλ
B

is

λAλB∇A′AλB = 0 , λA = λ0
(
1
λ

)
⇕

(∂0′0λ) + λ(∂0′1λ) = 0 and (∂1′0λ) + λ(∂1′1λ) = 0

(14.8)

A general solution of these equations is any λ(xA
′B) = λ1

λ0 , which satisfies a
relation

K(λ, x0′0 + x0′1λ, x1′0 + x1′1λ) = 0 (14.9)

with an arbitrary Kerr function K(·, ·, ·) . Be careful on the upper and lower
indices

xA′A = xµσ
µ
A′A =

(
x0 − x3 −(x1 − ix2)

−(x1 + ix2) x0 + x3

)

xA
′A = xµσA

′A
µ =

(
x0 + x3 (x1 + ix2)

(x1 − ix2) x0 − x3

)

∂A′A = σµA′A∂µ =

(
∂0 + ∂3 ∂1 − i∂2
∂1 + i∂2 ∂0 − ∂3

)
= 2 ∂

∂xA′A

(14.10)
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A parity transformation implies

∂λ′

∂x′0′0 + λ′ ∂λ′

∂x′0′1 = 0 and ∂λ′

∂x′1′0 + λ′ ∂λ′

∂x′1′1 = 0

⇕

λ′ = −1
λ

, λ′A = λ′0
(
1
λ′

)
= −λ′0

λ

(
−λ
1

)
∂λ
∂x0′0 + λ ∂λ

∂x0′1 = 0 and ∂λ
∂x1′0 + λ ∂λ

∂x1′1 = 0

(14.11)

Notice that the representation of the spinor changes, as expected, because parity
does not belong to SL(2,C).

In the context of LCR-structures, parity transformation takes the form

X ′ni =

(
λ′Ai

−ix′A′Bλ
′Ai

)
=

(
ϵ 0
0 ϵ

)(
λ̃

−ixλ̃

)
ϵ−1

λ̃ = ϵ−1λ′ϵ

(14.12)

which is the interchange of the intersection points of the line of CP (3) of the
conjugate spacetime point with the hypersurface K(Zn) = 0.

14.2 Temporal reflection

The temporal reflection matrix is

t =


−1

+1
+1

+1

 (14.13)

This matrix transforms the forward time-like region to the backward time-like
region and vice-versa. It does not belong nor to the proper Lorentz group,
neither to the complete Lorentz group. The general Lorentz group is the group
obtained by including t into the complete Lorentz group.

The temporal reflection t defines the following automorphism of the proper
Lorentz group g′ = tgt−1.This automorphism is external for the proper (det g =
1) and the complete (preserves the light-cone distinguishing connected regions)
Lorentz group, but it is internal for the general Lorentz group. Note that

(gT )−1 = ηgη−1 = sgs−1 = tgt−1 (14.14)

One can easily see that a temporal reflection implies

x′ =

(
x′0 − x′3 −(x′1 − ix′2)

−(x′1 + ix′2) x′0 + x′3

)
=

(
−x0 − x3 −(x1 − ix2)

−(x1 + ix2) −x0 + x3

)
= −ϵxϵ−1

ϵ =

(
0 1
−1 0

)
(14.15)
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A temporal reflection transformation implies

∂λ′

∂x′0′0 + λ′ ∂λ′

∂x′0′1 = 0 and ∂λ′

∂x′1′0 + λ′ ∂λ′

∂x′1′1 = 0

<==>

λ′ = −1
λ

, λ′A = λ′0
(
1
λ′

)
= −λ′0

λ

(
−λ
1

)
∂λ
∂x0′0 + λ ∂λ

∂x0′1 = 0 and ∂λ
∂x1′0 + λ ∂λ

∂x1′1 = 0

(14.16)

Notice that the representation of the spinor changes, as expected, because t does
not belong to SL(2,C).

In the context of LCR-structures, temporal reflection transformation takes
the form

X ′ni =

(
λ′Ai

−ix′A′Bλ
′Ai

)
=

(
−ϵ 0
0 −ϵ

)(
λ̃

−ixλ̃

)
ϵ−1

λ̃ = ϵ−1λ′ϵ

(14.17)

which is the interchange of the intersection points of the line of CP (3) of the
conjugate spacetime point with the hypersurface K(Zn) = 0.

14.3 Left and right chiral parts

The fundamental quantity of general relativity, metric gµν =: ηabe
a
µe
b
ν , does not

uniquely define the tetrad eaµ. It is defined up to a local Lorentz transformation.
On the other hand, LCR-structure starts with a precise geodetic and shear-
free tetrad and the ambiguity is transferred on the definition of the metric.
Therefore, at this point, substantial differences are expected between PCFT and
general relativity, because the local Lorentz transformation does not preserve
the LCR-structure property of the tetrad. In order to realize these differences
we first consider the case of flat spacetimes. The null tetrad of the Minkowski
metric is determined by two independent spinors λAi through the relations

ℓµ = λ
A′1

σµA′Bλ
B1 , mµ = λ

A′1
σµA′Bλ

B2

nµ = λ
A′2

σµA′Bλ
B2 , mµ = λ

A′2
σµA′Bλ

B1

(14.18)

Any linear transformation λ′Ai = Cijλ
Aj with det(Cij) = 1 implies a different

null tetrad of the Minkowski metric. But this linear transformation does not
preserve the non-linear geodetic and shear-free conditions. Kerr theorem states
that only transformations between roots of homogeneous polynomials

K(λA, x0′0λ
0 + x0′1λ

1, x1′0λ
0 + x1′1λ

1) = 0 (14.19)

connect geodetic and shear-free null tetrads.
In the context of PCFT the LCR-tetrad (ℓ,m;n,m) is separated into the two

parts (ℓ,m) and (n,m), which are separately integrable but they are related with
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a complex condition. The first pair (ℓ,m) is called left part and the second pair
(n,m) is called right part. The left-right chiral transformation is the interchange
(ℓ,m) ⇔ (n,m) of these two integrable pairs of the LCR-tetrad. If the LCR-
structure is realizable, an equivalent definition is the interchange of the two

pairs (zα) ⇔ (zβ̃) of the structure coordinates. If the LCR-manifold is a real
surface of the grassmannian space G(4, 2), an equivalent definition of left-right
chiral transformation is the interchange of the two columns Xn1 ⇔ Xm2 of its
homogeneous coordinates, which are two intersection points of the corresponding
line and an hypersurface of CP (3).

These two parts are related with the corresponding spinor parts through
their SL(2,C) transformations. It appears through the regular coordinates of a
LCR-structure which satisfy the conditions

Im z0 = ϕ11(z
1, z1,Re z0) , Im z0̃ = ϕ22(z

1̃, z1̃,Re z0̃)

z1̃ − z1 = ϕ12(z
β , z0̃)

ϕ11(0) = ϕ22(0) = ϕ12(0) = 0 , dϕ11(0) = dϕ22(0) = dϕ12(0) = 0

(14.20)

Notice that we may assume the variables Re z0, z1,Re z0̃ as independent coordi-
nates, where z1 is the complex sphere coordinate. In the simple case of celestial
sphere, it transforms as

z′1 = c+dz1

a+bz1 , ad− bc = 1 (14.21)

Then we see that in two sets of regular coordinates, the dependent variable z1̃

transforms under the chiral representation

z′1̃ = c+dz1̃

a+bz1̃
, ad− bc = 1 (14.22)

This is implied by the incidence relation z1̃ − z1 = O2(za, z0̃), applied order by
order.

The first remark is that the LCR-structure ”sees” the chirality while the
riemannian structure cannot. From the defining algebraic conditions (14.1) of
a LCR-manifold, the first check of the chiral symmetry of a solitonic LCR-
configuration is the irreducibility or reducibility of the hypersurface of CP (3).
We will see that the electron LCR-structure is chirally symmetric, while its neu-
trino LCR-structure is chirally asymmetric, because it is based on the reducible
product of two planes of CP (3).

14.4 Charge inversion

The gauge field is real and the action is also real. Therefore the complex con-
jugation interchanges only the complex vector m ↔ m of the tetrad. If the

LCR-structure is realizable, i.e. it admits structure coordinates (zα, zβ̃) such
that
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dzα = fα0 ℓµdx
µ + fα1 mµdx

µ , dzα̃ = f α̃
0̃
nµdx

µ + f α̃
1̃
m̃µdx

µ

ℓ = ℓαdz
α , m = mαdz

α , n = nα̃dz
α̃ , m̃ = m̃α̃dz

α̃

(14.23)

the above discrete transformation is equivalent to (z′α, z′β̃) = (zα, zβ̃). We will
call this discrete transformation, conjugate transformation and show that it is
the particle↔antiparticle correspondence, observed in nature.

We already know that the LCR-structure defines the following class of sym-
metric and antisymmetric tensors

[gµν ] = ℓµnν + nµℓν −mµmν −mµmν

[Jµν ] = ℓµnν − nµℓν −mµmν +mµmν
(14.24)

A representative of the symmetric tensor provides the metric, which defines the
conserved energy-momentum current. It is invariant under the conjugate trans-
formation. Therefore conjugate solitonic configurations have the same masses.
On the other hand, the representative of the antisymmetric tensors, which de-
fines the conserved electromagnetic current, changes under the conjugate trans-
formation. Therefore conjugate solitonic configuration have opposite charges,
because the charge is defined as the integral over the surface m ∧ m. These
transformations will be extensively studied in the corresponding chapters.

15 AMBIENT KAEHLERIAN MANIFOLD

We have already seen that if a LCR-structure is realizable, it becomes a special
totally real submanifold of a complex manifold. The embedding functions

ρ11(z
α, zα) = 0 , ρ12(z

α, zα̃) = 0 , ρ22(z
α̃, zα̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(15.1)

of a general LCR-structure defines the following Kaehler metric and correspond-
ing symplectic form

ds2 = 2
∂2 det(ρij)

∂za∂zb
dzadzb , ω = 2i

∂2 det(ρij)

∂za∂zb
dza ∧ dzb (15.2)

The metric is generally indefinite, which becomes positive definite in a region
of the ambient complex manifold. A straightforward calculation gives

∂2ρ

∂za∂zb
= 4[ρ22

∂2ρ11
∂za∂zb

+ ∂ρ11
∂za

∂ρ22
∂zb

+ ∂ρ22
∂za

∂ρ11
∂zb

+ ρ11
∂2ρ22
∂za∂zb

−
−ρ12

∂2ρ12
∂za∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

− ρ12
∂2ρ12
∂za∂zb

]
(15.3)
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If we neglect the special dependence of the elements of the hermitian matrix

ρij on the left zβ and right zβ̃ structure coordinates, we may diagonalize it with
a unitary transformation

(ρij) = U†
(
ρ1 0
0 ρ2

)
U

det(ρij) = ρ1ρ2 , tr(ρij) = ρ1 + ρ2

(15.4)

Hence the real submanifold ρij = 0, may take the form ρ1 = −ρ2 = 0. That is,
the above special Kaehler metric is a Fefferman-like metric.

In the LCR-structure coordinates

zI = (za; zb) = (zα, zα̃; zβ , zβ̃) (15.5)

and on the surface (ρij = 0) the metric takes the lorentzian form

ds2|M = 4(∂ρ11∂za
∂ρ22
∂zb

+ ∂ρ22
∂za

∂ρ11
∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

)dza ⊗ dzb =

= 2(ℓ⊗ n−m⊗m)
(15.6)

where the LCR-tetrad is found using the standard relations

ℓ = i(∂ − ∂)ρ11
n = i(∂ − ∂)ρ22
m = i(∂ − ∂)ρ12
m = i(∂ − ∂)ρ12

(15.7)

The symplectic 2-form ω on the LCR-manifold vanishes

ω|M = 4i(∂ρ11∂za
∂ρ22
∂zb

+ ∂ρ22
∂za

∂ρ11
∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

− ∂ρ12
∂za

∂ρ12
∂zb

)dza ∧ dzb =
= i(ℓ ∧ n+ n ∧ ℓ−m ∧m−m ∧m) = 0

(15.8)

Hence this submanifold is lagrangian relative to this class of symplectic forms
and the induced metric is the compatible one with the corresponding LCR-
structure. In fact I considered the precise Kaehler metric in order the LCR-
manifold to become lagrangian submanifold of the ambient complex manifold.
My ultimate goal is to use the above kaehlerian forms to apply geometric quan-
tization with a polarization induced by the LCR-manifold.

Recall that the projectivization of the ambient complex manifold through
the Kerr function implied that the structure coordinates are (generally mero-
morphic) functions of the projective coordinates ra of the grassmannian space
G(4, 2). Hence, after an holomorphic transformation, the Kaehler metric and
corresponding symplectic 2-form become

ds2 = ∂2ρ′

∂ra∂rb
dradrb , ω = i ∂2ρ′

∂ra∂rb
dra ∧ drb (15.9)

outside the possible singularities. The Kaehler potential is ρ′(r, r) = ρ(z(r), z(r)).
Using the definition ra := xa + iya we find the following symplectic 2-form

ω = 1
4 (

∂2ρ′′

∂xa∂yb
− ∂2ρ′′

∂xb∂ya
)(dxa ∧ dxb + dya ∧ dyb)+

+ 1
2 (

∂2ρ′′

∂xa∂xb + ∂2ρ′′

∂ya∂yb
)dxa ∧ dyb

(15.10)
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where the Kaehler potential ρ′′ is now function of xa and yb.
Example: We consider the (regular) degenerate LCR-structure. We find

ρ11 = z0−z0
i = 0 , ρ12 = z1̃ − z1 = 0 , ρ22 = z0̃−z0̃

i = 0

ρ = −(z0 − z0)(z0̃ − z0̃)− (z1̃ − z1)(z1̃ − z1)

ds2 = dz0dz0̃ + dz0̃dz0 − dz1dz1 − dz1̃dz1̃

ω = i(dz0 ∧ dz0̃ + dz0̃ ∧ dz0 − dz1 ∧ dz1 − dz1̃ ∧ dz1̃)

(15.11)

One can easily see that the LCR-manifold is lagrangian. The holomorphic
relations between the structure coordinates and the projective grassmannian
coordinates are

z0 = r0−r3
2 , z1 = r1+ir2

2 , z0̃ = r0+r3

2 , z1̃ = r1−ir2
2

ρ′ = −1
4 (ra − ra)(rb − rb)ηab , ρ′′ = −yaybηab

(15.12)

□.
Hence we see that the Kaehler potential ρ = det(ρij) makes the ambient

complex manifold kaehlerian with its LCR-submanifold lagrangian. Recall that
this is the framework to trigger the geometric quantization with polarization
the LCR-submanifold.

15.1 Case of zero gravity LCR-manifolds

In classical mechanics the dynamical laws imply the trajectories of the particles.
But in the case of flat (compatible with the Minkowski metric) LCR-manifolds
the procedure seems to be inverted! A (generally complex) Newman trajectory
completely determine the LCR-structure, its ambient kaehlerian manifold and
hence its ”dynamics”. Recall that this ambient kaehlerian manifold is the grass-
mannian space G(4, 2) with the Kaehler potential ρ determined by the relations

Xnj =

(
λAj

−irA′Bλ
Bj

)
=

(
λAj

−iξjA′B(τ j)λ
Bj

)
z0 = τ1 , z

1 = λ11

λ01 , z0̃ = τ2 , z1̃ = −λ02

λ12

ρ = det(ρij) = det(X†EX)

(15.13)

The precise form of the Kaehler potential and the symplectic 2-form, as functions
of the trajectory, is

ρ11 = −i[(ξ10′0 − ξ10′0) + (ξ10′1 − ξ11′0)z
1 − (ξ10′1 − ξ11′0)z

1 + (ξ11′1 − ξ11′1)z
1z1]

ρ12 = −i[−ξ11′0 + ξ20′1 + (ξ10′0 − ξ20′0)z
1̃ + (ξ21′1 − ξ11′1)z

1 + (ξ10′1 − ξ21′0)z
1̃z1]

ρ22 = −i[(ξ21′1 − ξ21′1) + (ξ20′1 − ξ21′0)z
1̃ − (ξ20′1 − ξ21′0)z

1̃ + (ξ20′0 − ξ10′0)z
1̃z1̃]
(15.14)
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15.2 Case of 2-d LCR-manifolds

After the recent negative experiments, where no supersymmetric particle has
been detected, we may claim that the quite promising string theory is experi-
mentally dead. But Polyakov action is a 2-dimensional toy mathematical model
of the much more complicated 4-dimensional PCFT. Many mathematical fea-
tures of 4-dimensional LCR-structure

ρ1(z
0, z0) = 0 , ρ2(z

0̃, z0̃) = 0

∂ρi
∂zb

̸= 0 ̸= ∂ρi
∂zb

(15.15)

appear in the 2-dimensional LCR-structure, which we could study to get com-
putational ideas. One of theses is the two dimensional kaehlerian complex am-

bient manifold with Kaehler potential K = ρ1(z
0, z0)ρ2(z

0̃, z0̃), which has a
lagrangian 2-dimensional LCR-submanifold. These toy manifolds deserve de-
tailed study in order to understand the cobordism and/or the coincidence of
the extrinsic approach as a Kaehler manifold with the intrinsic approach as a
phase space.

16 LCR-MANIFOLDS IN BOUNDEDDOMAIN

The identification of the natural Poincaré symmetry with the linear subgroup
of the unbounded (Siegel) realization of the SU(2, 2) symmetric classical do-
main turned our investigation into this direction. But the bounded (Cartan)
realization(

Y †
1 Y †

2

)( I 0
0 −I

)(
Y1
Y2

)
≻ 0 ⇐⇒ I − w†w ≻ 0

w := Y2Y
−1
1

(16.1)

is an holomorphic complete circular domain, which we will denote with DB i.e.
if w ∈ DB , then se

iφw ∈ DB with φ ∈ [0, 2π) and s ∈ [0, 1). Its characteristic
boundary (where the absolute value of every holomorphic function takes its
maximum and vice-versa) is the group U(2). It is a manifold, which admits
LCR-structures determined by the conditions ρij = Y †EBY = 0.

Hence, every point of DB ⊂ G(4, 2) determines a line of CP (3), which inter-
sects an algebraic surface at a number of points equal to the degree of its Kerr
polynomial. A pair of intersection points determine the following homogeneous
coordinates

Y ni =

(
κij(w)

wklκlj(w)

)
(16.2)

where wkl are the projective coordinates and repeated indices usually indicate
summation. κi1(w) and κi2(w) are the two sections, which projectively de-
termine the corresponding sheets of the surface and respectively the analytic
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extension of the structure coordinates za(w). They become the structure co-
ordinates of the LCR-structure, when w becomes a point of the characteristic
boundary U(2).

The Cayley transformation

r = i(I − w)(I + w)−1 = i(I + w)−1(I − w)

w = (iI − r)(iI + r)−1 = (iI + r)−1(iI − r)
(16.3)

restricted on the boundary becomes U(2) → R4. This correspondence needs two
sheets of R4 to become bijective, because the spinorial and vector representation
SU(2)/{I,−I} ↔ SO(3,R), are not bijective. It is easily seen regarding the
forms of the SU(2) and SO(3,R) representations implied by exponentiation of
their common Lie algebra

SU(2) : U = eiψj
σj

2 = cos ψ2 + iψ̂jσ
j sin ψ

2 , ψj =: ψψ̂j
U( ψ̂j , ψ + 4π) = U( ψ̂j , ψ) = −U( ψ̂j , ψ + 2π)

SO(3,R) : O = δij cosψ + ψ̂iψ̂j(1− cosψ) + ϵijkψ̂k sinψ , ψ ∈ [0, 2π)

O( ψ̂j , ψ + 2π) = O( ψ̂j , ψ)
(16.4)

Notice that the domain of the angle ψ(> 0) in SU(2) is [0, 4π), while SO(3,R)
is covered by ψ ∈ [0, 2π). When ψ =: 2ρ is in this domain (the reader should
not confuse this angle ρ with the previous Kaehler potential), the cartesian
coordinates of the w = I chart

x+ = i(I − w)(I + w)−1 = i(I + w)−1(I − w)
w† = w−1 (16.5)

is found assuming

ψ̂j = (− sinσ cosχ, − sinσ sinχ, cosσ)

w = eiτ
(

cos ρ+ i sin ρ cosσ −i sin ρ sinσ e−iχ
−i sin ρ sinσ eiχ cos ρ− i sin ρ cosσ

)
τ ∈ (−π, π) , ρ ∈ [0, 2π) , σ ∈ [0, π) , χ ∈ (0, 2π)

(16.6)

It has the form

x0+ = sin τ
cos τ+cos ρ

x1+ + ix2+ = sin ρ
cos τ+cos ρ sinσ e

iχ

x3+ = sin ρ
cos τ+cos ρ cosσ

τ ∈ (−π, π) , ρ ∈ [0, π) , σ ∈ [0, π) , χ ∈ (0, 2π)

s := sin ρ
cos τ +cos ρ > 0 ↔ cos τ + cos ρ > 0

(16.7)

The cartesian coordinates of the second R4-chart around the point w = −I are

x− = i(I + w)(I − w)−1 = i(I − w)−1(I + w)
w† = w−1 (16.8)
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which have the form

x′0 = sin τ
cos τ−cos ρ

x′1 + ix′2 = − sin ρ
cos τ cos ρ sinσ e

iχ

x′3 = sin ρ
cos τ−cos ρ cosσ

(16.9)

Apparently the spherical angles σ, χ cannot be considered as the ordinary 3-
dimensionl spherical angles. Therefore I prefer to cover the rest of U(2) with

x0− = sin τ
cos τ+cos ρ

x1− + ix2− = − sin ρ
cos τ+cos ρ sinσ e

iχ

x3− = − sin ρ
cos τ+cos ρ cosσ

τ ∈ (−π, π) , ρ ∈ [0, π) , σ ∈ [0, π) , χ ∈ (0, 2π)

s := sin ρ
cos τ+cos ρ < 0 ↔ cos τ + cos ρ < 0

(16.10)

Hence we conclude that the unbounded realization shows only the one sheet of
the universe. As usual the angle parametrizations describe the entire bounded
realization, with the problem of emergence of discontinuities at the boundaries
of the angular variables.

In the Euler angle parametrization

SU(2) ∋ U = exp(−iωk σ
k

2 ) = Uz(γ)Uy(β)Uz(α) = e−iγ
σ3

2 e−iβ
σ2

2 e−iα
σ3

2

w = eiτ

(
e−i

α+γ
2 cos β2 ei

α−γ
2 sin β

2

−e−i
α−γ

2 sin β
2 ei

α+γ
2 cos β2

)
τ ∈ (−π, π) , α ∈ [0, 2π) , β ∈ [0, π] , γ ∈ [0, 2π)

(16.11)
the cartesian coordinates at w = I have the form

x0+ = sin τ
cos τ+cos β

2 cos α+γ
2

, x1+ =
− sin β

2 sin α−γ
2

cos τ+cos β
2 cos α+γ

2

x2+ =
− sin β

2 cos α−γ
2

cos τ+cos β
2 cos α+γ

2

, x3+ =
cos β

2 sin α+γ
2

cos τ+cos β
2 cos α+γ

2

(16.12)

Recall that the LCR-structure conditions ρij = 0 are defined up to a factor
function, which imply the tetrad-Weyl transformation. We may use it, in order
to identify the Kaehler potential KB = 1

2 det(I − w†w). For that we make the
following successive steps

κij(w) =

(
1 κ2(w)

κ1(w) 1

)
det(ρij) = detY †EBY = | detκ|2 det(I − w†w)

KB =
det(ρij)

2| detκ|2 = 1
2 det(I − w†w)

| detκ| ̸= 0

(16.13)

where the factor 1/2 is introduced in order to find the ordinary metric of the U(2)
group. Recall that in the Kaehler potential of the Bergman metric intervenes
the logarithm, which makes the metric singular at the boundary.
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Identifying the ambient complex manifold with the bounded classical do-
main, the natural Kaehler metric takes the following form

ds2B = 1
2 [(−1 + w22w22)dw11dw11 − w21w22dw11dw12 − w12w22dw11dw21+

+w11w22dw11dw22 − w22w21dw12dw11 + (−1 + w21w21)dw12dw12+
+w12w21dw12dw21 − w11w21dw12dw22 − w22w12dw21dw11 + w21w12dw21dw12+
+(−1 + w12w12)dw21dw21 − w11w12dw21dw22 + w22w11dw22dw11−
−w21w11dw22dw12 − w12w11dw22dw21 + (−1 + w11w11)dw22dw22]

(16.14)
and the corresponding symplectic 2-form is easily implied. The induced metric
on the characteristic boundary U(2)

U = eiτ
(

cos ρ+ i sin ρ cos θ −i sin ρ sin θ e−iφ
−i sin ρ sin θ eiφ cos ρ− i sin ρ cos θ

)
τ ∈ (−π, π) , ρ ∈ [0, 2π) , θ ∈ [0, π) , φ ∈ [0, 2π)

(16.15)

is
ds2B = (dτ)2 − (dρ)2 − sin2 ρ(dθ)2 − sin2 ρ sin2 θ(dφ)2 (16.16)

That is, the flat LCR-manifold and its ambient Kaehler manifold in the Cartan
bounded realization have finite volumes.

16.1 Gravity emergence in the bounded realization

I have algebraically defined the gravitation as the deviation of the LCR-submanifold
from the Shilov boundary of the SU(2, 2) symmetric domain. In the unbounded

realization, it appears as the imaginary part ya = ra−ra
2i . In the bounded real-

ization, the LCR-submanifold takes the form

ρij(Y
mi, Y nj) = Y miE

(B)
mnY nj −G

(B)
ij (Y mi, Y nj) = 0

KB(Y
m1) = 0 = KB(Y

m2)

Y =:

(
Y1
Y2

)
=:

(
Y1
wY1

) (16.17)

Then we find

w†w = I − (Y †
1 )

−1G(B)(Y1)
−1 (16.18)

Apparently the convenient parameterization of w is to separate its radial part
R = R† from its angular part U = (U †)−1 i.e. w =: UR. Then we find

RR = I − (Y †
1 )

−1G(B)(Y1)
−1 (16.19)

Notice that if gravity vanishes G(B) = 0, we have R = I. In the case of
non-vanishing gravity we have R ̸= I and it can be perturbatively computed as
a function of the boundary coordinates at points where gravity is regular.
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16.2 Affine transformations in the bounded realization

Recall that the physically observed Poincaré group is the affine (linear) subgroup
which preserves the classical domain in its unbounded realization. There, we
intuitively used the ”black hole” metrics, which admit two geodetic and shear-
free null congruences. The natural investigation is to find the physical role of the
affine subgroup, which preserves the classical domain in its bounded realization.

The linear fractional transformations, which preserve the hermitian matrix
EB in the bounded realization have the form(

Y ′
1

Y ′
2

)
=

(
A11 A12

A21 A22

)(
Y1
Y2

)
w′ = (A21 +A22 w) (A11 +A12 w)

−1

A†
11A11 −A†

21A21 = I , A†
11A12 −A†

21A22 = 0 , A†
22A22 −A†

12A12 = I
(16.20)

Its affine A12 = 0 subgroup is(
Y ′
1

Y ′
2

)
=

(
A11 0
0 A22

)(
Y1
Y2

)
w′ = A22 wA

−1
11

A†
11A11 = I , A†

22A22 = I , det(A11A22) = 1

(16.21)

which coincides with the ”infinity” affine subgroup A21 = 0. This group of affine
transformations is the S(U(2)× U(2)) subgroup of SU(2, 2). We will now look
for the relation between this subgroup and the Poincaré×dilation subgroup.
That is, what their common and non-common subgroups are? To check it, we
have to find the unbounded form of the above transformations. It is

A = 1
2

(
I I
I −I

)(
A11 0
0 A22

)(
I I
I −I

)
=

= 1
2

(
A11 +A22 A11 −A22

A11 −A22 A11 +A22

) (16.22)

Recall that the general form of the affine transformations in the unbounded
realization (Poincaré transformations) is(

X ′
1

X ′
2

)
=

(
B 0

−iTB (B†)−1

)(
X1

X2

)
detB ̸= 0 , T † = T

(16.23)

Apparently, the affine transformation of the bounded realization is affine in
the unbounded realization if A11 = A22 ∈ U(2). Hence it coincides with the
corresponding (rotation) subgroup (B†)−1 = B of the Poincaré group. That
is we find the trivial consequence, that the compact subgroup of the Poincaré
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subgroup of SU(2, 2) is subgroup of the maximal compact subgroup of SU(2, 2).
Their non-common subgroup is the set of the U(2) transformations

S = 1
2

(
I I
I −I

)(
I 0
0 U

)(
I I
I −I

)
=

= 1
2

(
I + U I − U
I − U I + U

)
U ∈ U(2)

(16.24)

which is the automorphism of the ”flat universe” U(2) through the transforma-
tions w′ = Uw, as expected.

Under the above affine transformation, the bounded homogeneous coordi-
nates of the boundary of the classical domain

Y nj =

(
κij

wklκlj

)
=

(
κ
wκ

)
w† = w−1

(16.25a)

transform as follows (
κ′

w′κ′

)
=

(
U1 0
0 U2

)(
Y1
Y2

)
⇓

κ′ = U1κ , w′ = U2wU
†
1

U1 , U2 ∈ U(2)

(16.26a)

16.3 Symmetric bounded LCR-structures

The bounded affine group is(
Y ′
1

Y ′
2

)
=

(
U1 0
0 U2

)(
Y1
Y2

)
U1 , U2 ∈ U(2) , det(U1U2) = 1

(16.27)

where U1 and U2 are independent U(2) elements. In the unbounded realization
it takes the form (16.22).

Hence the common subgroup of the affine groups of bounded and unbounded
realizations is the rotation subgroup of the Poincaré group(

Y ′
1

Y ′
2

)
=

(
U 0
0 U

)(
Y1
Y2

)
U ∈ SU(2)

(16.28)

The commuting infinitesimal transformations of the bounded affine non-
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common groups are(
I − iε1

σ3

2 0
0 I

)
→ H1 =

(
σ3

2 0
0 0

)
(
I 0
0 I − iε2

σ3

2

)
→ H2 =

(
0 0
0 σ3

2

)
(
I − iε3 0

0 I + iε3

)
→ H0 =

(
I 0
0 −I

) (16.29)

and the corresponding transformations of the (bounded) homogeneous coordi-
nates are

δY 0 = − iε1
2 Y

0 , δY 1 = iε1
2 Y

1, δY 2 = 0, δY 3 = 0
δY 0 = 0 , δY 1 = 0, δY 2 = − iε2

2 Y
2, δY 3 = iε1

2 Y
3

δY 0 = −iε3Y 0 , δY 1 = −iε3Y 1, δY 2 = iε3Y
2, δY 3 = iε3Y

3
(16.30)

The invariant quadratic Kerr polynomials are

K1 = A01Y
0Y 1 +A22Y

2Y 2 +A23Y
2Y 3 +A33Y

3Y 3

K2 = A00Y
0Y 0 +A01Y

0Y 1 +A11Y
1Y 1 +A23Y

2Y 3

K3 = A02Y
0Y 2 +A03Y

0Y 3 +A12Y
1Y 2 +A13Y

1Y 3

(16.31)

All the three Kerr polynomials can be regular.
The infinitesimal transformations of the diagonal generator of the common

subgroup (z-rotation) is(
I − iεσ3

2 0
0 I − iεσ3

2

)
→ H1 +H2 =

(
σ3

2 0
0 σ3

2

)
δY 0 = − iε

2 Y
0 , δY 1 = iε

2 Y
1, δY 2 = − iε

2 Y
2, δY 3 = iε

2 Y
3

(16.32)

which implies the following invariant (non-degenerate) quadratic Kerr polyno-
mial

K = A01Y
0Y 1 +A03Y

0Y 3 +A12Y
1Y 2 +A23Y

2Y 3 (16.33)

which is a transcription of the (12.15). The fact that the isomorphism z-rotation
in the unbounded realization persists in the bounded realization makes this poly-
nomial interesting. Notice that it has the same form with the unbounded one.
Taking into account that the number of geodetic and shear-free null congruences
of a ”curved” LCR-manifold is limited to four. The implied quartic axially sym-
metric Kerr polynomial (12.25) into the present bounded realization has also
the same form.

In the context of the G. Mack analysis of the ”unitary representations of
the conformal group SU(2, 2) with positive energy”[21], the set of the com-
muting generators in the bounded and the unbounded realizations is NOT
the same. In the unbounded realization, the electron soliton is determined by
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its time-translation P 0 and z-rotation. In the present bounded realization, the
appropriate automorphisms are H0 = 1

2 (P
0+K0) (which is essentially a τ trans-

lation) and z-rotation H1+H2. Imposing the additional H0 automorphism, the
invariant quadratic Kerr polynomial is reduced to

K = A03Y
0Y 3 +A12Y

1Y 2 (16.34)

and degenerate polynomials Y 0Y 1 = 0 or Y 2Y 3 = 0. Notice that if we try
to impose an additional automorphism H1 or H2 to cover the entire maximal
compact subgroup S(U(2)×U(2)), the invariant polynomial becomes reducible
with A03 = 0 or A12 = 0.

In the Y 0 = 1 ⇔ (1, κ)⊤ chart, the quadratic polynomial and its two
solutions are

w12κ
2 + (w11 + cw22)κ+ cw21 = 0

κ1(2) =
−(w11+cw22)±

√
(w11+cw22)2−4cw12w21

2w12

(16.35)

where c ∈ C. In the Euler angle parametrization

w = ei
δ
2

(
e−i

α+γ
2 cos β2 ei

α−γ
2 sin β

2

−e−i
α−γ

2 sin β
2 ei

α+γ
2 cos β2

)
δ ∈ (−2π, 2π) , α ∈ (0, 2π) , β ∈ (0, π) , γ ∈ (0, 2π)

(16.36)

and c =: cot ϕ1

2 e
iϕ2 we find

κ1(2) = ei
γ−α+ϕ2

2
cos β

2 (sin
α+γ+ϕ2+ϕ1

2 +i sin
α+γ+ϕ2−ϕ1

2 )±
√
∆

2 sin
ϕ1
2 sin β

2

∆ = [cos2 β2 (sin
2 α+γ+ϕ2+ϕ1

2 − sin2 α+γ+ϕ2−ϕ1

2 ) + 2 sinϕ1 sin
2 β

2 ]+

+2i cos2 β2 sin α+γ+ϕ2+ϕ1

2 sin α+γ+ϕ2−ϕ1

2

(16.37)

and that the locus of the soliton, where the two solutions coincide, is

sin α+γ+ϕ2+ϕ1

2 = 0 , sin2 α+γ+ϕ2−ϕ1

2 = 2 sinϕ1 tan
2 β

2
or

sin α+γ+ϕ2−ϕ1

2 = 0 , sin2 α+γ+ϕ2+ϕ1

2 = −2 sinϕ1 tan
2 β

2

(16.38)

Considering the parametrization

Y ni =


1 −w1̃

w1 1

w0 cw0̃w1̃

−w0w1

c w0̃

 (16.39)

we can find the LCR-tetrad and the embedding conditions as usual.

105



16.4 Trajectories in bounded coordinates

Recall the definition of ruled surfaces (13.1)

Zm(τ , s) = (1− s)Zm1(τ) + sZm2(τ) =
= Zm1(τ) + s[Zm2(τ)− Zm1(τ)]

In the case of ”flat” LCR-manifolds and the generating lines (rulings) cor-
respond to complex points of the grassmannian manifold G(4, 2). In the un-
bounded realization of the grassmannian the rulings determine a trajectory
ξ(τ) = ξa(τ)σ

a which is essentially the Newman complex trajectory[26]. In
the bounded realization the homogeneous coordinates of the ruled surfaces are

Y =

(
Y1
Y2

)
= 1√

2

(
I I
I −I

)(
X1

X2

)

Y1 =:

(
Z ′0
1 Z ′0

2

Z ′1
1 Z ′1

2

)
, Y2 =:

(
Z ′2
1 Z ′2

2

Z ′3
1 Z ′3

2

) (16.40)

and the trajectory takes the form

q(τ) =: Y2Y
−1
1 =:

(
q0 − q3 −(q1 − iq2)

−(q1 + iq2) q0 + q3

)
= qaσ

a (16.41)

The Cayley relation between these two representations of the same trajectory is

ξ = i(I − q)(I + q)−1 = i(I + q)−1(I − q)

q = (iI − ξ)(iI + ξ)−1 = (iI + ξ)−1(iI − ξ)
(16.42)

Recall that the developable surfaces, the massless (neutrinos) developable sur-
faces are defined by the condition

det[Zn1 , Z
n
2 ,

dZn
1

dτ ,
dZn

2

dτ ] ≡ 0 (16.43)

From the apparent relation

det[ 1√
2

(
I I
I −I

)
] = 1

⇓
det[Z ′n

1 , Z
′n
2 ,

dZ′n
1

dτ ,
dZ′n

2

dτ ] = det[Zn1 , Z
n
2 ,

dZn
1

dτ ,
dZn

2

dτ ] ≡ 0

(16.44)

and

det[Z ′n
1 , Z

′n
2 ,

dZ′n
1

dτ ,
dZ′n

2

dτ ] = det

(
Y1

.

Y1

qY1
.
qY1 + q

.

Y1)

)
=

= det[

(
1 0
q 1

)(
Y1

.

Y1
0

.
qY1

)
] = det(

.
q)(detY1)

2

(16.45)

we find det(
.
q(τ)) = 0 too.
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17 LCR TOPOLOGY

We have already pointed out that the relative invariants of the LCR-structure
Φ1, Φ2 and Φ3 turn out to be topological invariants, which we have first to check
for precise LCR-tetrad in all the coordinate charts respecting the non-vanishing
condition for the tetrad-Weyl factors.

The two real vectors ℓµ∂µ and nµ∂µ of the LCR-tetrad determine two inte-
gral curves xµℓ and xµn respectively. Their tracing constitutes the mathematical
tool to extend the LCR-manifold. Recall that the essential singularity, implied
by the Hawking-Penrose theorems, is the clear indication of the limitations of
the riemannian geometry. It is a general belief that these limitations will be
solved by (unknown yet) quantum gravity. We will see, that in the context of
PCFT it will completely solved even at the ”classical level”. I will show how
the algebraic geometric origin of LCR-structure permit us to study and under-
stand this limitation of general relativity. Therefore it is necessary to recast
the journey from a hypersurface of CP (3) to the real LCR-submanifold of the
grassmannian space G(4, 2).

An algebraic hypersurface of CP (3) is determined by a complex polynomial.
If the polynomial is irreducible, it defines a regular hypersurface of CP (3). If
it is reducible to the product of two polynomials, it defines the union of two
hypersurfaces. A line of CP (3), that is a plane of C4, intersects the hypersur-
face to a number of points equal to the degree of the polynomial, called the
degree of the algebraic surface. Choosing two Xn1 and Xn2 of these points
we determine a point Xnj , j = 1, 2 of the grassmannian space G(4, 2). This
grassmannian space has an SU(2, 2) classical domain. There are two special
coordinate charts. One where the classical domain is unbounded (not contained
in the the affine space) with R4 its Shilov boundary and another one where the
classical domain is bounded with U(2) its Shilov boundary. In these two coor-
dinate charts the relation between the homogeneous and projective coordinates
are for the unbounded realization

Xni =


X01 X02

X11 X12

−i[(r0 − r3)X01 − (r1 − ir2)X11] −i[(r0 − r3)X02 − (r1 − ir2)X12]
−i[−(r1 + ir2)X01 + (r0 + r3)X01] −i[−(r1 + ir2)X02 + (r0 + r3)X02]


(17.1)

with its inverted form

r0 − r3 = r0′0 = iX
21X12−X11X22

X01X12−X11X02

−(r1 − ir2) = r0′1 = iX
01X22−X21X02

X01X12−X11X02

−(r1 + ir2) = r1′0 = iX
31X12−X11X32

X01X12−X11X02

r0 + r3 = r1′1 = iX
01X32−X31X02

X01X12−X11X02

(17.2)

The LCR-structure conditions ρij(X
ni, Xmj) = 0 (notice the coincidence of the

i, j indices) imply a projective computation of the fields Xmj(x) and ra(x). The
affine transformation, which preserves the boundary R4 of the classical domain
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is the Poincaré×dilation group regardless the fact that the complex variable
ra = xa + iya contains gravity ya(x). This physically means that the algebraic
approach defines fields in representations of the Poincaré group, even in the case
where gravity is present.

In the case of the coordinate chart Y ni, where the classical domain (and its
boundary U(2)) is bounded, completely analogous relations exist. Simply the
affine transformation group changes from the Poincaré×dilation group to the
S[U(2)× U(2)] group.

The left point Xm1 of the hypersurface of CP (3) determines the structure
coordinates zα and the pair (ℓ,m) of the LCR-tetrad. The second (right) point
Xm2 of the hypersurface of CP (3) determines the structure coordinates zα̃ and
the pair (n,m) of the LCR-tetrad. But we must be careful. The LCR conditions

ρij(X
ni, Xmj) = 0 are independently homogeneous relative to Xm1 and Xm2

while the grassmannian manifold is homogeneous relative to the 2x2 matrices of
Xmi. Only the ”flat” LCR manifolds X†EX = 0 are properly defined in G(4, 2).
Besides the ruled surfaces of CP (3) determine a trajectory ξa(τ) of G(4, 2) and
the LCR-structure needs a section λAi(τ) to be fully defined. Therefore, I think
the legitimate point of view is to consider the general LCR-manifold locally, as
a local deformation of the Shilov boundary of classical domain. This apparently
affects its compactness problem.

17.1 deRham cohomology

The d2 = 0 property of the exterior derivative applied on smooth differential
forms permits the existence of the following sequence

0 → Ω0 d→ Ω1 d→ ...Ωk
d→ Ωk+1 d→ .... (17.3)

where image(d) ⊆ ker(d), because not all closed smooth forms are exact. Ωk is
the set of k-degree differential forms of a manifold M . Hence the quotient group
Hk(M) := ker(d)/image(d) is not always empty and it defines the deRham
cohomology.

The Poincaré lemma states that all the k-cohomologies of an open connected
set (and Rn) are empty but zero

H0(Rn) = R
Hk(Rn) = 0, ∀ k ̸= 0

(17.4)

because constant functions are closed, while they cannot be exact.
The cohomology invariants may change if the set of functions is changed. If

the set of ”smooth forms” is replaced by ”smooth forms with compact support”
we have

H0
c (Rn) = 0

Hk
c (Rn) = 0, ∀ k ̸= 0, n

Hn
c (Rn) = R

(17.5)

H0
c (Rn) = 0 means that there are no constant functions with compact support

and Hn
c (Rn) = R means that there are n-forms which are not exact.
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If the set of ”smooth forms” is replaced with the set of deRham currents
(forms with coefficients distributions) the cohomology invariants depend on
the kind of distributions. The deRham cohomology on distributions based on
test functions with compact support is equivalent to the deRham cohomology
Hk
c (Rn) on smooth functions with compact support (C∞). Then the (closed)

n-form which is not exact is

f = cδ(x)dx1 ∧ ... ∧ dxn c ∈ R (17.6)

On the other hand the ordinary (on smooth functions) deRham cohomology
Hk(Rn) is equivalent to the deRham cohomology on distributions with compact
support, which are based on test smooth functions (C∞). These properties are
derived by simply applying the definition of the derivative of the generalized
function. Consider the case of the Coulomb field F = d(A0dt). As a distribution
it is a well defined exact form.

A realizable LCR-structure defines an ambient complex manifold with a
LCR-covariant Kaehler metric, admitting as polarization the LCR-manifold. In
this Kaehler manifold, the Dolbeault cohomology may be defined as usual.
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Part III

SOLITONIC LEPTONS AND QUARKS

Synopsis
In this chapter we study the differences between the trivial ”light-cone”

LCR-structure and the flatprint electron LCR-structure viewed as structures of
the bounded and unbounded realization of the U(2) boundary of the classical
domain. The geometry is studied via the tracing of the integral curves of the real
vectors ℓµ and nµ of the LCR-tetrad. It becomes clear how the naked singularity
of the electron creates the ring-hole communicating the r > 0 and r < 0 regions
of U(2), which does not exist in the ”light-cone” and ”Schwartzschild” LCR-
structures. The gravitational and electromagnetic ”dressings” of the electron
soliton define its energy-momentum, angular momentum and charge permitting
us to identify the positron. A precise Cartan lift of the LCR-manifold implies
the electroweak U(2)-connection (gauge potential), which is a rearrangement
of the geodetic and shear-free null tetrad of the corresponding Einstein metric.
The relative invariants are related with the Higgs field. The electronic neutrino
is identified with the LCR-structure implied by the massless (developable) ruled
surface companion of the electron (massive) ruled surface of CP (3). I identify
the leptonic number as the −a

|a| Hopf invariant (linking number) of the left chiral

part of the electron (and its neutrino). This suggests to identify the other
leptonic generations with the ruled surfaces with higher Hopf invariants. I think
that the limited number of leptonic generations could be related with the up to
four geodetic and shear-free congruences of their gravitational dressings.

After a careful analysis of the gauge field-like equations in a LCR-manifold
background, I find null and non-null colored abelian solutions with distributional
charges. They are explicitly computed in the static electron LCR-manifold.
I identify the non-null solution with the quark corresponding to the electron
family. A precise Cartan lift of the Kerr surface of CP (3) provides a SU(3)
connction, which seems to be very promising.
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The efforts of Einstein to extend general relativity to include the other in-
teractions are well known. The appearance of the above stabled leptonic and
colored distributional solitons by the simple consideration of the LCR-structure
as the fundamental structure in the place of riemannian structure of general
relativity indicates that PCFT may be the theory that Einstein was looking for.
Besides, the Hawking-Penrose singularity theorems are bypassed even at the
classical level and they should be viewed as drawbacks of riemannian geometry.
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18 ”FLAT” LCR-MANIFOLDS

The fundamental notion of pseudo-conformal field theory (PCFT) is the lorentzian
CR-structure (LCR-structure). The leptons are distributional solitonic LCR-
manifolds. The distributional character of the solitons is a fundamental ingre-
dient of the LCR-structure. Let me clarify it once more. In order to apply
the (holomorphic) Frobenius theorem, we have to complexify spacetime. Then

we find that the structure coordinates (zα, zβ̃) satisfy special conditions, which
determine a real 4-dimensional submanifold. LCR-structure is a special totally
real CR-structure. So, in a neighborhood of a regular point there are locally
analytic transformations, which give the LCR-conditions ρij the simple form
rb−rb

2i = 0. But generally, the analytic transformations cannot be extended over
the entire ambient space. At the non-analytic compact surfaces (they cannot
be isolated points because of Hartog’s theorem) will appear the singular region
of the generalized function. Recall that a generalized function is described by a
locally integrable singular function, which is the potential of the ladder of the
distributional derivatives. The starting point is the LCR-manifold

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(18.1)

which determines a local coframe with its normal dρij and tangent 1-forms

ℓ = i(∂ − ∂)ρ11 , n = i(∂ − ∂)ρ22 , m = i(∂ − ∂)ρ12(
ℓ m
m n

)
= i(∂ − ∂)

(
ρ11 ρ12
ρ12 ρ22

) (18.2)

The algebraic study of LCR-structure is based on 2-dimensional algebraic
surfaces of CP (3). Two points Xni, i = 1, 2 of the surface determine a line in
CP (3) and a point

Xni =


X01 X02

X11 X12

X21 X22

X31 X32

 =

(
λ

−irλ

)
(18.3)

in the grassmannian space G(4, 2), where Xni are the homogeneous coordinates
of the point and the four complex variables of the 2 × 2 matrix elements of r
are its projective coordinates in the chart (det λ ̸= 0). The LCR-structure is
algebraically determined by the relations (10.8)

ρ11(X
m1, Xn1) = 0 , ρ12(X

m1, Xn2) = 0 , ρ22(X
m2, Xn2) = 0

K(Xmi) = 0
(18.4)
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where ρ11(·, ·), ρ22(·, ·) are real homogeneous functions, ρ12(·, ·) is complex and
K(·) is the homogeneous holomorphic function (Kerr function) of the algebraic

surface. The LCR-structures with ρij := XniEnmX
mj with Enm a SU(2, 2)

symmetric matrix, are called ”flat”, because their class of metrics [gµν ] contains
the Minkowski metric. Notice the essential difference between the present ”flat”
spacetime and the flat spacetime of general relativity, which coincides with R4

endowed with the Minkowski metric. Because of the spinorial representation
of the Poincaré group, the present ”flat” spacetime is twice the flat spacetime
of general relativity. The purpose of the present section is to clarify this first
essential difference of PCFT with general relativity.

The search for appropriate ”flat”-manifolds coincides with the well defined
LCR-structures in the characteristic boundary of the SU(2, 2) symmetric clas-
sical domain. There are two special realizations of the domain, the unbounded
(Siegel) one with EU and the bounded (Cartan) one with EB , where

EU :=

(
0 I
I 0

)
, EB :=

(
I 0
0 −I

)
(

0 I
I 0

)
= 1

2

(
I I
I −I

)(
I 0
0 −I

)(
I I
I −I

) (18.5)

The relation between the homogeneous and projective coordinates X, r of the
unbounded realization, with the corresponding coordinates Y, w of the bounded
realization are

X =

(
X1

−irX1

)
= 1√

2

(
I I
I −I

)(
Y1
wY1

)
r = i(I − w)(I + w)−1 = i(I + w)−1(I − w)

(18.6)

The points at the boundary satisfy the conditions r = r† and w†w = I, that is,
they have the parametrizations

r = xaσ
a =

(
x0 − x3 −(x1 − ix2)

−(x1 + ix2) x0 + x3

)

w = eiτ
(

cos ρ+ i sin ρ cosσ −i sin ρ sinσ e−iχ
−i sin ρ sinσ eiχ cos ρ− i sin ρ cosσ

)
τ ∈ (−π, π) , ρ ∈ [0, 2π) , σ ∈ [0, π] , χ ∈ [0, 2π)

(18.7)

Notice that U(2) → R4 Cayley transformation is 2 ⇐⇒ 1 with

For s := R0
sin ρ

cos τ +cos ρ > 0

x0 = T0
sin τ

cos τ + cos ρ

x1 + ix2 = R0
sin ρ

cos τ +cos ρ sinσ e
iχ

x3 = R0
sin ρ

cos τ+cos ρ cosσ

τ ∈ (0, 2π) , ρ ∈ [0, π) , σ ∈ [0, π) , χ ∈ (0, 2π)

Jacobian = − sin2 ρ sinσ
(cos τ + cos ρ)4

(18.8)
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the one R4 sheet. The Cayley transformation centered around the point w = −I
is

x− = i(I + w)(I − w)−1 = i(I − w)−1(I + w)

x0− = sin τ
cos τ − cos ρ

x1− + ix2− = − sin ρ
cos τ −cos ρ sinσ e

iχ

x3− = sin ρ
cos τ − cos ρ cosσ

(18.9)

Below I will prefer to take the second R4 to be s < 0. The constants T0 and
R0 are related to the S1 and SU(2) = S3 sizes and they are usually assumed to
be equal to one. Notice that, if we identify σ, χ with ordinary spherical angles,
this transformation coincides with the artificial Penrose compactification. But
now it is not artificial. The bounded ”flat” LCR-manifold is the union of two
compactified Minkowski spacetimes, which communicate through the Penrose
scri+ and scri- boundaries.

The importance of the ”flat” manifolds comes from their proper embedding
in the grassmannian manifold. Notice that the general form (18.4) does not
properly define a real submanifold of G(4, 2). Their bounded realization permit
us to have a global view of the solution, because it belongs to one projective
coordinate system. Their unbounded realization hides singularities at ”infinity”,
but it permit us better understand how the conservation laws of charge and
energy-momentum fix the tetrad-Weyl symmetry.

18.1 ”Natural U(2)” LCR-structure

I will usually denote a general point in CP (3) with Zn, with Xni a point in
G(4, 2) with unbounded boundary of classical domain R4 and with Y ni a point in
G(4, 2) with bounded boundary U(2) of the classical domain. The first example
of ”flat” LCR-manifold is

Y niE
(B)
nmY mj = 0 , Y 0Y 1 = 0 (18.10)

which is well defined in the well defined group manifold U(2). The proper
regular grassmannian coordinates are

Y =


1 0
0 1

w0 w1̃

w1 w0̃

 =

(
I
w

)
I − w†w = 0

(18.11)

Then we find the ”natural U(2)” LCR-structure embedding conditions

ρ11 = w0w0 + w1w1 − 1 = 0

ρ12 = w0w1̃ + w0̃w1 = 0

ρ22 = w0̃w0̃ + w1̃w1̃ − 1 = 0

(18.12)
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We already know that this LCR-structure is not degenerate. In the ordinary
U(2) parametrization, the structure coordinates are

w = eiτ
(

cos ρ+ i sin ρ cos θ −i sin ρ sin θ e−iφ
−i sin ρ sin θ eiφ cos ρ− i sin ρ cos θ

)
τ ∈ (0, 2π) , ρ ∈ [0, 2π) , θ ∈ [0, π) , φ ∈ (0, 2π)

(18.13)

and the LCR-tetrad with the corresponding class of metrics is

e = −iw−1dw =:

(
ℓ m
m n

)
, de− ie ∧ e = 0

dℓ = im ∧m , dn = −im ∧m , dm = i(ℓ− n) ∧m
[g] = ΛN(ℓµnν + ℓνnµ)−MM(mµmν −mνmµ)dx

µdxν =
= [(dτ)2 − (dρ)2 − sin2 ρ(dθ)2 − sin2 ρ sin2 θ(dφ)2]

(18.14)

The reader should notice that it is NOT a degenerate LCR-structure, i.e. its
relative invariants Φ1 and Φ2 do not vanish.

The Euler angle parametrization

w = eiτ

(
e−i

α+γ
2 cos β2 ei

α−γ
2 sin β

2

−e−i
α−γ

2 sin β
2 ei

α+γ
2 cos β2

)
τ ∈ (0, 2π) , α ∈ [0, 4π) , β ∈ [0, π] , γ ∈ [0, 2π)

(18.15)

”implies” (up to an accomodated sign) the Taub-NUT LCR-structure (4.27-
4.29) through the following coordinate identifications

τ = t
4l , α = r′

2l − φ , β = θ , γ = φ

z′0 = ei
t−r′
4l cos θ2 = w0 , z′1 = −w1

w0 = eiφ tan θ
2

z′0̃ = ei
t+r′
4l cos θ2 = w0̃ , z′1̃ = w1̃

w0̃
= e−iφ tan θ

2

(18.16)

Hence the ”Taub-NUT” LCR-structure is equivalent to the ”natural U(2)” LCR-
structure and the Taub-NUT parameter l is a scale parameter.

It is interesting to look at the flow wℓ(τ) of the ℓ LCR-rays in the bounded
U(2) = S1 × S3 coordinates, using the S1 parameter τ as affine parameter. It
has the form

wℓ(τ) =

(
c0 −c1e2iτ
c1 c0e2iτ

)
(18.17)

where c0 and c1 are constants. Recall that the structure coordinates w0 and w1

are constants along these rays because ℓµ∂µw
0 = 0 = ℓµ∂µw

1. The correspond-
ing flow wn(τ) of the n LCR-rays is

wn(τ) =

(
c0̃e2iτ c1̃

−c1̃e2iτ c0̃

)
(18.18)

where c0̃ and c1̃ are constants.
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In the unbounded realization, the Kerr function Y 0Y 1 of the ”natural U(2)”
LCR-structure takes the form K(X) = (X0 + X2)(X1 + X3) and the LCR-
conditions

X =


1 −z1̃
z1 1

−i(z0 + i) z1̃

−z1 −i(z0̃ + i)

 =

(
λ

−ixλ

)

X†E(U)X = 0

(18.19)

are satisfied with x† = x and the explicit forms of the structure coordinates are

z1 = x1+ix2

i+x0+x3 , z0 = x0 − x3 − i− (x1)2+(x2)2

i+x0+x3

z1̃ = − x1−ix2

i+x0−x3 , z0̃ = x0 + x3 − i− (x1)2+(x2)2

i+x0−x3

z0 − z0 + 2i(1− z1z1) = 0 , z0̃ − z0̃ + 2i(1− z1̃z1̃) = 0 , z1̃z0 + z0̃z1 = 0
(18.20)

There is no singularity in R4, because detλ ̸= 0. We should expect it, be-
cause this LCR-structure does not have any singularity in the proper projective
coordinate system, where the entire LCR-manifold belongs.

The ”natural U(2)” LCR-structure may be viewed as a link. The point is
to consider the one real condition of (18.12) as an evolution of the other real
condition and the evolution rule determined by the complex condition. In the
case of the electron and neutrino LCR-structures, we will relate these links with
the different leptonic generations. We consider the two closed corresponding
loops

w′0 = e2imπsw0 , w′1 = e2inπsw1

m,n = coprime integers
(18.21)

which preserves the first real condition and n
m is their relative homotopy. Then

the complex condition implies

w1̃

w0̃
= −e2i n

mπs w1

w0 (18.22)

which means that the evolution preserves the topology of links i.e. they have
the same linking number, which is a topological condition for a smooth LCR-
structure.

18.2 ”Cartesian light-cone” LCR-structure

In order to clarify the above picture, we start with the very simple ”cartesian
light-cone” LCR-structure determined by the quadratic polynomial X0X1 = 0,
which correspond to the union of the two planes X0 = 0 = X1. Taking one
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point at each polynomial, we find the grassmannian region

Xni =


X01 0
0 X12

X21 X22

X31 X32

 =:

(
X1

X2

)
(18.23)

which must be a rank-2 matrix, otherwise it is not a point of the grassmannian
space. The branch curve is Z = (0, 0, Z2, Z3)⊤. Let us first consider the follow-
ing simple chart detX1 ̸= 0 and the corresponding projective coordinates and
structure coordinates of the flat LCR-structure

detX1 ̸= 0 , x = iX2(X1)
−1

z0 := iX
21

X01 = x0 − x3 , z1 := −iX
31

X01 = x1 + ix2

z0̃ := iX
32

X12 = x0 + x3 , z1̃ := −iX
22

X12 = z1

ℓµdx
µ = Λdz0 , mµdx

µ =Mdz1

nµdx
µ = Λdz0̃ , mµdx

µ =Mdz1̃

(18.24)

The integral curves xµℓ (σ) of ℓ
µ∂µ are found using the definition of the projective

coordinates

x0ℓ = i (X
01X32−X31X02)+(X21X12−X11X22)

2(X01X12−X11X02) = z0̃+z0

2 = κ

x1ℓ = i (X
11X32−X31X12)+(X21X02−X01X22)

2(X01X12−X11X02) = z1+z1̃

2 = z1+z1

2

x2ℓ = i (X
11X32−X31X12)−(X21X02−X01X22)

2(X01X12−X11X02) = z1−z1̃
2i = z1−z1

2i

x3ℓ = i (X
01X32−X31X02)−(X21X12−X11X22)

2(X01X12−X11X02) = z0̃−z0
2 = κ− z0

(18.25)

and the fact that z0 and z1 are constant along the curves, because ℓµ∂µz
0 =

0 = ℓµ∂µz
1. The integral curves xµn(σ

′) of nµ∂µ are also found to be

x0n = z0̃+z0

2 = κ′

x1n = z1+z1̃

2 = z1̃+z1̃

2

x2n = z1−z1̃
2i = z1̃−z1̃

2i

x3n = z0̃−z0
2 = z0̃ − κ′

(18.26)

and the fact that z0̃ and z1̃ are constant along the curves, because nµ∂µz
0̃ =

0 = nµ∂µz
1̃. Notice that no singularity appears neither to the tetrad, nor the

structure coordinates and the integral curves. This should be expected, because
the branch curve does not belong to this patch.

Let us now consider the chart detX2 ̸= 0 and the corresponding projective
coordinates and structure coordinates of the flat LCR-structure

detX2 ̸= 0 , x′ := −iX1(X2)
−1 = x−1 (18.27)

There is no need to go again through all the above procedure. In order to find the
LCR-singularity, we write the tetrad in the new coordinate system and choose
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tetrad-Weyl factors such that the tetrad vectors do not have singularities. Then
the possible physical singularity will emerge as the region where the tetrad is
not linear independent. So we start from the tetrad(

x0 − x3 −(x1 − ix2)
−(x1 + ix2) x0 + x3

)
= 1

ηabx
′ax′b

(
x′0 + x′3 (x′1 − ix′2)

(x′1 + ix′2) x′0 − x′3

)
ℓ′ = (ηabx

′ax′b)2[d x′0

ηabx
′ax′b + d x′3

ηabx
′ax′b ]

n′ = (ηabx
′ax′b)2[d x′0

ηabx
′ax′b − d x′3

ηabx
′ax′b ]

m′ = −(ηabx
′ax′b)2[d x′1

ηabx
′ax′b + id x′2

ηabx
′ax′b ]

(18.28)
Then we have

ℓ′ ∧m′ ∧ n′ ∧m′ = 4i(ηabx
′ax′b)4dx′0 ∧ dx′1 ∧ dx′2 ∧ dx′3 (18.29)

which indicates that the singularity is at (ηabx
′ax′b) = 0 in the new coordinate

system.
From the above appearance of the singularity, it becomes clear that the

first coordinate system hides the singularity of the ”cartesian light-cone” LCR-
structure by sending it to infinity. Therefore, in order to have a global view
of the LCR-manifold, we have to pass to the chart, which contains the entire
LCR-manifold. That is, the bounded domain chart. The computations become
complicated, but we are sure that we will not miss anything.

The plane X11 = 0 corresponds to the plane Y 11 + Y 31 = 0 in the bounded
coordinates, the plane X02 = 0 corresponds to the plane Y 02 + Y 22 = 0, and
the corresponding points in G(4, 2) are

Y ni =


Y 01 Y 02

Y 11 Y 12

Y 21 −Y 02

−Y 11 Y 32

 :=

(
Y1
wY1

)
(18.30)

in the bounded homogeneous coordinates Y nj , where w ∈ U(2) are the cor-
responding projective coordinates in the bounded realization of the ”cartesian
light-cone” LCR-manifold. We precisely have(

Y 21 −Y 02

−Y 11 Y 32

)
= eiτ

(
cos ρ+ i sin ρ cosσ −i sin ρ sinσ e−iχ
−i sin ρ sinσ eiχ cos ρ− i sin ρ cosσ

)(
Y 01 Y 02

Y 11 Y 12

)
(18.31)

The two roots of the Kerr polynomial coincide for

det

(
w11 + 1 w12

w21 w22 + 1

)
= 0

⇓
cos τ + cos ρ = 0

(18.32)

which are the future and past celestial spheres, i.e. the (Penrose) scri+ and scri-
respectively.
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In the bounded realization we consider the following structure coordinates
(normalization)

Y ni =


1 −w1̃

w1 1

w0 w1̃

−w1 w0̃

 =


1 iz1̃

1−iz0̃
iz1

1−iz0 1
1+iz0

1−iz0
−iz1̃
1−iz0̃

−iz1
1−iz0

1+iz0̃

1−iz0̃

 (18.33)

where their relation with the unbounded structure coordinates are written ex-
plicitly. The LCR-structure conditions are

1− w0w0 = 0 , w1̃

1+w0̃
= ( w1

1+w0 ) , 1− w0̃w0̃ = 0 (18.34)

The ℓµ LCR-ray tracing is found by fixing s1, s2, s3 and varying the affine
parameter, taken to be σ, because

z0 = sin τ−sin ρ cosσ
cos τ+cos ρ = const , z1 = sin ρ

cos τ +cos ρ sinσ e
iχ = const

s1 := sin τ−sin ρ cosσ
cos τ+cos ρ , s2 := sin ρ sinσ

cos τ +cos ρ , s3 := χ

z0̃ = z0 + 2s2
cosσ
sinσ

(18.35)

From
w11 = Y 21Y 12−Y 11Y 22

Y 01Y 12−Y 11Y 02 , w12 = Y 01Y 22−Y 21Y 02

Y 01Y 12−Y 11Y 02

w21 = Y 31Y 12−Y 11Y 32

Y 01Y 12−Y 11Y 02 , w22 = Y 01Y 32−Y 31Y 02

Y 01Y 12−Y 11Y 02

(18.36)

we finally find

w11 =
(1+s21−s

2
2) sinσ+2s2(s1−i) cosσ

(1−2is1−s21+s22) sinσ−2s2(s1+i) cosσ
, w12 = −2is2e

−iχ cosσ
(1−2is1−s21+s22) sinσ−2s2(s1+i) cosσ

w21 = −2is2e
iχ cosσ

(1−2is1−s21+s22) sinσ−2s2(s1+i) cosσ
, w22 =

(1+s21−s
2
2) sinσ+2s2(s1+i) cosσ

(1−2is1−s21+s22) sinσ−2s2(s1+i) cosσ

(18.37)
The nµ LCR-ray tracing is found a completely analogous procedure.

18.3 An irreducible quadratic LCR-structure

Let us now turn to ”flat” LCR-structure determined by the simple quadratic
surface (in the unbounded Siegel realization)

KU (X) = X1X2 −X0X3 = 0 (18.38)

of CP (3). It is the quadratic Kerr polynomial which is symmetric relative to
z-rotations, time translations and dilations. This last scale invariance makes
the present ”flat” LCR-structure important. Apparently the quadric of CP (3)
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is algebraically regular. But, we will see that its reduction to the real LCR-
manifold is going to generated a non-permitting singularity. We have

X0 = 1 , X1 = λ , X2 = −i[(x0 − x3)− (x1 − ix2)λ]
X3 = −i[−(x1 + ix2) + (x0 + x3)λ]

(18.39)

The Kerr polynomial and its two solutions are

(x1 − ix2)λ2 + 2x3λ− (x1 + ix2) = 0

λ1,2 = −x3±
√
∆

x−iy , ∆ = (x1)2 + (x2)2 + (x3)2
(18.40)

where λ1,2 are the two values of λ on the two sheets of the quadric. The
intersection of the two sheets of CP (3) becomes

∆ = (x1)2 + (x2)2 + (x3)2 = 0 (18.41)

in the LCR-submanifold of G(4, 2).
The preceding calculations are described as follows in the algebraic picture.

The two points

Xn1 =


1

λ1(x)
−i[x0 − x3 − (x1 − ix2)λ1]

−i[−(x1 − ix2) + (x0 + x3)λ1]



Xn2 =


1

λ2(x)
−i[x0 − x3 − (x1 − ix2)λ2]

−i[−(x1 − ix2) + (x0 + x3)λ2]


(18.42)

of the above quadric belong to different sheets created by the considered pro-
jection and they correspond to a point xa of the characteristic boundary R4 of
the ”upper half-plane” domain of G(4, 2). If det(λAi) = λ2 − λ1 = 0, the two
points coincide, that is, the projection line is tangent to the quadric. Recall
that in the general case with gravity, we would have ra(x) = xa + iya(x) and
the intersection would be

(r1)2 + (r2)2 + (r3)2 = 0

(x1)2 + (x2)2 + (x3)2 − [(y1)2 + (y2)2 + (y3)2] = 0
x1y1 + x2y2 + x3y3 = 0

(18.43)

generally a curve in R4. It is the LCR-submanifold corresponding to the complex
1-dimensional intersection curve of the two branches (:= the branch curve of the
quadric) of CP (3). The quadric is a well defined 2-dimensional complex surface
of CP (3) corresponding to the 1-dimensional Riemann surface in CP 2. Recall
that the Riemann surface is constructed by making a branch cut with boundary
the branch points (or a branch point and infinity) and glue the sheets prop-
erly. The corresponding construction of the present quadric in CP (3) should
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be analogous. We take a branch cut of the surface (now) with boundary the
branch curve (now) and glue the sheets properly. But this is not enough now,
because this has to be reduced to the real LCR-manifold R4 in the Siegel chart
(in the complete compact U(2) spacetime in the Cartan chart will be described
below). In the present case and with zero gravity (ya(x) = 0) the branch curve

is reduced to a point −→x =
−→
0 . Therefore the branch cut should be reduced to a

line joining
−→
0 and ∞. The structure coordinates are

z0 = iX21 = x0 − |−→x | , z1 = λ1 = |−→x |−x3

x1−ix2 = x1+ix2

|−→x |+x3

z0̃ = iX22 = x0 + |−→x | , z1̃ = −1
λ2

= x1−ix2

|−→x |+x3 = z1
(18.44)

and the derived tetrad is

ℓµdx
µ = Λ[|−→x |dx0 −−→x · d−→x ]

mµdx
µ =M [(|−→x |(x3 + |−→x |)− (x1 + ix2)x1)dx1+

+(i|−→x |(x3 + |−→x |)− (x1 + ix2)x2)dx2 − (x1 + ix2)(x3 + |−→x |)dx3]
nµdx

µ = N [|−→x |dx0 +−→x · d−→x ]

ℓ ∧m ∧ n ∧m = −4i|−→x |4(x3 + |−→x |)2dx0 ∧ dx1 ∧ dx2 ∧ dx3 ̸= 0, ∀xµ ∈ R4 − {R−}
(18.45)

where the tetrad-Weyl factors are arbitrary as expected. The tetrad is singular
(because it cannot be a basis of the tangent space) in the negative z-axis, where
the branch cut in the algebraic quadric is reduced.

We can make the same calculations in the compact realization of complete
spacetime. In this coordinate patch, Y n is given by the linear transformation

X0 = 1√
2
(Y 0 + Y 2) , X1 = 1√

2
(Y 1 + Y 3)

X2 = 1√
2
(Y 0 − Y 2) , X3 = 1√

2
(Y 1 − Y 3)

(18.46)

Then the Kerr polynomial has the same form

KB(Y ) = Y 1Y 2 − Y 0Y 3 (18.47)

as in the unbounded realization. This quadratic LCR-struture has the same
form in the bounded and unbounded realizations. In the bounded realization
the homogeneous coordinates of G(4, 2) have the form

Y ni =


Y 01 Y 02

Y 11 Y 12

Y 21 Y 22

Y 31 Y 32

 =

(
k
wk

)

det k ̸= 0 , w ∈ U(2)

(18.48)

where the 2x2 matrix w are the projective coordinates. Hence we will substitute

Y n =


1
k

w00 + w01k
w10 + w11k

 (18.49)
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in the new (bounded) form of the Kerr quadric. Then it takes the form

k2w01 + k(w00 − w11)− w10 = 0 (18.50)

with singularities at the points

w = eiτI and w = −eiτI
⇓

ρ = 0 and ρ = π
(18.51)

The ℓµ and nµ rays, which pass from these two points are determined by
s1 := sin τ∓sin ρ

cos τ+cos ρ = sin τ
cos τ ±1 , s2 := σ and s3 := χ respectively. Notice that

the concentration of rays at the above points of SU(2), creates an essential
singularity at |−→x | = 0, not permitting the smooth passage of the rays from the
one R4-sheet to the other. Hence this LCR-manifold should be rejected, because
it is not defined in the entire U(2) universe. In the next section, we will see
that the solitonic electron LCR-structure is well defined in PCFT, while it is
not well defined in general relativity, because of its naked essential singularity!

18.4 Compatible metrics of the ”flat” LCR-manifolds

Using the following spinorial form of the rank-2 matrix Xmj of the ”flat” LCR-
structure in its unbounded realization

Xmj =

(
λAj

−ixA′Bλ
Bj

)
(18.52)

and the Kerr polynomial of the surface of CP (3) we may compute and normalize
two roots λAj . Then the flat null tetrad

La = 1√
2
λ
A′1

λB1σaA′B , Na = 1√
2
λ
A′2

λB2σaA′B , Ma = 1√
2
λ
A′2

λB1σaA′B

det(λAj) = ϵABλ
A1λB2 = 1

(18.53)
determines the class of flat compatible metrics

[gµν ] = ΛN(LµNν +NµLν)−MM(MµMν +MµMν) (18.54)

Hence the two different LCR-structures, ”natural U(2)” and ”cartesian light-
cone” are compatible with the two ”flat” Cartan-Klein geometries based on U(2)
and Lorentz groups. It happens, because the flat U(2) metric

ds2B = (dτ)2 − (dρ)2 − sin2 ρ(dσ)2 − sin2 ρ sin2 σ(dχ)2 =: η̂µνdx
µdxν

τ ∈ (−π, π) , ρ ∈ [0, 2π) , σ ∈ [0, π] , χ ∈ [0, 2π)
(18.55)
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is conformally flat and connected relative to the affine Lorentz group. All its
conformally equivalent metrics are regions of this spacetime as the Cayley co-
ordinate transformation implies

η̂µνdx
µdxν := (cos τ − cos ρ)2ηµνdx

µdxν

(cos τ − cos ρ)2 = 4
1+2[(x0)2+|−→x |2]+[(x0)2−|−→x |2]2

(18.56)

De Sitter metric ds2S is also conformally equivalent to the above metric

ds2S = (dt)2 − T 2
0 cosh2 t

T0
[(dρ)2 − sin2 ρ(dσ)2 − sin2 ρ sin2 σ(dχ)2] =

= T 2
0 cosh2 t

T0
[η̂µνdx

µdxν ]

τ = 2arctan(e
t

T0 ) , T0 :=
√

3
Λ

(18.57)
but with ρ ∈ [0, 2π). It covers the entire covering spacetime R× SU(2).

Hence the LCR-structure is not directly related to a precise lorentzian rie-
mannian metric. It is better to imagine it as a pair of retarded and advanced
”filaments” (ℓµ, nµ). Such a filamentary structure is the characteristic property
of the spacetimes based on the LCR-structure. The caustics of these integral
curves will be related to the ”matter”.

19 THE ELECTRON LCR-MANIFOLD

Einstein’s revolution was the consideration of a geometrical notion, the metric
gµν , as the fundamental quantity of nature. But when he wrote down his equa-
tions Rµν − 1

2gµν = Tµν , he had to refer to the ”matter” Tµν as the second
part. The fundamental quantity of pseudo-conformal field theory (PCFT) is
more general notion than lorentzian Cauchy-Riemann (LCR) structure, which
is essentially an integrability condition for a (global) basis (ℓ,m, n,m) of the
tangent (and cotangent) space of the spacetime manifold. This generalization
permitted us to write down a renormalizable metric independent action, which
is not topological. But notice that only metrics, which admit two geodetic and
shear-free null congruences exist in PCFT. The breaking of the fundamental
tetrad-Weyl symmetry is imposed by the existence of a representative of the
class, where the charge, energy-momentum, angular momentum conservations
are valid. Hence we will say that the tetrad-Weyl symmetry is broken by the
existence of the conservation laws.

The static electron is identified with the static axially symmetric LCR-
structure determined with the linear trajectory ξa = (τ , 0, 0, ia). That is we
have

Xmi =


1 −z1̃
z1 1

−i(z0 − ia) i(z0̃ − ia)z1̃

−i(z0 + ia)z1 −i(z0̃ + ia)

 (19.1)
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where (zα; zβ̃) are now the structure coordinates. Here I will first derive the
”flat” LCR-structure (defined by X†EUX = 0) and after I will make a ”Kerr-
Schild” ansatz adapted to the LCR-tetrad to finally refind the axially symmetric
LCR-structure, which is identified with the electron. I think this approach will
make general relativists more confident to the final picture of the electron as a
gaussian beam (in the optics terminology) in U(2) spacetime.

This procedure implies first the ”flat” LCR-structure coordinates

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ , z1̃ = r+ia
r−iae

−iφ tan θ
2

(19.2)

from which we find the tetrad compatible with the Minkowski metric

Lµdx
µ = Λ[dt− dr − a sin2 θdφ]

Nµdx
µ = N [dt+ r2+2a2 cos2 θ−a2

r2+a2 dr − a sin2 θ dφ]

Mµdx
µ =M [−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ+

+i sin θ(r2 + a2)dφ]

(19.3)

where the tetrad-Weyl factors are not determined, as expected. They are de-
termined by simply imposing that the tetrad gives the Minkowski metric. But
for that, we have to find first the relation of the cartesian coordinates with the
present convenient coordinates (t, r, θ, φ), which we will call ”asymmetric”.

The general relation between the projective coordinates and the homoge-
neous coordinates of G(4, 2) is found by simply inverting their definition formula.
We finally find

r0 = i (X
01X32−X31X02)+(X21X12−X11X22)

2(X01X12−X11X02)

r1 = i (X
11X32−X31X12)+(X21X02−X01X22)

2(X01X12−X11X02)

r2 = (X11X32−X31X12)−(X21X02−X01X22)
2(X01X12−X11X02)

r3 = i (X
01X32−X31X02)−(X21X12−X11X22)

2(X01X12−X11X02)

(19.4)

We already know that the imaginary part of rb = xb + iyb determines the
gravitational ”dressing”, because the ”flatness” condition implies yb = 0. The
Minkowski coordinates xb are related with the ”asymmetric” (t, r, θ, φ) via the
relation

x0 = t
x1 + ix2 = (r − ia) sin θeiφ

x3 = r cos θ

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0

cos θ = x3

r , sin θ =
√

(x1)2+(x2)2

r2+a2

(19.5)
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with the following diffeomorphic relations

dx0 = dt
dx1 = sin θ cosφdr + cos θ(r cosφ+ a sinφ)dθ − sin θ(r sinφ− a cosφ)dφ
dx2 = sin θ sinφdr + cos θ(r sinφ− a cosφ)dθ + sin θ(r cosφ+ a sinφ)dφ
dx3 = cos θdr − r sin θdθ

(19.6)
and

dt = dx0

dr = rx1−ax2

r2+a2 dx1 + ax1+rx2

r2+a2 dx2 + x3

r dx
3

dθ = x3(rx1−ax2)

r2
√

(r2+a2)((x1)2+(x2)2)
dx1 + x3(ax1+rx2)

r2
√

(r2+a2)((x1)2+(x2)2)
dx2 −

√
(x1)2+(x2)2

r
√
r2+a2

dx3

dφ = − ax1+rx2

r((x1)2+(x2)2)dx
1 + rx1−ax2

r((x1)2+(x2)2)dx
2

(19.7)
Hence, we finally find that the conventional tetrad corresponding to the

Minkowski metric

Lµdx
µ = [dt− dr − a sin2 θdφ]

Nµdx
µ = r2+a2

2(r2+a2 cos2 θ) [dt+
r2+2a2 cos2 θ−a2

r2+a2 dr − a sin2 θ dφ]

Mµdx
µ = −1√

2(r+ia cos θ)
[−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ+

+i sin θ(r2 + a2)dφ]

(19.8)

The general tetrad is found with the ”Kerr-Schild” ansatz adapted to the
LCR-structure formalism

ℓµ = Lµ , mµ =Mµ , nµ = Nµ + h(r)
2(r2+a2 cos2 θ) Lµ (19.9)

I want to point out that we find the same static LCR-structure looking for
LCR-structures admitting time translation and axisymmetric symmetries.

With the above definition of the coordinates (t, r, θ, φ), the structure coor-
dinates have the form

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ − 2f1 , z1̃ = r+ia
r−ia e

2iaf2 e−iφ tan θ
2

(19.10)

where the two new functions are

f1(r) =
∫

h
r2+a2+h dr , f2(r) =

∫
h

(r2+a2+h)(r2+a2) dr (19.11)

The Newman-Penrose spin coefficients are found to be

α = ia(1+sin2 θ)−r cos θ
2
√
2 sin θ (r−ia cos θ)2

, β = cos θ
2
√
2 sin θ (r+ia cos θ)

γ = − a2+iar cos θ+h
2ρ2 (r−ia cos θ) +

h′

4ρ2 , ε = 0

µ = − r2+a2+h
2ρ2 (r−ia cos θ) , π = ia sin θ√

2(r−ia cos θ)2

ρ = − 1
r−ia cos θ , τ = − ia sin θ√

2ρ2

κ = 0 , σ = 0 , ν = 0 , λ = 0

(19.12)
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which will be useful for our computations. Recall that the Kerr-Newman space-
time has h(r) = −2Mr + e2. In this case the integrals are

f1(r) =
∫ −2Mr+e2

r2+a2−2Mr+e2 dr = −M ln |∆|
r1 + 2M2−e2

Θ arctan Θ
r−M

f2(r) =
∫ −2Mr+e2

(r2+a2−2Mr+e2)(r2+a2) dr =
1

2ia ln[r2
r−ia
r+ia (

r−M+iΘ
r−M−iΘ )

a
Θ ]

∆ := r2 + a2 − 2Mr + e2 , Θ :=
√
a2 + e2 −M2

(19.13)

and the structure coordinates of the ”Kerr-Newman” LCR-manifold are

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ + 2M ln |∆|
r1

+ 2(e2−2M2)
Θ arctan Θ

r−M
z1̃ = r2(

r−M+iΘ
r−M−iΘ )

a
Θ e−iφ tan θ

2

(19.14)

in the Lindquist coordinates (t, r, θ, φ). The constants r1 and r2 are normaliza-
tion constants. Notice the singularities in the ambient complex manifold occur
at the two complex values of r =M ± iΘ. It is well known to general relativists
that this choice of tetrad-Weyl factors preserve the electromagnetic current and
the energy-momentum and angular momentum currents. This breaking of the
tetrad-Weyl symmetry will be shown in the subsections of the electromagnetic
and gravitational ”dressings” of the Kerr-Newman manifold.

The general form (4.13)

ρ11(z
α, zβ) = 0 , ρ12(z

α, zβ̃) = 0 , ρ22(z
α̃, zβ̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(19.15)

of the embedding of the LCR-manifold in the ambient complex manifold may
be viewed as a deformation of the 3-dimensional CR-manifold ρ11(z

α, zβ) = 0
through a formal anti-meromorphic transformation

zβ̃ = f β̃(zα; s) (19.16)

which generalizes the trivial transformation of the degenerate LCR-structure.
In the present electron LCR-structure this deformation takes the form

z0̃ = z0 + 2(r − f1)

z1̃ = r2z1(
r−M+iΘ
r−M−iΘ )

a
Θ

(19.17)

where the deformation parameter is the real variable r.
The static axially symmetric LCR-structure (identified with the electron) is

stable, because all its relative invariants

Φ1 = ρ−ρ
i = −2a cos θ

r2+a2 cos2 θ

Φ2 = µ−µ
i = − (r2+a2+h)a cos θ

(r2+a2 cos2 θ)2

Φ3 = −(τ + π) = 2iar sin θ√
2(r+ia cos θ)2(r−ia cos θ)

(19.18)

126



do not vanish. Notice the gravitational and electromagnetic ”dressings” that
this soliton contains.

Making all the preceding calculations and comments, I had in my mind the
values of the electron parameters. Therefore let us make them precise, and
compute[5] the electron parameters in the dimensionless units (DU) c = G =
ℏ = 1. These constants in the SI system have the values

c = 2.99792458 ∗ 108 m ∗ s−1

G = 6.674 ∗ 10−11m3 ∗ kg−1 ∗ s−2

ℏ = h
2π = 1.05 ∗ 10−34kg ∗m2 ∗ s−1

MP =
√

ℏc
G = 2.176 ∗ 10−8kg

(19.19)

Then the electron mass Me, charge e
2 and spin parameter a have the values

M = Me

MP
= 4.18 ∗ 10−23

e2 = q2

4πε0ℏc =
1

137

a = ℏ
2Me

= 2.09 ∗ 1023

a2 >> e2 >> M2

(19.20)

Hence a2 + e2 −M2 > 0, which justifies my calculational choices.
We see that the electron metric has an essential naked singularity. This is

a problem for general relativity, because its fundamental quantity, the metric,
does not ”see” the algebraic structure. It is known (and well described in many
books of general relativity) that its analytic extension has two sheets xb and x′b

which are determined by the two roots

r = ±
{

(x1)2+(x2)2+(x3)2−a2
2 +

√
[ (x

1)2+(x2)2+(x3)2−a2
2 ]2 + a2(x3)2

} 1
2

(19.21)
In the next subsections, I will show that these two surfaces constitute the bound-
ary U(2) of the bounded realization of the SU(2, 2) classical domain and their
correspondence is the well known Cayley transformation. It will make clear
why the spinorial electron naked singularity in U(2) universe can be properly
incorporated in PCFT, while it is rejected as ”unphysical” by the riemannian
formalism.

19.1 The tetrad-Weyl connection for the electron LCR-
structure

In the general case of a LCR-tetrad

dℓ− Z1 ∧ ℓ = iΦ1m ∧m
dn− Z2 ∧ n = iΦ2m ∧m
dm− Z3 ∧m = Φ3ℓ ∧ n

(19.22)
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where the abelian connection of the tetrad-Weyl transformation is

Z1µ = (θ1 + µ+ µ)ℓµ + (ε+ ε)nµ − (α+ β − τ)mµ−
−(α+ β − τ)mµ

Z2µ = −(γ + γ)ℓµ + (θ2 − ρ− ρ)nµ − (π − α− β)mµ−
−(π − α− β)mµ

Z3µ = (γ − γ + µ)ℓµ + (ε− ε− ρ)nµ − (θ3 + π − τ)mµ−
−(β − α)mµ

(19.23)

with the functions θ1 , θ2 , θ3 á priori arbitrary, and the torsion is

Φ1 = ρ−ρ
i , Φ2 = µ−µ

i , Φ3 = −(τ + π) (19.24)

which get precise transformations under the tetrad-Weyl transformations. The
spin coefficients transform as follows

α′ = 1
M α+ M M−ΛN

4MΛN (τ + π) + 1
4M δ ln Λ

NM
2

β′ = 1
M
β + M M−ΛN

4MΛN
(τ + π) + 1

4M
δ ln ΛM2

N

γ′ = 1
Λγ + M M−ΛN

4M MΛ
(µ− µ) + 1

4Λ∆ln M
N2M

ε′ = 1
N ε+

M M−ΛN
4M MN

(ρ− ρ) + 1
4ND ln MΛ2

M

µ′ = 1
2Λ (µ+ µ) + N

2M M
(µ− µ) + 1

2Λ∆ln(M M)

ρ′ = 1
2N (ρ+ ρ) + Λ

2M M
(ρ− ρ)− 1

2ND ln(M M)

π′ = M
2ΛN (π + τ) + 1

2M (π − τ) + 1
2M δ ln(ΛN)

τ ′ = M
2ΛN (τ + π) + 1

2M
(τ − π)− 1

2M
δ ln(ΛN)

κ′ = Λ
NM

κ , σ′ = M
NM

σ

ν′ = N
ΛM ν , λ′ = M

ΛM λ

(19.25)

From this point of view the connection Ziµ transforms as

Z ′
1µ = Z1µ + ∂µ lnΛ , Z ′

2µ = Z2µ + ∂µ lnN , Z ′
3µ = Zµ + ∂µ lnM

θ′1 = 1
Λθ1 +

1
Λn

µ∂µ ln
Λ

MM
, θ′2 = 1

N θ2 +
1
N ℓ

µ∂µ ln
N
MM

θ′3 = 1
M θ3 +

1
Mmµ∂µ ln

M
ΛN

(19.26)
and the torsion Φ1, Φ2, Φ3 as

ρ′ − ρ′ = Λ
MM

(ρ− ρ)

µ′ − µ′ = N
MM

(µ− µ)

τ ′ + π′ = M
ΛN (τ + π)

(19.27)

Hence the differential forms

F1 = dZ1 , F2 = dZ2 , F = dZ3 (19.28)

are LCR invariants. In the generic case of non vanishing relative invariants, the
gauge transformations are satisfied if

θ1 = nµ∂µ lnΦ1 , θ2 = ℓµ∂µ lnΦ2 , θ3 = mµ∂µ lnΦ3 (19.29)
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I point out that the real quantity

i(ρ− ρ)(µ− µ)(τ + π)(τ + π)ℓ ∧m ∧ n ∧m (19.30)

is a LCR structure invariant.

19.2 Integral curves of the flatprint LCR-structure

We have already found that in the flatprint electron LCR-structure the structure
coordinates are

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ , z1̃ = r+ia
r−iae

−iφ tan θ
2

(19.31)

and the cartesian coordinates are

x0 = t
x1 + ix2 = (r − ia) sin θeiφ

x3 = r cos θ

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0

(19.32)

Then the Lµ∂µz
α = 0 implies that the outgoing integral curves (rays) are de-

termined by the surfaces

s1 := t− r , s2 := θ , s3 := φ (19.33)

Assuming t as the parameter along the ray we find the congruence

x0L(t) = t
x1L(t) = [(t− s1) cosφ+ a sinφ] sin θ
x2L(t) = [(t− s1) sinφ− a cosφ] sin θ
x3L(t) = (t− s1) cos θ

Jacobian = [(t− s1)
2 + a2 cos2 θ] sin θ

(19.34)

The variables (t, s1, s2, s3) are the (natural) ray coordinates. The caustic is
the surface where these coordinates fail to describe uniquely the rays. That
is, where the jacobian of the coordinates (relative to the cartesian coordinates)
vanishes. It occurs at

{t− s1 = 0, θ = π
2 } ∪ {θ = 0}

i.e.
{(x1)2 + (x2)2 = a2, x3 = 0} ∪ {x1 = 0 = x2}

(19.35)

which is written in cartesian coordinates. At t = 0, the rays determined by
(0, s1, s2 = θ, s3 = φ) will cross the t = 0 surface at

x0L(0) = 0
x1L(0) = (−s1 cosφ+ a sinφ) sin θ
x2L(0) = (−s1 sinφ− a cosφ) sin θ
x3L(0) = −s1 cos θ

(19.36)

129



Notice that the parameter t does not determine the distance of the points of a ray
from the caustic. That is (t, s1, s2, s3) are not caustic coordinates. Therefore
it is convenient to use the caustic coordinates (r, s1, s2, s3), which have the
property (0, s1,

π
2 , s3) to be on the caustic. In this caustic coordinate system

the LCR-rays are traced by the relation

x0L(r) = s1 + r
x1L(r) = (r cosφ+ a sinφ) sin θ
x2L(r) = (r sinφ− a cosφ) sin θ
x3L(r) = r cos θ

Jacobian = [r2 + a2 cos2 θ] sin θ

(19.37)

The source of the LCR-rays are at r = 0, i.e.

x0L(0) = s1
x1L(0) = a sinφ sin θ
x2L(0) = −a cosφ sin θ
x3L(0) = 0

(19.38)

the disk found above.
The Nµ∂µz

α̃ = 0 implies that its incoming rays are determined by the
surfaces

s′1 := t+ r , s′2 := θ , s′3 := φ+ arctan 2ar
a2−r2 (19.39)

Then we find the congruence

x0N (r) = s′1 − r
x1N (r) = [r cos s′3 − a sin s′3] sin θ
x2N (r) = [r sin s′3 + a cos s′3] sin θ
x3N (r) = r cos θ

Jacobian = [r2 + a2 cos2 θ] sin θ

(19.40)

As expected the velocities
.
x
i
L(t) and

.
x
i
N (t) have asymptotically opposite radial

directions.
We will now show that the origin of the essential singularity of the Kerr man-

ifold is the intersection of the two sheets of the static electron regular quadric
(in the unbounded Siegel realization)

X1X2 −X0X3 + 2aX0X1 = 0 (19.41)

of CP (3). In the flatprint case we have

X0 = 1 , X1 = λ , X2 = −i[(x0 − x3)− (x1 − ix2)λ]
X3 = −i[−(x1 + ix2) + (x0 + x3)λ]

(19.42)
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and the Kerr polynomial and its two solutions are

(x1 − ix2)λ2 + 2(x3 − ia)λ− (x1 + ix2) = 0

λ1,2 = −(x3−ia)±
√
∆

x−iy , ∆ = (x1)2 + (x2)2 + (x3)2 − a2 − 2iax3
(19.43)

where λ1,2 are the two values of λ on the two sheets of the quadric. The
intersection curve of these two sheets is

∆ = (x1)2 + (x2)2 + (x3)2 − a2 − 2iax3 = 0

x3 = 0 , (x1)2 + (x2)2 = a2
(19.44)

which, after the LCR projection to R4, becomes the singularity ring of the
electron (Kerr-Newman) manifold. Notice that the quadratic surface is regular
and the intersection of the two branches is implied by the projection. The points
of the algebraic intersection curve (the branch curve) of the (regular) quadric
of CP (3) are regular points like any other point of the quadric.

19.3 Electron LCR-ray tracing

In the context of PCFT, the electron is a static and axially symmetric LCR-
structure (ℓ,m;n,m) determined by a quadratic surface of CP (3). The space-
time (universe) of the electron is U(2), the double cover of R4 which communi-
cate through conformal infinity and the unit disk x2+ y2 < a2, z = 0, located
on the boundary r = 0. The rays xµℓ of the retarded congruence ℓµ are labeled
by (u, θ, φ) defined by

z0 =: u+ iU(θ, φ) , z1 =: eiφ tan θ
2

(19.45)

and the rays xµn of the advanced congruence nµ are labeled by (v, θ′, φ′) defined
by

z0̃ =: v + iV (θ′, φ′) , z1̃ =: eiφ
′
tan θ′

2
(19.46)

If we define ”natural time” t := u+v
2 and ”natural distance” r := v−u

2 , the
retarded rays emerge from r < 0 through the unit disk of the electron universe
U(2), they reach conformal infinity through which pass again in r < 0 region
and they come down (as advanced rays) to the unit disk, from which they pass
to the r > 0 region and close their loop trace. The advanced rays emerge from
conformal infinity, they come down and pass through the unit disk in the r < 0
region where they travel (as retarded rays) to conformal infinity and close their
trace. That is the electron is like a gaussian beam of advanced and retarded
rays in U(2) with its neck at the unit disk on the boundary r = 0.

The two fundamental equations of the LCR-structure take the conserved
ray-density forms

dz0 ∧ dz0 ∧ dz1 ∧ dz1 = 0 , dz0̃ ∧ dz0̃ ∧ dz1̃ ∧ dz1̃ = 0
⇓

d(iUdu ∧ dz1 ∧ dz1) = 0 , d(iV dv ∧ dz1̃ ∧ dz1̃) = 0

(19.47)
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If the LCR-structure has definite chirality U = 0 or V = 0, its ℓµ and nµ LCR-
rays density vanishes respectively. In the case of the electron and because of

its left-right symmetry z1z1 = z1̃z1̃ both retarded and advanced LCR-rays have
the same densities found to be

d[−2ia z1z1

1+z1z1
d(t− r) ∧ dz1 ∧ dz1] = 0 , d[2ia z1z1

1+z1z1
d(t+ r) ∧ dz1̃ ∧ dz1̃] = 0

⇓
ρ(r, θ, φ)∆S =

a sin2 θ
2

r cos4 θ
2

(r2 sin θdθdφ) , ρ′(r, θ′, φ′)∆S =
a sin2 θ′

2

r cos4 θ′
2

(r2 sin θ′dθ′dφ′)

(19.48)
but as we have proved above the ℓµ and nµ LCR-rays have opposite directions
through the singular and different tubes (the Penrose scri± at the ”infinity” of
each R4-sheet. Also notice that the flow of the density decreases as 1

r .
In the natural (u, r, θ, φ) coordinates of the ℓµ congruence the tetrad takes

the form

ℓµdx
µ = du− a sin2 θ dφ

nµdx
µ = 1

2(r2+a2 cos2 θ) [∆du+ 2(r2 + a2 cos2 θ)dr − a∆sin2 θ dφ]

mµdx
µ = −1√

2(r+ia cos θ)
[−ia sin θ du+ (r2 + a2 cos2 θ)dθ+

+i sin θ(r2 + a2)dφ]

∆ := r2 + a2 − 2Mr + e2

(19.49)

In the singularity disk the tetrad is not linearly independent. The disk singu-
larity is a manifestation of the break down of the linear independence of the
LCR-tetrad, which is a consequence of the coincidence of the two intersection
points of the quadric surface of CP (3) with its projection line. In the context
of algebraic geometry it is a coordinate singularity related to the chosen affine
space.

Already in the context of general relativity it has been observed that the
mass does not permit an identification between the Penrose scri+ and scri-
boundaries of spacetime. In order to make things explicit the Kerr-Newman
integrable null tetrad will be used as an example. Around scri+ the coordinates
(u, w = 1

r , θ, φ) are used, where the integrable tetrad takes the form

ℓ = du− a sin2 θ dφ

n = 1−2mw+e2w2+a2w2

2w2(1+a2w2 cos2 θ) [w
2 du− 2(1+a2w2 cos2 θ)

1−2mw+e2w2+a2w2 dw − aw2 sin2 θ dφ]

m = 1√
2w(1+iaw cos θ)

[iaw2 sin θ du− (1 + a2w2 cos2 θ) dθ−
−i sin θ(1 + aw2) dφ]

(19.50)
The physical space is for w > 0 and the integrable tetrad is regular on scri+
up to a factor, which does not affect the congruence, and it can be regularly
extended to w < 0. Around scri- the coordinates (v, w′, θ′, φ′) are used with
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dv = du+ 2(r2+a2)
r2−2mr+e2+a2 dr

dw′ = −dw , dθ′ = dθ

dφ′ = dφ+ 2a
r2−2mr+e2+a2 dr

(19.51)

and the integrable tetrad takes the form

ℓ = 1
w′2 [w

′2 dv − 2(1+a2w′2 cos2 θ)
1+2mw′+e2w′2+a2w′2 dw

′ − aw′2 sin2 θ′ dφ′]

n = 1+2mw′+e2w′2+a2w′2

2(1+a2w′2 cos2 θ′) [dv − a sin2 θ′ dφ′]

m = −1√
2w′(1−iaw′ cos θ′)

[iaw′2 sin θ dv − (1 + a2w′2 cos2 θ′) dθ′−
−i sin θ′(1 + aw′2) dφ′]

(19.52)

The physical space is for w < 0 and the integrable tetrad is regular on scri-
up to a factor, which does not affect the congruence, and it can be regularly
extended to w > 0. When m ̸= 0 these two regions cannot be identified and
the LCR-structure is extended across scri+ and scri- of the two R4-sheets . If
the mass term vanishes the two regions of scri+ and scri- can be identified and
the ℓµ and nµ congruences are interchanged, when scri+ (and scri- respectively)
is crossed, but the implied flat LCR-manifold will be singular, because of the
remaining disk singularity.

19.4 Bounded realization of the flatprint LCR-structure

In the Lindquist coordinates, the ring naked singularity r2 + a2 cos2 θ = 0 does
not depend on the gravitational parameters of the electron. This is purely a
spinorial effect, already present in the ”flatprint” of the electron LCR-structure.
Therefore, we will neglect gravitational and electromagnetic ”dressings” and we
will work with the ”flatprint” of the electron LCR-structure. Recall that the
one R4 sheet of the U(2) → R4 Cayley 2 → 1 transformation is

For s := R0
sin ρ

cos τ+cos ρ > 0

x0 = T0
sin τ

cos τ+cos ρ

x1 + ix2 = R0
sin ρ

cos τ+cos ρ sinσ e
iχ

x3 = R0
sin ρ

cos τ+cos ρ cosσ

(19.53)

and the second R4 is identified with s < 0,

For s := R0
sin ρ

cos τ+cos ρ < 0

x′0 = T0
sin τ

cos τ+cos ρ

x′1 + ix′2 = −R0
sin ρ

cos τ+cos ρ sinσ e
iχ

x′3 = −R0
sin ρ

cos τ+cos ρ cosσ

(19.54)
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The constants T0 and R0 are related to the time and space sizes. Notice that
this is the Penrose artificial compactification of the Minkowski spacetime, but in
the context of PCFT, this is implied by the formalism itself. In the case of the
Penrose artificial compactification these two sheets s ≷ 0 communicate through
the scri+ and scri- infinities. In the case of the electron flatprint LCR-structure,
these two sheets communicate through the glued two discs (x1)2 + (x2)2 < a2

too, because we may assume

r = +

{
s2−a2

2 +
√

[ s
2−a2
2 ]2 + a2(x3)2

} 1
2

for s > 0

r = −
{
s2−a2

2 +
√

[ s
2−a2
2 ]2 + a2(x3)2

} 1
2

for s < 0

(19.55)

Notice that in the identified region (the disc for both sheets) r = 0 in both
sheets. That is, r = 0 occurs at x3 = 0 and s2 ≤ a2 for both sheets s ≷ 0.

The two LCR-congruences ℓµ =
dxµ

ℓ

dr and nµ =
dxµ

n

dr of the flatprint elec-
tron LCR-manifold can be easily implied from the calculations of the previous
section. The starting idea is that the structure coordinates zα(x) provide the
three invariants (s1, s2, s3) along the ray, which label the ℓ-ray xµℓ (r), and the
structure coordinates zα̃(x) provide the invariants (s′1, s

′
2, s

′
3), which label the

n-ray xµn(r). Hence we simply have the same forms, but we let r ∈ (−∞,+∞)
and at r = 0 we pass to the second x′µL (r), x′µL (r) ∈ R4 sheet. It is intuitively
instructive.

The second way is tracing the rays wL,N (r; s1, s2, s3) ∈ U(2) in the complete
bounded universe U(2) taking r ∈ (−∞,+∞) as the parameter indicating the
ray points.

From the relation

Y 0 = 1√
2
(X0 +X2) , Y 1 = 1√

2
(X1 +X3)

Y 2 = 1√
2
(X0 −X2) , Y 3 = 1√

2
(X1 −X3)

(19.56)

between the bounded Y ni and unbounded Xni homogeneous coordinates and

Xmi =


1 −z1̃
z1 1

−i(z0 − ia) i(z0̃ − ia)z1̃

−i(z0 + ia)z1 −i(z0̃ + ia)

 (19.57)

we find

Y mi = 1√
2


1− i(z0 − ia) (−1 + i(z0̃ − ia))z1̃

(1− i(z0 + ia))z1 1− i(z0̃ + ia)

1 + i(z0 − ia) −(1 + i(z0̃ − ia))z1̃

(1 + i(z0 + ia))z1 1 + i(z0̃ + ia)

 (19.58)
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Like previously, we use the relations

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ , z1̃ = r+ia
r−iae

−iφ tan θ
2

(19.59)

to find the labels of Lµ rays

s1 := t− r , s2 := θ , s3 := φ (19.60)

and assume the r parameter to indicate the points of the one ray. The coordi-
nates zα do not depend on r, remain invariant along the rays, therefore I keep
them unchanged. Then we express only zα̃ as functions of the proper Lµ ray
coordinates (r, s1, s2, s3)

z0̃ = s1 + 2r − ia cos θ , z1̃ = r+ia
r−iae

−iφ tan θ
2

(19.61)

and we find the rays in homogeneous coordinates Y mi(r).
In the context of the quadratic CP (3) hypersurface, along the Lµ integral

curves the one intersection point with the line is preserved constant and changes
the second. For the Nµ integral curves the role of the intersection points are
interchanged. Now using the relation

w11 = Y 21Y 12−Y 11Y 22

Y 01Y 12−Y 11Y 02 , w12 = Y 01Y 22−Y 21Y 02

Y 01Y 12−Y 11Y 02

w21 = Y 31Y 12−Y 11Y 32

Y 01Y 12−Y 11Y 02 , w12 = Y 01Y 32−Y 31Y 02

Y 01Y 12−Y 11Y 02

(19.62)

between the bounded projective w ∈ U(2) and homogeneous Y ni coordinates,
we finally find the rays wL(r; s1, s2, s3) ∈ U(2) in the complete bounded universe
U(2).

The intersection of the two R4 sheets in U(2) coordinates can be computed
by simply making the Cayley transformation of the cartesian form of the ring
singularity. Then we find that in (τ , ρ, σ, χ) coordinates the ring singularity (the
caustic of the congruence) and its ”tube” connecting the two sheets is

σ = π
2 , R2

0
sin2 ρ

(cos τ+cos ρ)2 ≤ a2

−π < ρ < π , −π < τ < π
(19.63)

which apparently contains both rings of the two R4 copies.
In principle we can compute the explicit form of the Lµ ray tracing in U(2),

it is too complicated. From the cartesian coordinates we have

x0 = sin τ
cos τ+cos ρ

x1 + ix2 = sin ρ
cos τ+cos ρ sinσ e

iχ =
√
r2 + a2e−i arctan

a
r sin θeiφ

x3 = sin ρ
cos τ+cos ρ cosσ = r cos θ

s := sin ρ
cos τ+cos ρ

(19.64)
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which imply the following relations of the curve determining variables (s1, s2, s3)

s1 := sin τ
cos τ+cos ρ − r

s2 := tan θ = r√
r2+a2

tanσ

s3 := φ = χ+ arctan a
r

r4 − [s2 − a2]r2 − a2s2 cos2 σ = 0

(19.65)

and the convenient affine parameter of the congruence is r. The implied form
of wL(r; s1, s2, s3) is too complicated to be presented here.

In the context of conventional optics, such formations have been observed
and they are called gaussian beams, which have complex centers. The electron
seems to be such a gaussian beam with waist a in the entire flat universe.

19.5 Electron viewed from conformal infinity

Recall that the electron is a static axially symmetric LCR-structure relative
to a precise grassmannian chart (coordinate system) with homogeneous and
projective coordinates

Xmi =

(
X1

X2

)
=

(
X1

−irX1

)
detX1 ̸= 0 , r := iX2X

−1
1

(19.66)

where the linear (affine) transformation is(
X ′

1

X ′
2

)
=

(
A11 0
A21 A22

)(
X1

X2

)
r′ = iX ′

2X
′−1
1 = A22rA

−1
11 + iA21A

−1
11

(19.67)

and the Kerr polynomial (the quadric of CP (3)) of the electron has the form

K(Zn) = Z1Z2 − Z0Z3 + 2aZ0Z1 (19.68)

At the conformal coordinate chart

Xmi =

(
X1

X2

)
=

(
ir̂X2

X2

)
detX2 ̸= 0 , r̂ := −iX1X

−1
2 = r−1

x̂µ := xµ

ηρσx
ρxσ

(19.69)

the affine transformation (Poincaré transformation) has the form(
X ′

1

X ′
2

)
=

(
A11 A12

0 A22

)(
X1

X2

)
r̂′ = −iX ′

1X
′−1
2 = A11r̂A

−1
22 − iA12A

−1
22

(19.70)

and the above Kerr polynomial is no longer static and axially symmetric relative
to these coordinates. The caustic of the electron LCR-structure (the unit disk)

will look like an exploding circle (x̂1)2 + (x̂2)2 = a2

1+a2 .
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19.6 Electromagnetic dressing of the electron

Because of the tetrad-Weyl symmetry, the LCR-manifold (determined by the
tetrad [ℓ,m;n,m]) can define a class of metrics [gµν ] and the corresponding class
of self-dual 2-forms

gµν = ℓµnν + nµℓν −mµmν −mµmν

V1 := ℓ ∧m
V2 := n ∧m
V3 := ℓ ∧ n−m ∧m

(19.71)

which satisfy the relations

dV1 = [(2ε− ρ)n+ (τ − 2β)m] ∧ V1
dV2 = [(µ− 2γ)ℓ+ (2α− π)m] ∧ V2
dV3 = 2[µℓ− ρn− πm+ τm] ∧ V3

(19.72)

where I have assumed the conditions κ = σ = 0 = λ = ν, which define the
LCR-structure. In this and the subsequent subsection I will explicitly show how
the tetrad-Weyl symmetry is broken down and a precise metric and 2-form is
imposed in the electron LCR-manifold.

In the case of LCR-manifolds compatible with the Minkowski metric [ηµν ],
the tetrad-Weyl factors are trivially chosen. Recall that ”flatness” is essentially
defined algebraically. But in the case of the electron LCR-manifold it seems to
be something more profound. It admits a closed but not exact 2-form f(x)V3.

The LCR-tetrad

ℓµ = Lµ , mµ =Mµ , nµ = Nµ + h(r)
2(r2+a2 cos2 θ) Lµ (19.73)

admits a generally complex function f(x), such that

F̂ = c
(r−ia cos θ)2 (ℓ ∧ n−m ∧m) = c

(r−ia cos θ)2 (L ∧N −M ∧M)

dF̂ = 0 , ∀x /∈ {caustic}

d[µℓ− ρn− πm+ τm] = 0

(19.74)

where c is an arbitrary complex constant, and the last relation is the necessary
and sufficient condition for the existence of such a self-dual 2-form. Notice
that this definition continues to permit the tetrad-Weyl transformations with
ΛN = MM , that is the ordinary Weyl transformation, which will be fixed by
the existence of a ”gravitational” conserved current. It will be described in the
next subsection.

We explicitly find

F̂ = c
(r−ia cos θ)2 [dt ∧ dr + ia sin θdt ∧ dθ − ia sin θdr ∧ dθ+
+a sin2 θdr ∧ dφ+ i(r2 + a2) sin θdθ ∧ dφ]

(19.75)
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Applying Stoke’s theorem, we find the coefficient of the singularity at the caustic

lim
r→∞

∫
t,r

F̂ = 4icπ (19.76)

We choose the arbitrary complex constant c, such that the implied real 2-form
F := Re(F̂ ) admits pure electric charge

dF = 0 , d ∗ F = − ∗ je

F = q
4π(r2+a2 cos2 θ)2 [(r

2 − a2 cos2 θ)dt ∧ dr − 2a2r cos θ sin θdt ∧ dθ+
+2a2r cos θ sin θdr ∧ dθ + a(r2 − a2 cos2 θ) sin2 θdr ∧ dφ−
−2ar(r2 + a2) cos θ sin θdθ ∧ dφ =
= d[ qr

4π(r2+a2 cos2 θ) (dt− dr − a sin2 θdφ)]

(19.77)
The electromagnetic potential

A = qr
4π(r2+a2 cos2 θ) (dt− dr − a sin2 θdφ) (19.78)

is proportional to the retarded (causal) real covector ℓµ of the LCR-tetrad.

Notice that the dimension of the potential Aµ is [Q]
[L]2 . Besides, there is a peculiar

phenomenon that we have to understand. The existence of the closed 2-form F̂
is a ”flat” LCR-structure property without intervention of the ”curved” part of
nµdx

µ. But the electromagnetic charge, appears in the gravitational dressing
too.

In cartesian coordinates

x0 = t
x1 = (r cosφ+ a sinφ) sin θ
x2 = (r sinφ− a cosφ) sin θ
x3 = r cos θ

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0

(19.79)

the electromagnetic potential takes the form

A = qr3

4π(r4+a2(x3)2) (dx
0 − rx1−ax2

r2+a2 dx1 − rx2+ax1

r2+a2 dx2 − x3

r dx
3) (19.80)

which is singular at the ring

x0 = t , (x1)2 + (x2)2 = a2 , x3 = 0 (19.81)

∀x0 ∈ R. Notice that it is not a point.
Now let me make a fundamental remark. The field strength 2-form is a sin-

gular function at the caustic. We cannot compute the classical electromagnetic
energy, because it diverges at the caustic. In the context of quantum electrody-
namics this problem is solved in the context of Schwartz generalized functions.
Recall that singular functions are representatives of Schwartz distributions, if
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they are derivatives of locally integrable functions. The above electromagnetic
potential Aµ has locally integrable components, because

∞∫
0

dr
∫
dθ r2 sin θ

r2+a2 cos2 θϕ(r) = − lim
ε→+0

∞∫
ε

dr raϕ(r)
∫
dc′ 1

1+c′2 =

= lim
ε→+0

∞∫
ε

dr 2ra ϕ(r) arctan
a
r

c′ := a
r cos θ

(19.82)

(ϕ(r) is a test function) is finite. It permit us to make computations with the
field strength and all its derivatives as long as we respect the rules of Schwartz
distributions. When we multiply generalized functions, we must be careful with
their wavefront singularities. This is the origin of the infinity problems we have
with the conserved electromagnetic energy (=square of field strength), which
are solved by normal ordering and ”renormalizability” procedure in quantum
electrodynamics.

19.7 Gravitational dressing of the electron

The electromagnetic conserved current restricts the tetrad-Weyl symmetry down
to the ordinary Weyl symmetry, which is a symmetry of the electromagnetic
field. The further restriction will be imposed from a conserved current in the
class of metrics [gµν ]. Taking into account that the conformal tensor is Weyl
invariant, the conserved current has to emerge from the Bianchi part of the
curvature.

It is well known in general relativity, that the Kerr-Schild ansatz in cartesian
coordinates linearizes the Einstein tensor. In cartesian coordinates

x0 = t
x1 = (r cosφ+ a sinφ) sin θ
x2 = (r sinφ− a cosφ) sin θ
x3 = r cos θ

Jacobian = (r2 + a2 cos2 θ) sin θ

(19.83)

we chose the tetrad-Weyl factors such that a representative of the electron class
of metrics takes the form

gµν = ηµν + ϕ LµLν
ϕ = −2Mr3+e2r2

r4+a2(x3)2

Lµdx
µ = dx0 − (rx1−ax2)

r2+a2 dx1 − (rx2+ax2)
r2+a2 dx2 − x3

r dx
3

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0

(19.84)
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The Ricci tensor and scalar curvature take the linear form

Rµν = 1
2 [∂

µ∂ρh
ρ
ν + ∂ν∂ρh

ρµ − ∂µ∂νh− ηρσ∂ρ∂σh
µ
ν ]

R = ∂ν∂µh
νµ − ηρσ∂ρ∂σh

gµν = ηµν + hµν , h := ηµνhµν
hµν := −2Mr3+e2r2

r4+a2(x3)2 LµLν

(19.85)

Hence the Einstein tensor of the electron gravitational dressing is linear in hµν
and the corresponding Bianchi identity leads to a conserved current for energy-
momentum and angular momentum, which breaks the Weyl symmetry. Besides,
the implied coupling constant of the gravitational dressing is not dimensionless.

In the unbounded realization of the classical domain, the flat universe is
locally the real axis R4 and the computations are simple because the flat metric
is constant, but we miss the global structure of the entire universe U(2). The
second R4-sheet is beyond infinity. But in the case of the electron, the tracing
of LCR-rays indicates that it folds with infinity back to the local singularity
disk (the location of the electron). Therefore the global picture of the universe
is necessary to describe the electron and the positron as well defined LCR-
manifolds.

We have already showed, that the induced metric implied by the bounded
ambient ”flat” Kaehler manifold is

ds2B = (dτ)2 − (dρ)2 − sin2 ρ(dχ)2 − sin2 ρ sin2 χ(dψ)2 =: η̂µνdx
µdxµ

τ ∈ (0, 2π) , ρ ∈ [0, 2π) , θ ∈ [0, π] , φ ∈ [0, 2π)
(19.86)

This metric η̂µν is a conformal transformation of the Minkowski metric ηµν . We
precisely have

ds2U = 1
(cos τ+cos ρ)2 ds

2
B (19.87)

Hence, the Einstein equations are no longer linear and the conservation law is
not valid. The breaking mechanism does not work. Therefore it is essential to
work in one from the two R4-sheets of the universe, where even gravitational
dressing admits conserved quantities because of its linearized equation.

In ordinary general relativity the conservation of energy-momentum and
angular momentum is derived from pseudotensors. The Landau-Lifshitz pseu-
dotensor is

TµνLL := c4

16πk
∂2

∂xρ∂xσ [(−g)(gµνgρσ − gµσgρν)] (19.88)

which must be used in cartesian coordinates. In PCFT these coordinates are
well defined as the real part of the complex projective coordinates of G(4, 2). It
is evident that it breaks Weyl symmetry

gµν → Φ2gµν

gµν → 1
Φ2 g

µν , g → Φ8g
(19.89)

If we replace the LCR-tetrad, we find

TµνLL := c4

16πk
∂2

∂xρ∂xσ [(−g)(V σµ1 V νρ2 + V σµ2 V νρ1 + 1
2V

σµ
3 V νρ3 + c.c.)] (19.90)
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where

V σµ1 := ℓσmµ − ℓµmσ , V σµ2 := nσmµ − nµmσ

V σµ3 := ℓσnµ − ℓµnσ −mσmµ +mµmσ
(19.91)

It is not generally covariant.

19.8 LCR-rays of the (curved) electron LCR-manifold

From the relation between the projective and homogeneous coordinates

r0 = i (X
01X32−X31X02)+(X21X12−X11X22)

2(X01X12−X11X02)

r1 = i (X
11X32−X31X12)+(X21X02−X01X22)

2(X01X12−X11X02)

r2 = i (X
11X32−X31X12)−(X21X02−X01X22)

2(X01X12−X11X02)

r3 = i (X
01X32−X31X02)−(X21X12−X11X22)

2(X01X12−X11X02)

(19.92)

we make the substitutions

Xmi =


1 −z1̃
z1 1

−i(z0 − ia) i(z0̃ − ia)z1̃

−i(z0 + ia)z1 −i(z0̃ + ia)

 (19.93)

and we find

r0 = z0+z0̃

2 , r1 = (z0̃−z0)(z1+z1̃)
2(1+z1z1̃)

r2 = (z0̃−z0)(z1−z1̃)
2(1+z1z1̃)

, r3 = (z0+z0̃)(1−z1z1̃)
2(1+z1z1̃)

(19.94)

In the case of the ℓµ congruence we find

ra(r) := xaℓ (r) + iyaℓ (r)

r0 = u+ r +M ln ∆
r1

+ e2−2M2

Θ arctan Θ
r−M

r1 =
(r−ia cos θ+M ln ∆

r1
+ e2−2M2

Θ arctan Θ
r−M )(eiφ+r2(

r−M+iΘ
r−M−iΘ )

a
Θ e−iφ) tan θ

2

1+r2(
r−M+iΘ
r−M−iΘ )

a
Θ tan2 θ

2

r2 =
(r−ia cos θ+M ln ∆

r1
+ e2−2M2

Θ arctan Θ
r−M )(eiφ−( r−M+iΘ

r−M−iΘ )
a
Θ e−iφ) tan θ

2

1+r2(
r−M+iΘ
r−M−iΘ )

a
Θ tan2 θ

2

r3 =
(u+r+M ln ∆

r1
+ e2−2M2

Θ arctan Θ
r−M )(1−( r−M+iΘ

r−M−iΘ )
a
Θ tan2 θ

2 )

1+r2(
r−M+iΘ
r−M−iΘ )

a
Θ tan2 θ

2

∆ := r2 + a2 − 2Mr + e2 , Θ :=
√
a2 + e2 −M2

(19.95)
where u, θ, φ are constants along the corresponding integral curve.

We have already shown that the LCR-manifold is defined as a special real
submanifold of an ambient complex manifold which admits a class of Kaehler
metrics determined by the det(ρij). It is a symplectic manifold with a closed
symplectic form which vanishes in the LCR-manifold, i.e. it is a lagrangian sub-
manifold with the corresponding class of metrics. The above relations (19.95)
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determine the embedding of this lagrangian submanifold in the canonical coor-
dinates of the phase space.

In the case of the nµ congruence, the constants along its integral curve are

v := t+ r + 2M ln ∆
r0

+ 2(e2−2M2)
Θ arctan Θ

r−M
θ′ = θ

e−iφ
′
= r2(

r−M+iΘ
r−M−iΘ )

a
Θ e−iφ

(19.96)

The form of the curves ra := xan(r) + iyan(r) is found through the appropriate
substitutions.

19.9 The positron

The positron LCR-structure is the conjugate of the electron one

z′0 = z0 = t− r − ia cos θ , z′1 = z1 = e−iφ tan θ
2

z′0̃ = z0̃ = t+ r + ia cos θ + 2M ln |∆|
r1

+ 2(e2−2M2)
Θ arctan Θ

r−M

z′1̃ = z1̃ = r2(
r−M−iΘ
r−M+iΘ )

a
Θ eiφ tan θ

2

(19.97)

which has the LCR-tetrad

ℓ′µ = ℓµ , m′
µ = mµ , n′

µ = nµ , m′
µ = mµ (19.98)

which has the same gravitational dressing but opposite charge electromagnetic
dressing.

In order to geometrically distinguish the positron from the electron we have
to consider the (unbounded) two R4-sheets realization, where the ℓµ and nµ

congruences have opposite directions passing through the ring singularity. In
a given R4-sheet, assuming that the electron is the LCR-manifold with the ℓµ

congruence outgoing and the nµ congruence ingoing, the positron is the LCR-
manifold with the ℓ′µ congruence outgoing with opposite twist a and the n′µ

congruence ingoing with opposite twist too. Hence the outgoing (retarded) and
ingoing (advanced) character of their LCR-rays is preserved.

20 ”ACCELERATED” ELECTRON LCR-STRUCTURE

Algebraic surfaces may be defined either implicitly through polynomials or
explicitly through holomorphic functions. We saw that the free electron hy-
persurface of CP (3) is either implicitly determined by the Poincaré covariant
quadric fixed by the 4-velocity va of the free electron or the linear trajectory
ξa(τ) = vaτ + sa with vavbηab = 1 and sa a generally complex vector related to
the spacetime location and the spin of the electron. In this section we will use
the general complex trajectory to describe the generally moving electron.

In the case of a ruled LCR-structure determined by one trajectory ξa(τ) i.e.

X =

(
λ1 λ2

−iξa(τ1)σaλ
1 −iξa(τ2)σaλ

2

)
(20.1)
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z0, z0̃ are the two solutions and λA1, λA2 are the corresponding projective solu-
tions of the following equations

det[(ra − ξa(τ))σ
a] = 0 , τ1,2 = ξ0 = r0 ∓

√
(ri − ξi(τ1,2(rb)))2

(ra − ξa(z
0))σaA′Aλ

A1 = 0 = (ra − ξa(z
0̃))σaA′Aλ

A2

(20.2)

Notice that if the two roots τ1,2 are different the corresponding λ
1 and λ2 are also

different and they provide the natural ”retarded” and ”advanced” intersection
points of the line ra with two sheets of the algebraic surface of CP (3).

In the zero gravity approximation X†EX = 0, i.e. ra = xa = xa, the
LCR-tetrad is compatible with the Minkowski metric. Hence the spinors λAj =
(1, ζj)

⊤ may be projectively computed via the above relations. One can easily
see that the Kerr functions, which determine the ℓµ and nµ geodetic and shear-
free null congruences are found after the elimination of τ j from the following
equivalent (because of the vanishing of the determinant) two pairs of relations[

(x1 − ix2)− (ξ1(τ j)− iξ2(τ j))
]
ζj −

[
(x0 − x3)− (ξ0(τ j)− ξ3(τ j))

]
= 0[

(x0 + x3)− (ξ0(τ j) + ξ3(τ j))
]
ζj −

[
(x1 + ix2)− (ξ1(τ j) + iξ2(τ j))

]
= 0
(20.3)

i.e.
ζj =

(x0−x3)−(ξ0(τj)−ξ3(τj))

(x1−ix2)−(ξ1(τj)−iξ2(τj))
=

(x1+ix2)−(ξ1(τj)+iξ
2(τj))

(x0+x3)−(ξ0(τj)+ξ3(τj))
(20.4)

and the corresponding flat null LCR-tetrad is

ℓµ = N1

(
1 + ζ1ζ1 , ζ1 + ζ1 , −i(ζ1 − ζ1) , 1− ζ1ζ1

)
nµ = N2

(
1 + ζ2ζ2 , ζ2 + ζ2 , −i(ζ2 − ζ2) , 1− ζ2ζ2

)
mµ = N3

(
1 + ζ1ζ2 , ζ1 + ζ2 , −i(ζ1 − ζ2) , 1− ζ1ζ2

) (20.5)

As expected, the normalization factors cannot be computed and they have to
be imposed.

In the considered case of zero gravity approximation the imbedding relations
of the LCR-manifold can be easily written down and subsequently the LCR-
tetrad can be computed as functions of the structure coordinates. Assuming
the notation

X =

(
λ λ̃

−iξaσaλ −iξ̃aσaλ̃

)
(20.6)

where ξa(z
0) and ξ̃a(z

0̃) are two independent trajectories for every column, the
embedding relations are

ρij = X†
(

0 I
I 0

)
X =

(
i(ξa − ξa)λ

†σaλ i(ξa − ξ̃a)λ
†σaλ̃

−i(ξa − ξ̃a)λ̃
†
σaλ i(ξ̃a − ξ̃a)λ̃

†
σaλ̃

)
= 0

(20.7)
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where z0 and z0̃ are the variables of the two independent trajectories and

λ =

(
1
z1

)
, λ̃ =

(
−z1̃
1

)
(20.8)

are the other structure coordinates. Following the conventional procedure, the
LCR-tetrad can be found.

The integral curves (LCR-rays) of the retarded ℓµ congruence are labeled
by the three independent functions Re(z0), Re(z1) and Im(z1) of the structure
coordinates zβ . The first is the wavefront surface. Hence, the algebraic trajec-
tory ξa(z0) is the movement of the source of retarded rays in the grassmannian

space G(4, 2). In the case of the advanced nµ rays the zβ̃ structure coordinates
are considered.

20.1 Real trajectory and Lienard-Wiechert potentials

In the electron LCR-structure, the spin of the electron appears as non-vanishing
relative invariants. Hence, if we neglect the spin, the relative invariants vanish,
i.e. the LCR-structure is degenerate. Then the LCR-tetrad (up to a factor) is

ℓ = dz0 = dτ1 , m = dz1 = dζ1
n = dz0̃ = dτ2 , m = dz1̃ = dζ2

(20.9)

They are found to be

ℓ =
xµ−ξµ(z

0)

(xa−ξa(z0))
.

ξa(z
0)
dxµ ,

m = −1
(x0+x3)−(ξ0(τj)+ξ3(τj))

[−ζ1(dx0 + dx3) + dx1 + idx2) + (ζ1(
.

ξ
0
+

.

ξ
3
)− (

.

ξ
1
+ i

.

ξ
2
))ℓ]

n =
xµ−ξµ(z

0̃)

(xa−ξa(z0̃))
.

ξa(z
0̃)
dxµ

(20.10)
I point out that the tetrad gives the closed self-dual 2-form J = 1

2Jµνdx
µ ∧dxν ,

but it has to be multiplied with the appropriate tetrad-Weyl factors in order to
give the Minkowski metric.

The self-dual 2-form and the retarded Lienard-Wiechert potential is

J = 2dz0 ∧ dz0̃ − 2dz1 ∧ dz1̃

Aµ = e
.

ξ
µ
(z0)

4π(xa−ξa(z0))
.

ξa(z
0)

(20.11)

which have a singularity along the trajectory ξa(τ), which is interpreted as
the trajectory of the charge. In the case of a spinless charge at rest ξa(τ) =
(τ , 0, 0, 0)⊤, we simply find the electric potential and vanishing magnetic poten-
tial.

The electromagnetic quantum mode, the photon, is the signal singularity,
which can occur at the retarded (or advanced) wave front z0 = 0 and it moves
with the velocity of light. This is implied by the Cauchy problem applied on the
electromagnetic partial differential equations. Notice that the LCR-structure
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contains an additional singularity, the trajectory (the intersection of the two
sheets of CP (3)), which describes the movement of a particle with lower than
light velocity. This last singularity emerges at the points of the LCR-manifold
where the LCR-tetrad is not linearly independent.

20.2 Expansion in 1/c

In this subsection, we continue to neglect gravity. Besides we normalize the
dummy (generally complex) parameter τ of the trajectory ξa(τ) with the con-
dition ξ0(τ) = τ . Considering analytic trajectories, we may separate them to
their real and imaginary parts ξa(τ) = ξaR(τ) + iξaI (τ). That is the coefficients
of their Taylor expansion in τ , of ξaR(τ) and ξaI (τ) are real. Then we have the
following structure coordinates

z′0 = t− 1
c

√
(xi − ξiR(z

′0)− iξiI(z
′0))2

z′0̃ = t+ 1
c

√
(xi − ξiR(z

′0̃)− iξiI(z
′0̃))2

(20.12)

where I substituted x0 = ct, in order to make appear the velocity of light, and

after I divided z0 and z0̃, in order to facilitate the 1
c expansion. The physicist

should notice here that the existence of the constant c (which accommodates
the different time and distance units) is imposed be the addition of time and
distance quantities.

The up to 1st order approximation implies

z′0 ≃ t− 1
c

√
(xi − ξiR(t)− iξiI(t))

2

z′0̃ ≃ t+ 1
c

√
(xi − ξiR(t)− iξiI(t))

2
(20.13)

The trajectory (source) singularity of the LCR-structure occurs at the space
curve

(xi − ξiR(t))
2 = (ξjI(t))

2

3∑
i=1

(xi − ξiR(t))ξ
i
I(t) = 0

(20.14)

In order to find the form of a current concentrated on this circumference s,
I first consider the spheroidal coordinates

xi − ξiR(t) = ĉi
√
r2 + a2 cosφ sin θ + d̂i

√
r2 + a2 sinφ sin θ + ξ̂I

i
r cos θ

a2 = ξ2I =
3∑
i=1

ξiIξ
i
I , ξ̂I

i
=

ξiI
a

(20.15)

where ĉi and d̂i are unit vectors perpendicular to ξiI . The jacobian of the
transformation is

J = (r2 + a2 cos2 θ) sin θ (20.16)
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Looking for a solution of the laplacian not defined on a curve s, we write

∂2Aµ(x) = jµ(x) (20.17)

where jµ has support on s. The Green’s function is

∂2Gµν (x;x
′) = δµν δ(x

ρ − x′ρ) (20.18)

in cartesian coordinates. It gives the solution

Aµ(x) =

∫
V

Gµν (x;x
′)jν(x′)dx′ =

∫
s

Gµν (x;x
′(s))jν(x′(s))dc (20.19)

In the case of a scalar field we have

j(x′)dx′ = jc(φ)
δ(r)δ(θ−π

2 )

J Jdrdθdφ

A(x) =

∫
V

G(x;x′)j(x′)dx′ =

∫
s

G(x;x′(φ))js(φ))dφ
(20.20)

If we consider every point of the curve as a moving particle along the trajectory
we will have

yµ = (t, yi(t))

yi = ξiR(t) + ĉi(t)a(t) cosφ+ d̂i(t)a(t) sinφ

jµ =
.
y
µ
δ(xi − yi(t))

(20.21)

I think this approximation gives the ”classical” meaning of electron spin.

21 MASSLESS LCR-MANIFOLD

Instead of the riemannian structure gµν of Einstein’s gravity, PCFT assumes the
LCR-structure as fundamental as the fundamental structure of nature. Even
at the ”classical level” the elementary particles are derived as distributional
solitons. In the present computational procedure, they correspond to algebraic
hypersurfaces of CP (3). The classical trajectory of the elementary particle is a
manifestation of the complex trajectory in the grassmannian manifold G(4, 2) of
the ruled surfaces Xn(τ , s) = Xn1(τ) + sTn(τ). The pair massive-massless lep-
ton is a manifestation of ruled surfaces with non-vanishing and vanishing gaus-
sian curvatures, which are called developable and characterized by the property

Tn(τ) = dXn1(τ)
dτ . In the present section we will specify this general framework

in the case of the electron neutrino.
It is computationally easier to first look for a LCR-structure compatible with

a minkowskian class [ηµν ] of metrics (a flatprint in the terminology of general
relativity) and after applying a Kerr-Schild ansatz to find a curved candidate.
So we look for a Kerr polynomial (11.3) with det p = 0, which is automorphic
relative to the z-rotation. No rank-3 quadratic surface survives this condition.
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For every helicity [E := p0 = ±p3] of the neutrino LCR-structure, I only find
the rank-2 union of the following two planes

[E = −p3] : (X1 + aX3)X0 = 0

[E = +p3] : X1(X0 + bX2) = 0
(21.1)

in the frame with p1 + ip2 = 0. Note that both cases are deformations of the
”cartesian” LCR-structure.

Let us consider the first case. In the affine space

Xni =


X01 X02

X11 X12

X21 X22

X31 X32

 =:

(
X1

X2

)
, detX1 ̸= 0 (21.2)

of the grassmannian G(4, 2), the Kerr polynomials of the left and right columns
are

X11 + aX31 = 0 , X02 = 0 (21.3)

respectively. Then in CP (3), the intersections of the line x with the first and
second planes are

x := iX2X
−1
1

−a(x1 + ix2)X01 + [a(x0 + x3) + i]X11 = 0
X02 = 0

(21.4)

Notice that this LCR-structure is regular in the present affine chart (det(X1) ̸=
0), because [a(x0 + x3) + i] ̸= 0.

The convenient structure coordinates are

Xni =


1 0
az1 1

−iz0 z1̃(1 + iaz0̃)

−z1 −iz0̃

 (21.5)

The LCR-structure conditions (X†EUX = 0) are

z0−z0
2i − az1z1 = 0

z1̃ − z1 = 0 , z0̃−z0̃
2i = 0

(21.6)

and the structure coordinates are

z0 = x0 − x3 − a (x1)2+(x2)2

a(x0+x3)+i , z1 = −X31

X01 = x1+ix2

a(x0+x3)+i

z0̃ = x0 + x3 , z1̃ = x1−ix2

a(x0+x3)−i = z1
(21.7)
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The flat LCR-tetrad and its differential conditions are found following the gen-
eral computational rules

L = du− iaz1dz1 + iaz1dz1 , M = dz1 , N = dv

u := z0+z0

2 , v := z0̃+z0̃

2

dL = 2iaM ∧M , dM = 0 , dN = 0

(21.8)

The integral curves xµℓ (s) of the causal vector ℓµ∂µ are found using the
definition of the projective coordinates and the fact that z0 and z1 are constant
along the curves, because ℓµ∂µz

0 = 0 = ℓµ∂µz
1. We assume the ray (affine)

parameter s := z0̃ = x0 + x3 and the ray labels s1 = Re(z0), s2 = Re(z1), and
s3 = Im(z1). Then the jacobian is

ds ∧ ds1 ∧ ds2 ∧ ds3 = 8
a2(x0+x3)2+1dx

0 ∧ dx1 ∧ dx2 ∧ dx3 (21.9)

Hence the caustic of the causal rays is at infinity as we algebraically found it
above.

The coordinate singularity is hidden at infinity, like in the ”cartesian light-
cone” LCR-structure (18.23). In order to ”see” it, we have to work in the patch
detX2 ̸= 0, where

x′ := −iX1(X2)
−1 = x−1

−(x′1 + ix′2)X21 + [(x′0 + x′3)− ia]X31 = 0
(x′0 − x′3)X22 − (x′1 − ix′2)X32 = 0

(21.10)

The singularity occurs at

detX2 = 0
⇊

x′0 − x′3 = 0 , x′1 = 0 = x′2
(21.11)

We may have a global view of the LCR-manifold in the ”bounded realization”
coordinate chart Y ni is given by

X0 = 1√
2
(Y 0 + Y 2) , X1 = 1√

2
(Y 1 + Y 3)

X2 = 1√
2
(Y 0 − Y 2) , X3 = 1√

2
(Y 1 − Y 3)

(21.12)

where the two planes take the form

(a+ 1)Y 11 + (1− a)Y 31 = 0 , Y 02 + Y 22 = 0
⇓

(1− a)w21Y
01 + [(a+ 1) + (1− a)w22]Y

11 = 0
(1 + w11)Y

02 + w12Y
12 = 0

(21.13)
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and the singular surface (det Y1 = 0) is

[w11w22 − w12w21 + 1 + w11 + w22] + a[−w11w22 + w12w21 + 1 + w11 − w22] = 0
⇓

cos τ + cos ρ = 0 , sin τ + sin ρ cosσ = 0
τ ∈ (0, 2π) , ρ ∈ [0, 2π) , σ ∈ [0, π]

(21.14)
Notice the difference between the ”cartesian” LCR-manifold and the present
”massless” LCR-manifold. The former is singular in the entire null infinity
(scri+ and scri-)(18.32), while the present is singular at a part of it. This subset
must satisfy

(sin ρ)(sinσ) = 0 ; ρ ∈ [0, 2π), σ ∈ [0, π] (21.15)

For σ = 0, we find the τ = 2π − ρ line and for σ = π, we find the τ = ρ curve.
In order to avoid the coordinate singularities we may look at the causal rays

xµℓ (s) of ℓ
µ∂µ in the global U(2) coordinate chart angular parametrization.

21.1 Kerr-Schild ansatz

The considered above massless flat LCR-tetrad and structure relations are

L = du− iaz1dz1 + iaz1dz1 , M = dz1 , N = dv

u := z0+z0

2 , v := z0̃+z0̃

2

dL = 2iaM ∧M , dM = 0 , dN = 0

(21.16)

Notice that its relative invariants are Φ1 = 2a and Φ2 = Φ3 = 0.
The LCR-tetrad implied by the Kerr-Schild ansatz is

ℓ = L , m =M , n = N + f(v)L (21.17)

where f(v) is an arbitrary function of v. The LCR-structure relations are

dℓ = 2iam ∧m , dm = 0 , dn = −f ′ℓ ∧ n+ 2iafm ∧m (21.18)

Notice that the curved LCR-structure changes category with the relative invari-
ants being now Φ1 = 2a, Φ2 = 2af and Φ3 = 0. Notice that this is the category
of the ”natural U(2)” LCR-structure (18.14). We see that the right part of the
massless soliton is no longer trivial, like in the flatprint case. Does it mean that
the neutrinos small masses are due to their gravitational dressings? Or that the
massless neutrino is the asymptotic plane surface of the neutrino developable
LCR-surface?
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21.2 Massless trajectories

The massive character of the electron in PCFT comes from the
.

ξ
a
ηab

.

ξ
b
̸= 0 con-

dition of its algebraic trajectory in the complex grassmannian manifold G(4, 2).
We will now consider the simple cases of linear trajectories with null velocity.
The simplest case is ξa(τ) = (τ , 0, 0, τ)⊤. Then, the compatibility condition(

r0 − r3 −(r1 − ir2)
−(r1 + ir2) r0 + r3 − 2τ

)(
λ0

λ1

)
= 0 (21.19)

implies only one solution

τ = rarbηab

2(r0−r3) , λA ∼
(
r1 − ir2

r0 − r3

)
(21.20)

This means that one null linear trajectory cannot determine the line of CP (3),
which corresponds to the point r of G(4, 2). Therefore we need two independent
linear trajectories, one for each column of the homogeneous coordinates Xnj (i.e.
a reducible quadric), in order to define a massless LCR-structure.

Let us consider the case of two axially symmetric massless trajectories ξa1(τ) =
(τ , 0, 0, c1τ + ib1)

⊤ and ξa2(τ) = (τ , 0, 0, c2τ + ib2)
⊤ with cj = ±1. Then, the

explicit parametrization

X =

(
λ1 λ2

−iξ1a(τ1)τaλ
1 −iξ2a(τ2)τaλ

2

)
(21.21)

implies that they correspond to the following reducible quadrics

For c1 = 1 = c2 =⇒
(iX21 + ib1X

01)(iX22 + ib2X
02) = 0

For c1 = 1 = −c2 =⇒
(iX21 + ib1X

01)(iX32 − ib2X
12) = 0

For c1 = −1 = c2 =⇒
(iX31 − ib2X

11)(iX32 − ib2X
12) = 0

(21.22)

and the corresponding LCR-structure coordinates are

For c1 = 1 = c2 =⇒ τ j =
1
2 (iX

31 − ibjX
11)

For c1 = 1 = −c2 =⇒ τ1 = 1
2 (iX

31 − ib1X
11),

τ2 = 1
2 (iX

21 + ib2X
01)

For c1 = −1 = c2 =⇒ τ j =
1
2 (iX

21 + ibjX
01)

(21.23)

In the case c1 = 1 = −c2, the compatibility conditions
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(
r0 − r3 + ib1 −(r1 − ir2)
−(r1 + ir2) r0 + r3 − 2τ1 − ib1

)(
λ01

λ11

)
= 0

(
r0 − r3 − 2τ2 + ib2) −(r1 − ir2)

−(r1 + ir2) r0 + r3 − ib2

)(
λ02

λ12

)
= 0

(21.24)

imply

τ1 = (r0)2−(r1)2−(r2)2−(r3−ib1)2
2(r0−r3+ib1) , τ2 = (r0)2−(r1)2−(r2)2−(r3−ib2)2

2(r0+r3−ib2)

λA1 ∼
(

r1 − ir2

r0 − r3 + ib1

)
∼

(
(r1)2+(r2)2

r0−r3+ib1
r1 + ir2

)

λA2 ∼
(
r0 − r3 + ib2
r1 + ir2

)
∼

(
r1 − ir2

(r1)2+(r2)2

r0+r3−ib2

) (21.25)

We saw that an accelerating electron may be viewed as a ruled surface of
CP (3) with a non-linear trajectory ξa(τ) i.e.

Xm =


1
0

−i[(ξ0 − ξ3)]

−i[−(ξ1 + iξ2)]

+ λ


0
1

−i[−(ξ1 − iξ2)]

−i[(ξ0 + ξ3)]

 (21.26)

Its corresponding ”accelerating” neutrino is the tangential ruled (developable)
surface. In order to describe this leptonic massive-massless pair we start from

Wm(τ , s) = Zm(τ) + sTm(τ) (21.27)

where Tm(τ) indicates the direction of the generating line which meets Zm(τ)
(the generatrix) at τ . Then in the X0 = 1 chart we have

1
Z1+sT 1

Z0+sT 0

Z2+sT 2

Z0+sT 0

Z3+sT 3

Z0+sT 0

 =


1
λ

−i(ξ0′0 + ξ0′1λ)
−i(ξ1′0 + ξ1′1λ)

 (21.28)

which implies

λ = Z1+sT 1

Z0+sT 0 ⇐⇒ s = −Z1−λZ0

T 1−λT 0

ξ0′0 = iZ
2T 1−Z1T 2

Z0T 1−Z1T 0 , ξ0′1 = iZ
0T 2−Z2T 0

Z0T 1−Z1T 0

ξ1′0 = iZ
3T 1−Z1T 3

Z0T 1−Z1T 0 , ξ1′1 = iZ
0T 3−Z3T 0

Z0T 1−Z1T 0

Z0T 1 − Z1T 0 ̸= 0

(21.29)
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for the accelerating electron. For the ”accelerating” electronic neutrino (Tn =
.

Z) we find

λ = Z1+s
.
Z

1

Z0+s
.
Z

0 ⇐⇒ s = −Z1−λZ0

.
Z

1
−λ

.
Z

0

ξ0′0 = iZ
2

.
Z

1
−Z1

.
Z

2

Z0
.
Z

1
−Z1

.
Z

0 , ξ0′1 = iZ
0

.
Z

2
−Z2

.
Z

0

Z0
.
Z

1
−Z1

.
Z

0

ξ1′0 = iZ
3

.
Z

1
−Z1

.
Z

3

Z0
.
Z

1
−Z1

.
Z

0 , ξ1′1 = iZ
0

.
Z

3
−Z3

.
Z

0

Z0
.
Z

1
−Z1

.
Z

0

Z0
.

Z
1
− Z1

.

Z
0
̸= 0

(21.30)

Notice that the vanishing of the Gaussian curvature condition

.

ξ0′0
.

ξ1′1 −
.

ξ0′1
.

ξ1′0 = 0 (21.31)

for the neutrino is satisfied, as expected. Besides in the Z0 = 1 patch, the
developable surface takes the form

λ = Z1 + s
.

Z
1

⇐⇒ s = −Z1−λ
.
Z

1

ξ0′0 = iZ
2

.
Z

1
−Z1

.
Z

2

.
Z

1 , ξ0′1 = i
.
Z

2

.
Z

1

ξ1′0 = iZ
3

.
Z

1
−Z1

.
Z

3

.
Z

1 , ξ1′1 = i
.
Z

3

.
Z

1

.

Z
1
̸= 0

(21.32)

As a developable surface Wn(τ , s) of CP (3), the neutrino needs some better
understanding. The parametrization

dWm(τ , s) = (
.

Z
m
+ s

..

Z
m
)dτ +

.

Z
m
ds (21.33)

implies that
.

Z
m

and
..

Z
m

must be linearly independent and s ̸= 0. Hence the
Darboux frame coincides with the Frenet arclength frame of the holomorphic
curve Zm(τ). In the Z0 = 1 euclidian metric we find that the Cartan lift of the
holomorphic curve Zi(τ) is (13.46).

22 GRAVITATIONAL AND ELECTROWEAK
CONNECTIONS

In conventional field theory the interactions have to be imposed as connec-
tions. In the computation of the electron and its neutrino distributional LCR-
structures, these fields appear as gravitational and electromagnetic dressing dis-
tributions with precise compact singular support. The purpose of the present
section is to provide the algorithmic derivation of the Einstein and the weak
connections. The surprising result is that both connections are manifestations
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of the same quantities, the LCR-tetrad. This essentially generalizes the surpris-
ing identification of the electron electromagnetic dressing Aµ(x) with the vector
ℓµ of the LCR-tetrad (and the induced gravitational dressing).

The definition of the LCR-tetrad is

dℓ = Z1 ∧ ℓ+ iΦ1m ∧m
dm = Z3 ∧m+Φ3ℓ ∧ n

dn = Z2 ∧ n+ iΦ2m ∧m
dm = Z3 ∧m+Φ3ℓ ∧ n

(22.1)

where Z1, Z2 are real 1-forms, Z3 a complex 1-form, Φ1,Φ2 two real scalars and
Φ3 a complex scalar. Apparently, it is not invariant under the usual SO(1, 3)
transformation of ordinary Einstein connection of general relativity. If we fix
the tetrad-Weyl symmetry, we may osculate the LCR-tetrad with the SO(1, 3)
connection. The existence of the LCR-tetrad may be viewed as a breaking of
the SO(1, 3) symmetry down to the possible LCR-tetrad.

The general solution of a realizable LCR-structure is a special totally real
submanifold of C4, determined by the following conditions

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0

∂ρij
∂zb

̸= 0 ̸= ∂ρij

∂zb

(22.2)

Its characteristic local coframe of the surface contains the normal bundle dρij
and the tangent 1-forms

ℓ = i(∂ − ∂)ρ11 , n = i(∂ − ∂)ρ22 , m = i(∂ − ∂)ρ12(
ℓ m
m n

)
= i(∂ − ∂)

(
ρ11 ρ12
ρ12 ρ22

) (22.3)

The ordinary theory of surfaces in general position does not apply here, because
the ambient Kaehler manifold does not have a precise metric and we must gen-
erally permit the existence of distributional singularities in order to incorporate
the distributional solitons. Therefore we have to consider connections with
sources in the context of representations of Poincaré group.

We already know that the above tangent vectors (the LCR-tetrad) deter-
mine a Hodge structure, which played an essential role to the determination of
the electron and its neutrino. The Einstein metric is an element of the class
(relative to the tetrad-Weyl) of symmetric tensors gµν = ηabe

a
µe
b
ν , where e

a
µ is a

general null tetrad (but not always geodetic and shear-free) and ηab is the well
known form of the SO(1, 3) invariant Minkowski metric adapted to the null vec-
tors. Apparently a SO(1, 3) transformation breaks the tetrad-Weyl symmetry
and vice-versa, the tetrad-Weyl transformation breaks the SO(1, 3) connection.
Besides, an LCR-tetrad implies only Einstein metrics, which admit a geodetic
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and shear-free null tetrad, which turns out to be principal directions of the cor-
responding conformal curvature. A non singular (det gµν ̸= 0) symmetric tensor
defines a SO(1, 3) riemannian structure. It is well known that the corresponding
Cartan connection is implied by the existence of the internal product

(ea, eb) := eaµe
b
νg
µν = ηab → (dea, eb) + (ea, deb) = 0

dea = ωace
c → ωacη

cb + ηadωbd = 0
(22.4)

which is the SO(1, 3) Cartan connection. Because of its SO(1, 3) covariance, it
is essentially computed by the LCR-tetrad despite the fact that its transformed
null tetrads eaµ are not LCR-tetrads.

We will now prove that the above definition of the Einstein connection
permits the emergence of distributional singularities in the embedded LCR-
manifold. The starting point is to write the surface ρij = 0, using the regular
coordinates

Im z0 = ϕ11(z
1, z1,Re z0) , Im z0̃ = ϕ22(z

1̃, z1̃,Re z0̃) , z1̃ − z1 = ϕ12(z
β , z0̃)

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0
(22.5)

in a neighborhood of a point p. But the LCR-structure is a special totally real
CR-structure, which at a real analytic neighborhood admits a general analytic
transformation rb = f b(zc), which makes it trivial

ra−ra
2i = 0 (22.6)

This last analytic transformation is not generally an LCR-transformation. Hence,
it breaks the LCR-structure, but there is no reason to worry for that now, be-
cause we are going to look for a connection, which has already broken the
LCR-symmetry. The essential point here is the neighborhood of p in the ambi-
ent complex manifold, where the analytic transformation can be extended. The
case of the distributional electron (and neutrino) indicates that the analytic
transformation cannot extend around their location. Besides the entire region
of the LCR-manifold can be described by a distribution with a representative
(locally integrable function), which at the regular point p appears as a regular
potential with each source at the location of the electron. Besides, the location
of the electron is not a real analytic region of the LCR-manifold, because it does
not admit analytic extensions in both sides in the ambient complex manifold.
Recall that it is the Sato’s definition of generalized functions. In the neighbor-
hood of the regular point p the Kaehler potential becomes (ra− ra)(rb− rb)ηab
and the induced metric is the Minkowski metric. Hence at this point, the grav-
itational dressing is regularly expanded around the Minkowski metric.

Recall that the ”natural U(2)” LCR-structure (4.33) is

e = −iw−1dw =:

(
ℓ m
m n

)
, de− ie ∧ e = 0

dℓ = im ∧m , dn = −im ∧m , dm = i(ℓ− n) ∧m

(22.7)
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This form strongly suggests to osculate the LCR-structure with the U(2) group.
The first step of that is to cast a LCR-tetrad into the hermitian matrix

e′ :=

(
ℓ′ m′

m′ n′

)
= i(∂ − ∂)

(
ρ11 ρ12
ρ12 ρ22

)
(22.8)

Following the Maurer-Cartan procedure we consider the hermitian matrix e
an elements of u(2) Lie algebra, i.e. a U(2) connection with non-vanishing
curvature. The connection and the corresponding curvature

B = BIµdx
µtI =

(
ℓ′ m′

m′ n′

)
, [tI , tJ ] = iCIJKtK

F = dB − iB ∧B −→ DF := dF + iB ∧ F − iF ∧B = 0

(22.9)

where tJ are generators of U(2). Apparently a gauge transformation breaks the
tetrad-Weyl symmetry. That is, the U(2) transformation is expected to trans-
form LCR-structures to other LCR-structures, like the weak U(2) transforms
electron to its neutrino and vice-versa. Therefore we chose the LCR-tetrad e′ is
such that Φ′

1 = 1 = −Φ′
2. That is, we partly fix the tetrad-Weyl symmetry for

non-trivial LCR-structures with Φ1 ̸= 0 ̸= Φ2. Recall the general tetrad-Weyl
transformation

ℓ′ = Λℓ , n′ = Nn , m′ =Mm

Z ′
1 = Z1 + d(lnΛ) , Φ′

1 = Λ
MM

Φ1

Z ′
2 = Z2 + d(lnN) , Φ′

2 = N
MM

Φ2

Z ′
3 = Z3 + d(lnM) , Φ′

3 = M
ΛNΦ3

(22.10)

Like the O(1, 3) connection, the present U(2) group does not preserve the
LCR-structure conditions. In the case of the following generators

t0 = I , tk = σk

2 → Cijk = ϵijk (22.11)

we have

B0µ + 1
2B3µ = ℓ′µ , B0µ − 1

2B3µ = n′µ , 1
2 (B1µ + iB2µ) = m′

µ

F0µν = ∂µB0ν − ∂νB0µ

Fiµν = ∂µBiν − ∂νBiµ − ϵijkBjµBkν

(22.12)

The standard model model relations between the U(1) gauge potential B0µ

and the SU(2) gauge potentials Bjµ suggest us to identify the electromagnetic
potential Aµ with ℓ′µ, the neutral potential Zµ with n′µ and the charged potential
Wµ with m′

µ. Besides, the relative invariants are apparently related to the Higgs
field.

Hence, the Einstein goal to unify all the potentials (gravitation, electroweak
and Higgs) seems to be achieved by the consideration of the LCR-structure as
the fundamental geometric structure. Besides, the identification of the electro-
magnetic potential with a multiple of the null tetrad ℓµ in the Kerr-Newman
solution is not a computational accident!
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22.1 Electroweak and Higgs potentials of the electron

In the case of the electron LCR-tetrad (19.9) the three relative invariants are
(19.18)

Φ1 = −2a cos θ
r2+a2 cos2 θ

Φ2 = − (r2+a2+h)a cos θ
(r2+a2 cos2 θ)2

Φ3 = 2iar sin θ√
2(r+ia cos θ)2(r−ia cos θ)

(22.13)

We first make the tetrad-Weyl transformation to reach the conditions Φ′
1 = 1 =

−Φ′
2. We find

N = − r2+a2 cos2 θ
r2+a2+h Λ

MM = − 2a cos θ
r2+a2 cos2 θΛ

(22.14)

The electromagnetic dressing (19.78) is found with Λ = qr
r2+a2 cos2 θ . Then the

electroweak connection B (22.12) is found with

Λ = qr
r2+a2 cos2 θ

N = − qr
4π(r2+a2+h)

MM = − qra cos θ
2π(r2+a2 cos2 θ)2

(22.15)

up to an M phase tetrad-Weyl transformation.That is, we find the following
electroweak potentials (dressings) of the electron

A = qr
4π(r2+a2 cos2 θ) (dt− dr − a sin2 θdφ)

Z = −qr
8π(r2+a2 cos2 θ) (dt+

r2+2a2 cos2 θ−a2−h
r2+a2+h dr − a sin2 θdφ)

W = −M√
2(r+ia cos θ)

[−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ+

+i sin θ(r2 + a2)dφ]

(22.16)

where the tetrad-Weyl factor M will be computed below through the Higgs
dressing.

The third (complex) relative invariant Φ′
3 (22.10) is not completely fixed.

Its phase is absorbed by W and the remaining scalar real field Φ′
3 will be finally

related with the electron Higgs potential

M = i
r−ia cos θ [

qra cos θ
2π(r2+a2 cos2 θ)2 ]

1
2

Φ′
3 = 2 sin θ(r2+a2+h)

r2+a2 cos2 θ [πa
3 cos θ
q3r ]

1
2

(22.17)

We see that the Einstein’s gravitational connection and the U(2) gauge field
are directly related to the LCR-tetrad and the Higgs field is related with the
Φi relative invariants of the LCR-structure. In Part IV (On the ”Origin” of
Quantum Mechanics) of this Research eBook, we will further exploit these re-
lations with perturbative standard model and quantum gravity calculations in
the context of Bogoliubov recursive causal approach.

The tetrad-Weyl transformation (22.10) is the local symmetry of the funda-
mental geometric LCR-structure. This symmetry is broken by the local Lorentz
SO(1, 3) transformation, which preserves the Einstein metric. It is also bro-
ken by the the electroweak U(2) transformation. That is the SO(1, 3) and
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U(2) transformations are transversal to the tetrad-Weyl transformations. The
tetrad-Weyl factors (22.15) are fixed by assuming the appropriate Λ factor that
provides the charge conserving electromagnetic field.

23 MUON AND TAU GENERATIONS

Quantum standard model of electroweak interactions is actually the most gen-
eral and precise model in quantum field theory. It is based on the correspon-
dence of each ”elementary particle” with a quantum field representation of the
Poincaré group. It does not explain how the trajectory of the elementary parti-
cle emerges. The trajectory can enter quantum field theory through a solitonic
configuration of the particle. In PCFT the electron is a precise solitonic LCR-
manifold, which satisfies charge conservation law. In the zero gravity approx-
imation, they are LCR-structures of the boundary of the SU(2, 2) symmetric
classical domain. The study of the electron LCR-structure revealed the impor-
tance of the ruled surfaces of CP (3), which are related to complex trajectories in
the grassmannian G(4, 2). These are surfaces generated by lines joining points
of two holomorphic curves Zni (τ), i = 1, 2 in CP (3), corresponding to the same
variable τ . That is, the general explicit form of a ruled surface is

Zm(τ , s) = (1− s)Zm1 (τ) + sZm2 (τ) =
= Zm1 (τ) + s[Zm2 (τ)− Zm1 (τ)]

(23.1)

The generating lines (rulings) correspond to complex points of the grass-
mannian manifold G(4, 2), with projective coordinates

ξ(τ) =: iX2X
−1
1 =:

(
ξ0 − ξ3 −(ξ1 − iξ2)

−(ξ1 + iξ2) ξ0 + ξ3

)

X1 =:

(
Z0
1 Z0

2

Z1
1 Z1

2

)
, X2 =:

(
Z2
1 Z2

2

Z3
1 Z3

2

) (23.2)

Using homogeneous coordinates, this curve of G(4, 2) is spanned by the two
vectors Zni (τ); i = 1, 2. The curve is called non-degenerate if the following
determinant does not identically vanish

det[Zn1 , Z
n
2 ,

dZn
1

dτ ,
dZn

2

dτ ] = det

(
X1

.

X1

−iξX1 −i(
.

ξX1 + ξ
.

X1)

)
=

= det[

(
1 0

−iξ 1

)(
X1

.

X1

0 −i
.

ξX1

)
] = − det(

.

ξ)(detX1)
2

(23.3)

This happens if and only if
.

ξ
a .

ξ
b
ηab ̸= 0. If it vanishes, the Gauss curvature

of the surface vanishes and the ruled surface is called developable. That is we
have a pair of massive and massless LCR-structures characterized by a generally
complex trajectory. The precise forms of the electron and its neutrino has been
explicitly derived. Let me remind you their general formulation.
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In the coordinate chart X0 = 1, a general point of the ruled surface deter-
mined by a trajectory ξb(τ) has the form

Xn(τ , λ) =


1
λ

−i[(ξ0 − ξ3)− (ξ1 − iξ2)λ]

−i[−(ξ1 + iξ2) + (ξ0 + ξ3)λ]

 =


1
0

−i(ξ0 − ξ3)

i(ξ1 + iξ2)

+ λ


0
1

i(ξ1 − iξ2)

−i(ξ0 + ξ3)


λ =: (1− s)Z1

1 (τ) + sZ1
2 (τ)

(23.4)
The first term is the ”directrix curve” of the ruled surface and the second is
the generating line (”ruling”) of the surface. This is the form we have already
assumed in order to introduce the trajectory of the electron. And precisely the
linear trajectory ξb(τ) = vbτ + db with (vb)2 = 1 corresponds to the ”free”
electron and with (vb)2 = 0 corresponds to its neutrino.

Two independent points Xni = Xn(τ i, λi) of a ruled surface determine a
line of CP (3), which does not belong to the ruled surface and hence its
corresponding point in G(4, 2) does not belong to the complex trajectory of the
ruled surface. The two general points Xni ∈ CP (3), viewed as a point of the
grassmannian G(4, 2), satisfy the identity

Xmj =

(
λAj

−irA′Bλ
Bj

)
=

(
λAj

−iξA′Bλ
Bj

)
λAj =

(
1 1
λ1 λ2

) (23.5)

where the 2 × 2 matrix rA′B are its projective coordinates. In the case of
zero gravity, it becomes hermitian and it is denoted xA′B , being a point of the
boundary of the SU(2, 2) classical domain. Then we find the two roots (τ i, λi)
of the matrix relation

[xA′B − ξA′B(τ j)]λ
Bj (23.6)

Recall that in the electron LCR-structure, the two roots of (τ i, λi) are assumed

as the natural LCR-structure coordinates (zα, zβ̃), which satisfy the relations

z0 := τ1(x) , z1 = (x1+ix2)−(ξ1(z0)+iξ2(z0))
(x0+x3)−(ξ0(z0)+ξ3(z0))

z0̃ := τ2(x) , z1̃ = − (x1−ix2)−(ξ1(z0̃)−iξ2(z0̃)
(x0−x3)−(ξ0(z0̃)−ξ3(z0̃))

(23.7)

and the LCR-tetrad (in the zero gravity approximation) becomes

L = 1√
2
oA

′1 dxA′Ao
A1 , N = 1√

2
oA

′2 dxA′Ao
A2 , Mµ = 1√

2
oA

′2 dxA′Ao
A1

oAi =: 1
1+z1z1̃

(
1 −z1̃
z1 1

)
, oA1oB2ϵAB = 1

(23.8)
This profound origin of classical trajectory permit us to distinguish the spinorial
”elementary particles”, as those based on ruled surfaces, from the rest LCR-
structures. It is well known that the other two leptonic families, (µ, νµ) and
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(τ , ντ ) are completely analogous to the electron. The muon is created at the up-
per atmosphere and travels to the earth surface as a (free) particle. That is, my
assertion is that the leptonic generations (e, νe), (µ, νµ) and (τ , ντ ) are three
pairs of LCR-structures determined by ruled surfaces related to (electron-like)
complex trajectories. The conserved three leptonic numbers (electronic, muonic
and tauonic) are different topological Hopf invariants of the corresponding ruled
LCR-structures with possible linear complex trajectory. In the following subsec-
tions I will specify these LCR-structures and I will compute the corresponding
Hopf invariants. I think that this computation will make clear that in the con-
text of PCFT the conserved three leptonic numbers are the topological Hopf
invariants of the left and right chiral parts of the Xni homogeneous coordinates
(in the zero gravity approximation).

23.1 The Hopf invariant of the electron generation

We have already pointed out that the ”natural U(2)” LCR-structure has an
internal topological linking number (18.22), which is easily viewed in its simple
bounded realization. In order to understand the electron (and neutrino) Hopf
invariant we have to consider the global view of the electron and neutrino LCR-
structures in the zero gravity approximation, i.e. U(2) surface of G(4, 2). The
quadratic Kerr polynomials of the electron and neutrino projectively imply two
solutions λAi(x) i = 1, 2 in S2. That is, we have two functions

S1 × S3 → S2 (23.9)

one for the left column and one for the right column of the homogeneous grass-
mannian coordinates. It is known that the homotopy group π1(S

2) is trivial
but π3(S

2) = Z. The Hopf invariant of every column is determined using the
sphere volume 2-form

ω =
i

2π

dλ ∧ dλ
(1 + λλ)2

(23.10)

which is closed. This implies that in S3 there is an exact 1-form ω1 such that
ω = dω1. Then the Hopf invariant of λ(x) is

H(λ) =

∫
λ∗(ω) ∧ ω1 (23.11)

We will also start from the computationally simple neutrino case in the two
R4-sheets affine space

Xni =


X01 X02

X11 X12

X21 X22

X31 X32

 =:

(
λ

−ixλ

)
, detλ ̸= 0 (23.12)

of the grassmannian G(4, 2), where the Kerr polynomials are
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bX11 +X31 = 0 , X02 = 0 (23.13)

for the left and right columns of the homogeneous coordinates. The left column
solution is

λ(x) = x1+ix2

x3+ib
(23.14)

where its restriction x0 = 0 to SU(2) is assumed. I find

dλ = (x3+ib)(dx1+idx2)−(x1+ix2)dx3

(x3+ib)2

ω = i
2π

dλ∧dλ
(1+λλ)2

= ((x3)2+b2)dx1∧dx2+(bx1−x2x3)dx1∧dx3+(bx2+x1x3)dx2∧dx3

π[(x1)2+(x2)2+(x3)2+b2]2

(23.15)
which implies

ω1 = −x2dx1+x1dx2−bdx3

2π[(x1)2+(x2)2+(x3)2+b2] (23.16)

Then we finally find

H(λ) = −b
|b| (23.17)

where I used the integral formula
∞∫
0

x2dx
(x2+1)2 = π

4 and I have integrated over the

two R4-sheets, which cover S3 by simply permitting r ∈ (−∞ , +∞). The
consideration of the negative r sheet is essential, otherwise we could not find
the expected integer value integer value for the topological number.

The Hopf invariant of the right column Xn2 vanishes, because the CR-
structure is degenerate.

Recall that the static electron solitonic LCR-manifold is given by the irre-
ducible quadratic Kerr polynomial (in the unbounded Siegel realization)

X1X2 −X0X3 + 2aX0X1 = 0 (23.18)

of CP (3). In the flatprint case we have

X0 = 1 , X1 = λ , X2 = −i[(x0 − x3)− (x1 − ix2)λ]
X3 = −i[−(x1 + ix2) + (x0 + x3)λ]

(23.19)

and the Kerr polynomial and its two solutions are

(x1 − ix2)λ2 + 2(x3 − ia)λ− (x1 + ix2) = 0

λ1,2 = −(x3−ia)±
√
∆

x−iy , ∆ = (x1)2 + (x2)2 + (x3)2 − a2 − 2iax3
(23.20)

where λ1,2 are the two values of λ on the two sheets of the quadric. In the present
case, it is convenient to compute the Hopf invariants of the left and right columns
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ofXni using its relation to the linking coefficient of two closed curves in S3 deter-
mined by the inverse images λ−1(λ1) = {xi1(ρ1)} and λ−1(λ2) = {xi2(ρ2)}. Two
general closed curves are determined using the Lindquist coordinates (ρ, θ, φ)

xi = (sin θ cosφ , sin θ sinφ , cos θ)ρ+ a(sinφ , − cosφ , 0) (23.21)

for two different values of θ, φ and the variable ρ ∈ (−∞, +∞) in order to cover
the whole sphere. Then we know that

H(λ) = 2
1

4π

∫
εijk(x

i
1 − xi2)dx

j
1dx

k
2

|−→x1 −−→x2|3
(23.22)

The two curves can be smoothly deformed to the values θ1 = 0 and θ2 =
π
2 , φ2 = 0. Then the integral becomes

H(λ±) =
a

2π

∫ ∫
dρ1dρ2

(ρ21 + ρ22 + a2)
3
2

= ± a

|a|
(23.23)

Notice that the left and right Hopf invariants are the opposite electron helicities.
Concluding this subsection I want to point out that a classical weak current

based on a trajectory starting with velocity (
.

ξ)2 = 1 and finishing with (
.

ξ)2 = 0
(what ever it means in the classical de Rham current formulation of the gener-
alized functions) may preserve only the left Hopf invariant, because the right
Hopf invariant of the neutrino vanishes. Hence we may identify the conserved
electronic leptonic number with the Hopf invariant! In the next subsection I
will generalize this identification to the other two leptonic numbers (muonic
and tauonic) and I will compute them.

23.2 Linking numbers of the three leptonic generations

The complete similarities of the muon and tau heavy leptons with the electron
suggests that their LCR-structures to be based on ruled surfaces of CP (3) with
the linear complex trajectory of the free electron, but with different z1(x) and

z1̃(x) coordinates which have higher Hopf numbers. I will now show that it is
possible.

Recall that the static complex trajectory ξa(τ) = (τ , 0, 0, ia) has the homo-
geneous coordinates

Xni =


X01 X02

X11 X12

X21 X22

X31 X32

 =


1 −z1̃
z1 1

−i(z0 − ia) i(z0̃ − ia)z1̃

−i(z0 + ia)z1 −i(z0̃ + ia)

 (23.24)

which satisfy the (zero gravity) LCR-structure conditions
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XniXmjEUnm = 0 , EU =

(
0 I
I 0

)
z0−z0

2i − a 1−z1z1
1+z1z1

, z0̃−z0̃
2i + a 1−z1̃z1̃

1+z1̃z1̃
, z1̃ − z1 z

0−z0̃−2ia

z0−z0̃+2ia
= 0

(23.25)

The structure coordinates zb(x) are determined by

(xA′B − ξA′B(τ))λ
Bj = 0 (23.26)

That is z0(x) and z0̃(x) are the two roots of

det(xA′B − ξA′B(τ i)) = 0

z0(x) = τ1 , z0̃(x) = τ2

(23.27)

Hence they are completely determined by the trajectory ξb(τ) of the ruled sur-
face and are the same for the corresponding massive and massless particles of
the three different particles of the leptonic generations. On the other hand the

left z1(x) and right z1̃(x) structure coordinates are

z1(x) = λ11

λ01 , z1̃(x) = −λ02

λ12 (23.28)

with higher Hopf numbers.
Once we have identified the electron with the left and right Hopf numbers

(+1,−1) and its neutrino with left and right Hopf numbers (+1, 0) the expected
higher Hopf numbers (+k,−k) and (+k, 0) are usually implied by composition
with higher k-degree mappings f : S2 → S2 between the 2-spheres. That is we

take f(tan θ
2e
iφ) = tan θ

2e
ikφ.

In the flatprint electron LCR-structure, the relation between the cartesian
coordinates and the structure coordinates are

x0 = t
x1 + ix2 = (r − ia) sin θeiφ

x3 = r cos θ
(23.29)

For constant time, the (left) causal ray ℓµ(r) is

x0 = t = 0
x1 = (r cosφ+ a sinφ) sin θ
x2 = (r sinφ− a cosφ) sin θ
x3 = r cos θ

(23.30)

Recall that the entire SU(2) space is covered by considering r ∈ (−∞,+∞).
This 3-dimensional space may be considered as the initial data of the electron
LCR-manifold.
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Let us now consider the following initial data

x0 = t = 0
x1 = (r cos kφ+ a sin kφ) sin θ
x2 = (r sin kφ− a cos kφ) sin θ
x3 = r cos θ

r ∈ (−∞,+∞), θ ∈ (0, π), φ ∈ (0, 2π), k ∈ Z

(23.31)

and compute the linking number of the circles

−→
x′ = (0, 0, r) , θ = 0, φ = 0
−→x = (a sin kφ, −a cos kφ, 0) , r = 0, θ = π

2

l = 1
4π

∫∫ ϵijk(x′i−xi)dxj∧dx′k

[
∑
i

(x′i−xi)2]
3
2

(23.32)

I find −→
x′ = (0, 0, r) , θ = 0, φ = 0
−→x = (a sin kφ, −a cos kφ, 0) , r = 0, θ = π

2

l = ka2

4π

∫∫
drdφ

(a2+r2)
3
2
= ka

2|a|

∞∫
−∞

dr′

(1+r′2)
3
2
= ka

|a|

(23.33)

It apparently counts how many times the circle of the ring singularity winds

around
−→
x′ (r), the ρ-closed curve of SU(2).

This theoretical reasoning, based on π2(S
3) = Z, needs to be accompanied

with the reason why the observed leptonic generations are three and not infinite
as it is suggested. The above computations are done in zero gravity limit. Hence
the restriction of the number of generations should be caused by gravity through
the following reasoning.

The gravitational dressing of the elementary particles satisfies Einstein’s
equations through the metric gµν , which admits geodetic and shear-free null
congruences. These congruences are principal null directions of the Weyl tensor
which is formally written

ℓµ = κA
′
σbA′Aκ

Ae·µb , ΨABCDκ
AκBκCκD = 0 (23.34)

in the Newman-Penrose formalism. Hence the number of gravitational principal
directions cannot exceed four and in the zero gravity approximation we will have

e·µb ≃ δµb +O(G) , κA ≃ λA(x) +O(G)
ΨABCD ≃ 0 +GΨ0

ABCD +O(G2)
(23.35)

Apparently this general result is going to impose a limitation to the number of
the leptonic generations implied in PCFT.
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24 COLOREDDISTRIBUTIONAL SOLITONS

Concerning the electromagnetic and weak interactions, the hadronic sector of
the elementary particles is (about) a copy of the leptonic sector. Quarks simply
have the additional strong interaction, which should provide a confining mecha-
nism. The standard model does not explain the general copy-picture, while the
artificial add-on of the SU(3) gauge group gives some answers to some phenom-
ena, but it fails to imply (in the continuum) confinement and chirality breaking,
which are the characteristic properties of strong interactions.

PCFT is mathematically a principal bundle (gauge field) over a lorentzian
CR-manifold. The gluon field is identified with the gauge field of the action
and the LCR-structure describes (contains) gravity, electromagnetic and weak
interactions as outlined in the previous sections of Part III, where we have as-
sumed that the found distributional solitons (the leptons) have vanishing gluon
field configuration (dressing). In this section I will explicitly find stable glu-
onic configurations for the electron and the neutrino LCR-manifolds, which I
will identify with down and up quarks. That is, the origin of the observed
general copy-picture between the leptons and quarks is simply their common
LCR-structure (which contains gravitational, electromagnetic and weak inter-
actions).

Variation of the actions (5.8) relative to the gauge field implies the field
equations

IR → 1√
−g (Dµ)ij(

√
−g(Γµνρσ − Γµνρσ)Fjρσ) = 0

II → 1√
−g (Dµ)ij(

√
−g(Γµνρσ + Γµνρσ)Fjρσ) = 0

Γµνρσ = 1
2 [(ℓ

µmν − ℓνmµ)(nρmσ − nσmρ) + (nµmν − nνmµ)(ℓρmσ − ℓσmρ)]
(Dµ)ij = δij∂µ − γfikjAkµ

(24.1)
Recall that the derivation of quantum electrodynamics (as an affective field
theory) was triggered by the existence of a source in the closed self-dual anti-
symmetric tensor of the massive static soliton. But, once we assume one of the
two actions, the corresponding field equation from the above (24.1) two is exact.
We cannot replace (ad hoc) the zero of the second part of the equation with a
source, because the symmetries of the action will be destroyed, and subsequently
the renormalizability of the action will be destroyed too. The solution to this
obstruction comes after a close look at the form of the field equations. Notice
that they are the sum or difference of two complex conjugate terms. This does
not permit us to apply the complexification (necessary for the application of the
Frobenius theorem) and use the convenient form that the LCR-structure tetrad
takes in the ambient complex manifold.

Therefore I find convenient to give the PDEs (24.1) the following equivalent
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forms

IR → 1√
−g (Dµ)ij{

√
−g[(ℓµmν − ℓνmµ)(nρmσFjρσ)+

+(nµmν − nνmµ)(ℓρmσFjρσ)]} = −kνi

II → 1√
−g (Dµ)ij{

√
−g[(ℓµmν − ℓνmµ)(nρmσFjρσ)+

+(nµmν − nνmµ)(ℓρmσFjρσ)]} = −ikνi

(24.2)

where kνi (x) is a real vector field. That is, taking into account that the sum of
the two terms is self-dual

ΓµνρσFjρσ =: Gµνj − i ∗Gµνj

Γµνρσ = 1
2 [(ℓ

µmν − ℓνmµ)(nρmσ − nσmρ) + (nµmν − nνmµ)(ℓρmσ − ℓσmρ)]
(24.3)

the action IR implies that kνi is a source of the real part Gµνj , while the action II
implies that kνi is a source of its dual part. The PDEs look like the equations of a
gauge field with a color-electric and color-magnetic source respectively. Notice
the essential difference of the present equations (24.2) and the conventional
gluonic equations. The covariant gauge field derivative (Dµ)ij applies only on
the tetrad-Weyl invariant part of the gauge field and not over the entire gauge
field. I will solve these partial differential equations in the static (electron)
LCR-structure. This is possible, because the LCR-structure defining equations
completely decouple from the gauge field equations. The LCR-structure is first
fixed (via the Lagrange multipliers) and after we proceed to the solution of
the field equations, which involve the gauge field. This property of PCFT is
essentially behind the physical observation of the lepton-quark correspondence!
That is, a quark has the same LCR-structure with the corresponding lepton.
But the quark has in addition a stable non-vanishing distributional gauge field
configuration ”dressing” (from which it gets its color), while the lepton has
vanishing gauge field (gluonic) ”dressing”.

Recall that a distribution has two parts. The singular part and the regular
part. A classical solution of the gauge field with a singular compact source will
be interpreted as a colored soliton (the quark) with its gluon potential ”dress-
ing” being the regular part of the generalized function outside the singularity
region. If we apply again with the gauge covariant derivative (Dν)ij and use
the commutation relation

[(Dµ), (Dν)]ik = −γfijkFjµν (24.4)

we find that the current must be gauge covariantly ”conserved” (Dν)ijk
ν
j = 0 for

a classical solution to exist (because the group structure constants fijk are an-
tisymmetric). We will look for fundamental distributional solutions which have
compact singular sources, which may be interpreted as localized ”particles”. I
will work out the derivation of a distributional solution for the first PDE (action
IR), where such a solution can exist, and I will simply indicate why the second
PDE (action II) does not admit a corresponding color-magnetic solution.
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In the case of gravity and electromagnetism we found distributional (fun-
damental) solutions, where the singular part is compact and located at the
ring singularity. It is identified with the electron, while its gravitational and
electromagnetic fields are the regular parts of the distributions (the gravita-
tional and electromagnetic dressings) located outside the singular support of
the source (the electron). Now we will apply the same point of view for the
computation of the quark and its gluonic field strength dressing. Outside the
compact singular support of color sources, the current kνj = 0 vanishes. In this
region we can make the complexification of the real coordinate variable x of the
(real) LCR-manifold and after we can make an holomorphic transformation to
the LCR-structure coordinates (zα(x), zα̃(x)), and use their following powerful
properties

dzα = fα0 ℓµdx
µ + fα1 mµdx

µ , dzα̃ = f α̃
0̃
nµdx

µ + f α̃
1̃
m̃µdx

µ

ℓµdx
µ = ℓαdz

α , mµdx
µ = mαdz

α , nµdx
µ = nα̃dz

α̃ , mµdx
µ = m̃α̃dz

α̃

ℓµ∂µ = ℓα̃∂α̃ , m
µ∂µ = mα̃∂α̃ , n

µ∂µ = nα∂α , m
µ∂µ = m̃α∂α

(24.5)
In these complex coordinates, the metric takes the off-diagonal form and

√
−gdx0 ∧ dx1 ∧ dx2 ∧ dx3 = −iℓ ∧m ∧ n ∧ m̃ = −iĝdz0 ∧ dz1 ∧ dz0̂ ∧ dz1̂

gab =

(
0 ĝαβ̃
ĝβα̃ 0

)
, gab =

(
0 ĝαβ̃

ĝβα̃ 0

)
ĝαβ̃ = ℓαnβ̃ −mαmβ̃ , ĝαβ̃ = nαℓβ̃ −mαmβ̃ , ĝ ≡ det ĝαβ̃
(ℓ0m1 −m0ℓ1)(n0̃m1̃ −m0̃n1̃) = −ĝ , (ℓ0̃m1̃ −m0̃ℓ1̃)(n0m1 −m0n1) = − 1

ĝ

(24.6)
Hence after the complexification we have to replace

√
−g → −iĝ. Notice, that

now we deal with a complex metric (pseudo-metric), and we must not take
complex conjugations before returning back to real x. Then (24.2) takes the
form

For b = 0 , ∂1Fi0̃1̃ − γfikjAk1Fj0̃1̃ = (D1)ijFj0̃1̃ = −ĝk0i
For b = 1 , ∂0Fi0̃1̃ − γfikjAk0Fj0̃1̃ = (D0)ijFj0̃1̃ = ĝk1i
For b = 0̃ , ∂1̃Fi01 − γfikjAk1̃Fj01 = (D1̃)ijFj01 = −ĝk0̃i
For b = 1̃ , ∂0̃Fi01 − γfikjAk0̃Fj01 = (D0̃)ijFj01 = ĝk1̃i

(24.7)

written separately for every structure coordinate in order to help a non-familiar
reader to understand the subsequent mathematical operations. The integrability
conditions imply

[(D0), (D1)]ikFk0̃1̃ = −γfijkFj01Fk0̃1̃ = −(Dα)ij(ĝk
α
j )

[(D0̃), (D1̃)]ikFk01 = −γfijkFj0̃1̃Fk01 = −(Dα̃)ij(ĝk
α̃
j )

(24.8)

They vanish outside the compact singular gluonic source.
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As expected, the written in LCR-structure coordinates equations do not
contain the complexified ”metric” gαβ̃ , and contain only the self-dual left-hand
component Fj01 and right-hand component Fj0̃1̃ of the gauge field strength,
because the present gauge field action has been constructed to be metric inde-
pendent.

It is evident that if

fijkFj01Fk0̃1̃ = − 1
ĝfijk(n

µm̃νFjµν)(ℓ
µmνFkµν) ̸= 0 (24.9)

does not vanish outside the sources, the differential equations (24.8) do not
admit (fundamental) solutions with compact sources. Hence my conclusion is
that, outside the singular compact part (the particle location) of the general-
ized function, we may have solutions only if an effective abelianization of the
partial differential equations (24.8) is achieved. We actually have two types of
distributional solutions

Null : Fj0̃1̃ = 0 or Fj01 = 0 , ∀j

Non− null : (Fj01 = 0 , Fk0̃1̃ = 0) , ∀fijk ̸= 0
For SU(3) : (Fj01 = 0 = Fj0̃1̃ , ∀j ̸= 3) , (Fj01 = 0 = Fj0̃1̃ , ∀j ̸= 8)

(24.10)
where the case of the physically interesting group SU(3) has been indicated.
These two kinds of solitons will be explicitly computed in the following subsec-
tions, while other possibilities of abelianization may also be proposed.

In the above procedure we first found the conditions for the existence of
distributional solutions. These conditions impose forms of abelianization while
the SU(3) color group is imposed by hand.

24.1 Null colored distributional solitons

In this subsection we will compute the null solutions for the static electron
LCR-structure. That is, we will the following two independent solutions

Aα = 1
γ (∂αU)U−1 , (ℓµmνFkµν) = (ℓ0̃m1̃ − ℓ1̃m0̃)Fk0̃1̃ ̸= 0

(nµm̃νFkµν) = (n0m̃1 − n1m̃0)Fk01 ̸= 0 , Aα̃ = 1
γ (∂α̃U

′)U ′−1

(24.11)

where U and U ′ are arbitrary elements of the gauge group in a prescribed gauge
group representation.

Hence, the two gauge field equations become abelian

∂α̃F01 − γ[Aα̃, F01] = 0 ⇒ ∂α̃F
′
01 = 0 , F01 = U ′F ′

01U
′−1

∂αF0̃1̃ − γ[Aα, F0̃1̃] = 0 ⇒ ∂αF
′
0̃1̃

= 0 , F0̃1̃ = UF ′
0̃1̃
U−1

(24.12)
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which apparently coincide with the (abelian) equations

1√
−g∂µ{

√
−g(ℓµmν − ℓνmµ)(nρmσFjρσ)} = −kνj , ℓµmνFjµν = 0

nµmνFjµν
= 0 , 1√

−g∂µ{
√
−g(nµmν − nνmµ)(ℓρmσFjρσ)} = −kνi

(24.13)
Notice that the essential non-vanishing term in both solutions is null, therefore
we will look for completely null solutions, i.e. (ℓρnσ −mρmσ)Fjρσ = 0. Hence
we will look for null abelian solutions which satisfy the above equations written
with differential forms

d{ℓ ∧m(nρmσFjρσ)} = i ∗ kj , ℓµmνFjµν
= 0 , (ℓρnσ −mρmσ)Fjρσ = 0

nµmνFjµν
= 0 , d{(n ∧m(ℓρmσFjρσ)} = i ∗ kνi , (ℓρnσ −mρmσ)Fjρσ = 0

(24.14)
The relation between the LCR-tetrad and the LCR-structure coordinates

implies that any 2-form

F = f(zβ)dz0 ∧ dz1 , F̃ = f̃(zβ̃)dz0̃ ∧ dz1̃ (24.15)

in the ambient complex manifold induces the null self-dual 2-forms

F | = Aℓ ∧m , F̃ | = Ãn ∧m (24.16)

in the LCR-manifold. But these general self-dual 2-forms do not always have real
distributional sources. We will show that the static LCR-structure does have a
distributional source, and we will compute it. We will make the calculations with
the massive flatprint static LCR-structure using with the asymmetric flatprint
LCR-tetrad

Lµdx
µ = [dt− dr − a sin2 θdφ]

Nµdx
µ = r2+a2

2(r2+a2 cos2 θ) [dt+
r2+2a2 cos2 θ−a2

r2+a2 dr − a sin2 θ dφ]

Mµdx
µ = −1√

2(r+ia cos θ)
[−ia sin θ (dt− dr) + (r2 + a2 cos2 θ)dθ+

+i sin θ(r2 + a2)dφ]

(24.17)

and its corresponding structure coordinates

z0 = t− r + ia cos θ , z1 = eiφ tan θ
2

z0̃ = t+ r − ia cos θ , z1̃ = r+ia
r−iae

−iφ tan θ
2

(24.18)

Then

1
sin θ(r−ia cos θ)L ∧M = −1√

2z1
dz0 ∧ dz1 =

= −1√
2
[ 1
sin θd(t− r) ∧ dθ + id(t− r) ∧ dφ+ a sin θdθ ∧ dφ]

(r+ia cos θ)
(r2+a2) sin θN ∧M = −1√

2z1̃
dz0̃ ∧ dz1̃ =

= −1
2
√
2
[ −2ia
(r2+a2)dt ∧ dr +

1
sin θd(t+ r) ∧ dθ − id(t+ r) ∧ dφ+ a sin θdθ ∧ dφ]

(24.19)
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Unlike the electromagnetic field, these self-dual 2-forms are not dimensionless,
but they do have distributional sources. Therefore, we expect them to have
dimensional charges (interaction constant).

The non-vanishing closed 2-forms (with sources) which satisfy the field equa-
tions (24.14) are

d{ℓ ∧m(nρmσFjρσ)} = d{ C′
j

sin θ(r−ia cos θ)ℓ ∧m} = i ∗ k′j

d{(n ∧m(ℓρmσFjρσ)} = d{C
′′
j (r−ia cos θ)

(r2+a2) sin θ n ∧m)} = i ∗ k′′j

(24.20)

where C ′
j and C ′′

j are proper dimensional constants, which provide real distri-
butional charges, derived using Stokes’ theorem. In the asymmetric LCR-tetrad
the solutions have the explicit forms

C′
j

sin θ(r−ia cos θ)L ∧M =
−C′

j√
2
[ 1
sin θd(t− r) ∧ dθ + id(t− r) ∧ dφ+ a sin θdθ ∧ dφ] =:

=: F ′
j − i ∗ F ′

j

C′′
j (r+ia cos θ)

(r2+a2) sin θ N ∧M =
−C′′

j

2
√
2
[ −2ia
(r2+a2)d(t+ r) ∧ dr + 1

sin θd(t+ r) ∧ dθ − id(t+ r) ∧ dφ−
− 2a2 sin θ

(r2+a2)dr ∧ dθ + a sin θdθ ∧ dφ] =: F ′′
j − i ∗ F ′′

j

(24.21)
Apparently the charges of the sources are generated by the terms dθ ∧ dφ con-
tributing to the imaginary part i ∗ Fj of the self-dual 2-forms. Hence the
constants must be imaginary for the sources to be real and the original field
equations to be satisfied. Notice that they are proportional to the coefficient a
(the radius of disk singularity). We finally find the independent left and right
solutions

F ′
j =

γ′
j

4πa [d(t− r) ∧ dφ] = d[
γj

πa
√
2
(t− r)dφ)]

∗F ′
j =

γ′
j

4πa [
1

sin θd(t− r) ∧ dθ + a sin θdθ ∧ dφ]

F ′′
j =

γ′′
j

4πa [−
a

r2+a2 dt ∧ dr + d(t+ r) ∧ dφ] =
= d[

−γ′′
j

√
2

πa (t+ r)( a
r2+a2 dr + dφ)]

∗F ′′
j =

γ′′
j

4πa [
1

sin θd(t+ r) ∧ dθ − 2a2 sin θ
(r2+a2)dr ∧ dθ + a sin θdθ ∧ dφ]

(24.22)

with the corresponding potentials been apparent. The field strengths are di-
mensionless with a in the denominator. This essential difference of the gluonic
solutions with the corresponding electromagnetic one will be studied below.

The second quark (of the massless LCR-structure) can be found using the
same procedure. Let us consider the first ([E = −p3]) LCR-structure of (21.8)
with the corresponding structure coordinates and tetrad
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[E = −p3] : X3 − aX1 = 0 , X0 = 0

z0 = x0 − ia− x3 − (x1)2+(x2)2

x0+x3−ia , z1 = x1+ix2

x0+x3−ia
z0̃ = x0 + x3 − (x1)2+(x2)2

x0−x3 , z1̃ = x1−ix2

x0−x3

(24.23)

The two solutions with sources are expected to have the forms

F ′
j = fj(z

0, z1)dz0 ∧ dz1 → dF ′
j = − ∗ k′j

F ′′
j = fj(z

0̃, z1̃)dz0̃ ∧ dz1̃ → dF ′′
j = − ∗ k′′j

(24.24)

But the naive Stokes’ theorem does not apply. This problem has to be treated in
the ”unphysical” grassmannian chart. Apparently, we may bypass this difficulty
by assuming a mass term and repeat the preceding calculations, in order to
experimentally check PCFT.

The second PDE of (24.2), which is implied by the action II , may be written
as

II → 1√
−g (Dµ)ij{

√
−g[(ℓµmν − ℓνmµ)(nρmσ ∗ Fjρσ)+

+(nµmν − nνmµ)(ℓρmσ ∗ Fjρσ)]} = −ikνi
(24.25)

because ℓ[ρmσ] and n[ρmσ]are self-dual. This has exactly the form of the first
PDE, with the gauge field tensor replaced by its dual. Hence the solutions of
the second PDE will be − ∗ F ′

j and − ∗ F ′′
j , which is impossible, because they

have sources, i.e. d ∗ F ′
j ̸= 0 ̸= d ∗ F ′′

j .

24.2 Non-null colored distributional solitons

The left Fi01 and right Fj0̃1̃ null solutions may coexist in the same region, if they
do not vanish only for i and j in the abelian (Cartan) subalgebra. In the physi-
cally interesting case of the su(3) Lie algebra this will happen if i and j take the
values 3 and 8. In the physically interesting cases, where the only the potential
A3µdx

µ ̸= 0 does not vanish, we will have the non-null distributional solution
with F3 gluonic dressing, which satisfies the partial differential equations

IR → 1√
−g∂µ{

√
−g[(ℓµmν − ℓνmµ)(nρmσF3ρσ)+

+(nµmν − nνmµ)(ℓρmσF3ρσ)]} = −kν3

II → 1√
−g∂µ{

√
−g[(ℓµmν − ℓνmµ)(nρmσF3ρσ)+

+(nµmν − nνmµ)(ℓρmσF3ρσ)]} = −ikν3

(24.26)

An analogous abelian non-null solution with F8 gluonic dressing exists.
It is more convenient to make calculations using the differential forms. In

the case of the first action IR the PDE takes the form

d{(nρmσFjρσ)ℓ ∧m+ (ℓρmσFjρσ)n ∧m} = i ∗ k(e)j (24.27)
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Using the preceding procedure we find the non-vanishing closed 2-forms (with
real sources) in the case of flatprint massive LCR-tetrad

d{ C′
j

sin θ(r−ia cos θ)L ∧M +
C′′

j (r+ia cos θ)

(r2+a2) sin θ N ∧M} = i ∗ k(e)j (24.28)

where C ′
j and C

′′
j with j = 3, 8 are arbitrary complex constants, which are fixed

using Stokes’ theorem and the reality conditions for gluonic sources. That is,
we have

(LρMσFjρσ) =
C′′

j (r+ia cos θ)

(r2+a2) sin θ , (NρM
σ
Fjρσ) =

C′
j

sin θ(r−ia cos θ)

Fjρσ = ∂ρAjσ − ∂σAjρ , j = 3, 8
(24.29)

We assume that
[(LµNν −MµM

ν
)Fjµν ] = 0 (24.30)

because it cannot be determined by the sources. That is

Fjρσ = − C′
j

sin θ(r−ia cos θ) (LρMσ − LσMσ)−
C′′

j (r+ia cos θ)

(r2+a2) sin θ (NρMσ −NσMσ) + c.c.

Fjρσ = ∂ρAjσ − ∂σAjρ , j = 3, 8
(24.31)

For the static flatprint LCR-tetrad the solutions have the explicit forms

Fj − i ∗ Fj := − 2C′
j

sin θ(r−ia cos θ)L ∧M − 2C′′
j (r+ia cos θ)

(r2+a2) sin θ N ∧M =

=
2C′

j+C
′′
j√

2
[ −ia
r2+a2 dt ∧ dr +

1
sin θdt ∧ dθ +

a2 sin θ
r2+a2 dr ∧ dθ

−idr ∧ dφ+ a sin θdθ ∧ dφ]+
+

2C′
j−C

′′
j√

2
[ ia
(r2+a2)dt ∧ dr + idt ∧ dφ− r2+a2 cos2 θ

(r2+a2) sin θdr ∧ dθ]

(24.32)

After a straightforward calculation I find

∫
t,r=const

[
−2C′

j

sin θ(r−ia cos θ)L ∧M +
−2C′′

j (r+ia cos θ)

(r2+a2) sin θ N ∧M ] =
(2C′

j+C
′′
j )4πa

√
2

=: −iγ(e)j

(24.33)
which implies that the (dimensionless) constants γ3 and γ8 must be real for the
sources to be real and the original field equations to be satisfied.

Assuming 2C ′
j−C ′′

j = 0 (because it is not determined by the gluonic charge),
the arbitrary constants are completely fixed and the solutions are

Fj =
−γj

4πa [
a

r2+a2 dt ∧ dr + dr ∧ dφ] =
= d[

−γj

4πa (tan
−1 r

adt+ rdφ)]

∗Fj =
γj

4π [
1

a sin θdt ∧ dθ +
a sin θ
r2+a2 dr ∧ dθ + sin θdθ ∧ dφ]

(24.34)
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where j = 3, 8 for the SU(3) color group and the corresponding potentials been
apparent.

The second action II does not provide a solution, because it is not compatible
with the closed differential form

Fjρσ = ∂ρAjσ − ∂σAjρ , j = 3, 8

dFj = 0
(24.35)

through which the field enters into the action.
It is interesting to compare the electromagnetic dressing potential

A = qr3

4π(r4+a2(x3)2) (dx
0 − rx1−ax2

r2+a2 dx1 − rx2+ax1

r2+a2 dx2 − x3

r dx
3) (24.36)

with the gluonic dressing potential of the static LCR-structure in cartesian
coordinates

x0 = t
x1 = (r cosφ+ a sinφ) sin θ
x2 = (r sinφ− a cosφ) sin θ
x3 = r cos θ

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0

(24.37)

with

dt = dx0

dr = rx1−ax2

r2+a2 dx1 + ax1+rx2

r2+a2 dx2 + x3

r dx
3

dθ = x3(rx1−ax2)

r2
√

(r2+a2)((x1)2+(x2)2)
dx1 + x3(ax1+rx2)

r2
√

(r2+a2)((x1)2+(x2)2)
dx2 −

√
(x1)2+(x2)2

r
√
r2+a2

dx3

dφ = − ax1+rx2

r((x1)2+(x2)2)dx
1 + rx1−ax2

r((x1)2+(x2)2)dx
2

(24.38)
I find

A
(g)
j =

−γj

4πa (tan
−1 r

adt+ rdφ) =

=
−γj

4πa (tan
−1 r

adx
0 − ax1+rx2

(x1)2+(x2)2 dx
1 + rx1−ax2

(x1)2+(x2)2 dx
2)

F
(g)
j =

−γj

4πa (
a

r2+a2 dt ∧ dr + dr ∧ dφ) =
=

−γj

4π(r2+a2) [
rx1−ax2

r2+a2 dx0 ∧ dx1 + ax1+rx2

r2+a2 dx0 ∧ dx2 + x3

r dx
0 ∧ dx3]+

+
−γj

4πar [dx
1 ∧ dx2 + x3(ax1+rx2)

r((x1)2+(x2)2)dx
1 ∧ dx3 − x3(rx1−ax2)

r((x1)2+(x2)2)dx
2 ∧ dx3]

(24.39)
Notice that unlike the electromagnetic and gravitational potentials, the gluonic
potential is not a distribution with the ordinary singular ring singularity. It
has a line singularity along the z-axis like the Dirac magnetic monopole, but its
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asymptotic behavior is different. The ”electric” and ”magnetic” parts are

A
(g)
j0 =

−γj

4πa (tan
−1 r

a )−→
A

(g)
j =

−γj

4π [ ra
−x2dx1+x1dx2

(x1)2+(x2)2 − 1
2d ln((x

1)2 + (x2)2)]

r = ±
{

(x1)2+(x2)2+(x3)2−a2
2 +

√
[ (x

1)2+(x2)2+(x3)2−a2
2 ]2 + a2(x3)2

} 1
2

(24.40)

where the last term of
−→
A

(g)
j is a singular gauge. The (19.21) relation

r = ±
{

(x1)2+(x2)2+(x3)2−a2
2 +

√
[ (x

1)2+(x2)2+(x3)2−a2
2 ]2 + a2(x3)2

} 1
2

(24.41)
implies

x3 = 0, (x1)2 + (x2)2 − a2 < 0 → r = 0

x3 = 0, (x1)2 + (x2)2 − a2 > 0 → r =
√
(x1)2 + (x2)2 − a2

(x3)2 >> (x1)2 + (x2)2 → r ≃ |x3|

(24.42)

The ”magnetic” part of the potential is linear and the ”electric” part is a ”well-
like” potential.

The other important difference is its singularity relative to the spin param-
eter a at a = 0, which does not permit us to treat gluonic interaction like
gravitational and weak interactions as we will discuss in Part IV.

24.3 A chiral SU(3) connection

Recall that Einstein was looking for a geometric structure, which could replace
the lorentzian metric, and produce all the interactions. His higher dimensional
Kaluza-Klein model could not succeed in describing electomagnetism. The same
fate had the metric with torsion suggested by E. Cartan. We already showed
that the LCR-structure implies the metric structure and the electroweak connec-
tion, which are manifestations of the LCR-tetrad. In the previous subsections,
we found distributional solutions of the gauge field related to the static LCR-
structure. If we also succeed to derive the SU(3) connection from the LCR-
structure, Einstein would be justified. Everything (gravity, electromagnetism,
weak and strong interactions) are manifestations of the pure geometric LCR-
structure, without any additional gauge field. The suggestion of this subsection
is that a SU(3) Cartan connection exists, which could provide the distributional
solutions found above.

A realizable LCR-structure is based on hypersurfaces of CP (3), which are
covariant relative to SL(4,C) transformation. That is SL(4,C) preserves LCR-
structure. Following the Griffiths[17] and Griffiths-Harris[19] works we will look
for a possible emergence of the gluonic connection from the LCR-structure itself,
without any need to introduce the actions (5.8).
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We have already showed how the LCR-manifold is lifted to the grassmannian
manifold G(4, 2) of the lines of CP (3). Let a frame {A0, A1, A2, A3} of CP (3)
determined by the corresponding four vectors of C4, where A0 determines the
point from where the CP (3) defining lines of C4 pass through. Assuming it to
be a unitary basis (13.31), the Cartan moving frame relations are

dAm = ωmnAn , dωmn = ωml ∧ ωln , ωmn = ωnm
l,m, n = 0, 1, 2, 3

(24.43)

ωml are SU(4) forms. CP (3) is determined by the annihilation of the 1-forms
ω0i, (which is a basis of the cotangent space T ∗(CP (3))) because of the Frobe-
nius theorem satisfying relation

dω0i = ω00 ∧ ω0i + ω0j ∧ ωji (24.44)

Hence the projection
A0 : U(4) → CP (3) (24.45)

gives a principal U(1) × U(3) fibration with corresponding vector bundles, the

line bundle LA0
=

−−→
OA0 and the universal quotient bundle QA0

= C4/LA0
. A

holomorphic curve Z(τ) ⊂ C4 implies the unitary basis lift

Z0(τ), Z1(τ), Z2(τ), Z3(τ)
dZ0 = θ00Z0 + θ0iZi

(24.46)

where θ0i are of type (1,0) forms. In our case the Kerr function generates a
Darboux unitary frame

Ẑ0(τ , s), Ẑ1(τ , s), Ẑ2(τ , s), Ẑ3(τ , s)

dẐ0 = θ̂00Ẑ0 + θ̂0iẐi
dθ̂0i − iAij ∧ θ̂0j = 0 , Aij = Aji

A = (Aij) =
8∑
I=1

AIβdz
β(tI)ij , [tI , tJ ] = ifIJKtK

G = ∂A− iA ∧A −→ DG := ∂G+ iA ∧G− iG ∧A = 0

(24.47)

where the general antihermitian connection has been replaced with the usual
hermitian su(3) gauge field A = (Aij), tJ are the generators of SU(3), and

∂(AIβdz
β) =

∂AIβ

∂zα dzα ∧ dzα. The explicit form of the curvature is

GIαβ = ∂αAIβ − ∂βAIα − fIJKAJαAKβ

GI01 = ∂0AI1 − ∂1AI0 − fIJKAJ0AK1

(24.48)

Notice that the Bianchi identity is identically satisfied, because of the two (com-
plex) dimension of the analytic hypersurface.

The vanishing group manifold curvature GIαβ = 0 should correspond to
leptons and GIαβ ̸= 0 to quarks (hadrons). In the case of an LCR-structure
lifted to CP (3)× CP (3) we have
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ρ11(Z
m1, Zn1) = 0 , ρ12

(
Zm1, Zn2

)
= 0 , ρ22(Z

m2, Zn2) = 0

K(Zm1) = 0 = K(Zm2)
(24.49)

This set of solutions is apparently invariant under the U(4) transformation.

Recall that a complex point (zα, zβ̃) in the 4-dimensional ambient Kaehler

manifold is determined by the two complex points zα and zβ̃ of the hypersurface
of CP (3). Hence the above holomorphic connection adapted to the analytic
surface implies the following section

AJ = AJα(z
β)dzα +AJα̃(z

β̃)dzα̃

GIαβ(z
β) = ∂αAIβ − ∂βAIα − fIJKAJαAKβ

GIα̃β̃(z
β̃) = ∂α̃AIβ̃ − ∂β̃AIα̃ − fIJKAJα̃AKβ̃

GIαβ̃ = −fIJK(AJαAKβ̃ −AKαAJβ̃)

(24.50)

which is reduced down to the (real) 4-dimensional LCR-manifold

AJ = AJα(z
β(x))∂z

α

∂xµ dx
µ +AJα̃(z

β̃(x)) dz
α̃

∂xµ dx
µ

G = dA+A ∧A
(24.51)

It is not yet clear to me how to relate such a SU(3) gauge field with the observed
gluonic one.

Achieving such a framework could provide Einstein’s objective to show that
all the interactions (observed in nature) have a geometric origin. Besides, the
color group is fixed to the observed in nature SU(3) group.

25 ”STRUCTURES” IN BOUNDEDREALIZA-
TION

We have already found that the LCR-manifold (the spacetime) may mathemat-
ically be viewed as a special totally real submanifold of C4. Its proper projec-
tivization provides its Cartan lift into a boundary of a domain (10.8) in the
grassmannian G(4, 2). This boundary may be viewed as a deformation (10.22)
of the SU(2, 2) classical domain. In its unbounded realization determines the
affine Poincaré group, which we used to determine the ”electron” and ”neutrino”
LCR-structures. But it was its bounded realization that permited us to properly
study the LCR-ray tracing and reveal why the Kerr-Newman manifold with a
naked singularity is well defined in the context of PCFT, while it is rejected in
general relativity because of the Hawking-Penrose singularity theorems. But in
the bounded realization there are some additional mathematical peculiarities,
which have to be understood and their consiquences properly estimated.
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In the context of the G. Mack analysis of the ”unitary representations of
the conformal group SU(2, 2) with positive energy”[21], the set of the com-
muting generators in the bounded and the unbounded realizations is NOT the
same. In the unbounded realization, the electron soliton is determined by its
time-translation P 0 and z-rotation. In the bounded realization, the appropriate
automorphisms are H0 = 1

2 (P
0 +K0) (which is essentially a τ translation) and

z-rotationH1+H2 (16.29), which imply the invariant quadratic Kerr polynomial
(16.34). Compare the forms of this polynomial (16.34) with the corresponding
polynomial Ke (19.41) of the electron LCR-structure

K = A03Y
0Y 3 +A12Y

1Y 2 = A03+A12

2 (X0X1 −X2X3) + A03−A12

2 (X1X2 −X0X3)

Ke = AY 0Y 1 + (A+ 2B)Y 0Y 3 + (A− 2B)Y 1Y 2) +AY 2Y 3 = B(X1X2 −X0X3) +AX0X1

(25.1)
These two polynomials are different, as expected, because only the z-rotation is
the same. The other imposed automorphisms are different.

25.1 ”U(2) electron” LCR-structure

The Kerr-Newman-Taub-NUT tetrad in the symmetric tetrad (t, r, θ, φ) co-
ordinates has the form

ℓµdx
µ = 1

∆ [∆dt− ηηdr −∆p dφ]
nµdx

µ = 1
2ηη [∆dt+ ηηdr −∆pdφ]

mµdx
µ = −1√

2η
[−ia sin θdt+ ηηdθ + i(r2 + a2 + l2) sin θdφ]

(25.2)

where
∆ = r2 + a2 − l2 + h
p = a sin2 θ − 2l cos θ
η = r + i(l + a cos θ)

h = −2mr + e2

ρ2 = ηη

(25.3)

The above form of the tetrad contains the tetrad-Weyl factors, which give
the well known Kerr-Newman-Taub-NUT metric. The regularity of the LCR-
structure is found by multiplying the vectors of the tetrad with the necessary
factors to make the tetrad regular in R4 and after checking that it is linearly
independent. In the present case we take

ℓ′ = ∆ℓµdx
µ = ∆dt− ηηdr −∆p dφ

n′ = 2ηηnµdx
µ = ∆dt+ ηηdr −∆pdφ

m′ = −
√
2ηmµdx

µ = −ia sin θdt+ ηηdθ + i(r2 + a2 + l2) sin θdφ

ℓ′ ∧m′ ∧ n′ ∧m′ = 4i sin θ∆[r2 + (l + a cos θ)2]3dt ∧ dr ∧ dθ ∧ dφ

(25.4)

It is regular if ∆ ̸= 0 in R4. That is (r−m)2+a2−l2+e2−m2 ̸= 0. Hence only a
tetrad with naked singularity (in the corresponding riemannian terminology)
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gives a regular LCR-structure. No other scalar quantities count here. Notice
the essential difference with the riemannian geometry. This is the reason that
it can exist in the present theory, while it cannot exist in general relativity.

It has the following structure coordinates

z0 = t− f0(r) + ia cos θ + 2il ln(sin θ) , z1 = eiφe−iaf1(r) tan θ
2

z0̃ = t+ f0(r)− ia cos θ + 2il ln(sin θ) , z1̃ = e−iφe−iaf1(r) tan θ
2

f0(r) =
∫
r2+a2+l2

∆ dr , f1(r) =
∫
dr
∆

(25.5)

Its differential forms are

dl = [
√
2a(l+a cos θ) sin θ

ηη2
m+

√
2a(l+a cos θ) sin θ

η2η m] ∧ ℓ− 2i(l+a cos θ)
ηη m ∧m

dn = 2r∆−ηη∆′

2η2η2
ℓ ∧ n− i∆(l+a cos θ)

η2η2
m ∧m

dm = [− ∆√
2ηη2

ℓ+ i(l+a cos θ) sin θ
ηη n− (r+il) cos θ+ia√

2η2 sin θ
m] ∧m+

√
2iar sin θ
η2η ℓ ∧ n

(25.6)
which imply the three relative invariants.

The three self-dual 2-forms

V1 := ℓ ∧m
V2 := n ∧m
V3 := ℓ ∧ n−m ∧m

(25.7)

determine the following three closed self-dual 2-forms (up to a compact source).
V3 gives the self-dual electromagnetic field

F+
3 = C3

(r−i(l+a cos θ))2 (ℓ ∧ n−m ∧m) (25.8)

V1and V2 give the closed 2-forms

F+
1 = C1

z1 dz
0 ∧ dz1 = C1

sin θ [−
ia sin θ

∆ dt ∧ dr + dt ∧ dθ + i sin θdt ∧ dφ−
− r2+(l+a cos θ)2

∆ dr ∧ dθ − i r
2+a2+l2

∆ sin θdr ∧ dφ+ (a sin2 θ − 2l cos θ)dθ ∧ dφ

F+
2 = C2

z1̃
dz0̃ ∧ dz1̃ = C2

sin θ [−
ia sin θ

∆ dt ∧ dr + dt ∧ dθ − i sin θdt ∧ dφ+
+ r2+(l+a cos θ)2

∆ dr ∧ dθ − i r
2+a2+l2

∆ sin θdr ∧ dφ+ (a sin2 θ + 2l cos θ)dθ ∧ dφ
(25.9)

The apparent raised question is ”what could be the interpretation of this static
axisymmetric solution?”.
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26 UNIVERSE AND ELEMENTARY PARTI-
CLES

In the context of general relativity, where the lorentzian metric is the funda-
mental quantity with matter viewed as external object, the mathematical prob-
lems are plagued by essential singularities defined as non-extendable geodesics.
I want to point out that we are still at the classical level. The electron is
a (distributional) solitonic LCR-structure with gravitational, electromagnetic
and weak dressings. As expected, its LCR-rays are not linear in r, because of
its potentials. Even at this classical level it has the electron gyromagnetic ratio
g = 2. Its source is at a complex point like the (technical) photonic gaussian
beams in optics, passing from the one side to the other through an aperture at
a plane. The aperture of the electron is the glued essential naked singularity
of its Kerr-Newman gravitational dressing. Recall that this aperture could not
be studied in the context of Einstein’s riemannian geometry (Hawking-Penrose
singularity theorems), where such naked essential singularities were rejected as
”unphysical”, through the ”censorship hypothesis” of Penrose. In the present
Part III of the Research eBook, we made clear that the LCR-structure is more
powerful, and able enough to study such singularities.

It is now the time to consider how the ”trees” (elementary particles) are
arranged in the ”forest” (universe). Apparently the bodies of the universe are
aggregations of elementary particles (the singularities of leptons and quarks, and
the wavefront singularities of photon and graviton waves). Hence our universe
is an LCR-manifold which is mathematically described as a special totally real
surface (4.13)

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0
⇕

ρij =

(
ρ11 ρ12
ρ12 ρ22

)
= 0

(26.1)

of C4, which is viewed as a hermitian matrix. In order to study the we have
to fix the permitted ”motions” of the universe LCR-surface. Recall that in
ordinary 3-dimensional euclidian space the general coordinate transformations
are restricted the affine transformations. In the present case we start with
the general LCR-structure transformations (4.14) to put the neighborhood of
a regular point p of the surface into a normalized position, i.e. in the regular
coordinates (4.15). These coordinates adapted to p are

z′α = fα(zβ) , z′α̃ = f α̃(zβ̃)
⇓

ρij =
1
2i

(
z0 − z0 z1̃ − z1

z1̃ − z1 z0̃ − z0̃

)
−
(
ϕ11 ϕ12
ϕ12 ϕ22

)
= 0

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0

(26.2)
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with ϕij satisfying the indicated conditions at p and having special dependence
on the complex varables. The above form may also be written as(

z0 z1̃

z1 z0̃

)
=

(
u ζ
ζ v

)
+ i

(
ϕ11 ϕ12
ϕ12 ϕ22

)

ϕ11(p) = ϕ22(p) = ϕ12(p) = 0 , dϕ11(p) = dϕ22(p) = dϕ12(p) = 0

(26.3)

where u, v are real and ζ is complex, and they may be assumed as coordinates
of the surface. It is convenient to identify ζ = z1 to consider ρ11 = 0 the Cauchy
null surface with ℓ = ∂

∂v . The ρ22 = 0 is also a Cauchy null surface determined

by n = ∂
∂u .

As a generic totally real submanifold of C4, its real analytic points p have
neighborhoods[1] where a general holomorphic transformation annihilates ϕij =

0. These transformations zb = f b(rc) do not preserve the LCR-structure! But
in the Kaehler manifold with metric and corresponding symplectic form (15.2)

ds2 = 2
∂2 det(ρij)

∂za∂zb
dzadzb , ω = 2i

∂2 det(ρij)

∂za∂zb
dza ∧ dzb (26.4)

they are permited. The variables rb may be chosen such that we get the canon-
ical Darboux symplectic form and the Minkowski induced metric

ω = 2ηabdy
a ∧ dxb , ds2|M = ηabdx

adxb

rb =: xb + iyb
(26.5)

Apparently this holomorphic transformation cannot be generally extended over
the entire C4, where singularities may appear at complex points which will
cause the appearance of non-real analytic points in the universe (the real LCR-
submanifold).

At the regular analytic points of the universe, the Minkowski coordinates
are well defined through the unbounded realization SU(2, 2) symmetric clas-
sical domain X†EUX = 0. But this global spacetime is topologically more
complicated then R4. Its bounded realization reveals that the regular points of
the universe may be considered as the R × SU(2) universal covering manifold
with the singularities of the potentials (dressings) located at compact non real
analytic submanifolds of SU(2). The compact parameters w of this spacetime
do not appear in (26.3) because we assumed that the coordinates vanish za

vanish at p. In the next Part IV of this research ebook, the potentials will be
treated as operator valued tempered distributions of the rigged Hilbert-Fock
space of the Poincaré representations. The essential input will be to introduce
such operators for the currents using fermionic representations.

The gravitational, electroweak and gluonic dressings of the fermionic ele-
mentary particles are simply the regular parts of the corresponding connections
related to the LCR-structures of the elementary particles with the corresponding
singular parts being their classical location (trajectory). Precisely, the dress-
ings are the locally integrable functions representatives of the corresponding
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Schwartz-distributions, which determine their well defined (as distributions)
”ladder” of differentiations. The singularities of the dressings determine the
location of the elementary particles (leptons) while the regular parts of the
dressings are the ”classical” potentials of the elementary particles.

Up to now all the problems of general relativity were affronted with the
statement ”they will be solved by quantum gravity”. PCFT reverses the way of
thinking. At the local short scale level, the elementary particles are local com-
municating holes of the two R4 patches of the U(2) boundary in the supposed
embedding of the universe in the grassmannian space G(4, 2), apparently if the
ambient complex manifold (implied by the linearly independent complex moving

frame) can be projectively (algebraically) compactified. Let ρij(z
b, zc) = 0 be

the universal embedding special LCR-conditions. If at a point p of the universe
with real coordinates xµ, these functions are real analytic (without wavefront
singularities), nothing occurs at this point. At a neighborhood of these points
there is[1] an analytic transformation zb(ra) such that the structure conditions
take the trivial form ra − ra = 0 in the unbounded coordinate system of the
SU(2, 2) symmetric classical domain. Such are all the points of the universe
without matter and its geometric form is R× S3, the universal covering of the
boundary of the bounded realization of the classical domain. But the holomor-
phic extension of zb(ra) is not everywhere possible, because it has singulari-
ties at the elementary particle loci. There, it is not analytic to both sides of
the 4-d universe surface ρij(z

b, zc) = 0. The one-side analyticity is described
using Hormander’s tempered generalized functions (or equivalently Sato’s hy-
perfunctions). Recall that the generalized functions are described with ladders
of derivatives of locally integrable functions. These locally integrable functions
are identified with the potentials and their singular locus with their (material)
source. The proper study framework of the generalized functions is the rigged
Hilbert-Fock space of tempered distributions. The additional observation is
that the found distributional solitons just provide the observed elementary par-
ticles of the standard model. No additional elementary particles appear, which
could be considered as the hypothetical dark matter weakly interactinf parti-
cles. Hence the possibility to understand dark energy and dark matter passes
through the formal embedding of the LCR-universe in C4.

26.1 Dark energy and matter in PCFT

At the large galaxial scale the mathematical problem is based differently. The
spacetime is mathematically described as a four dimensional lorentzian mani-
fold embedded into the Kaehler manifold (15.2). This does not mean that the
ambient Kaehler manifold is ”real”. It should be considered as a manifestation
of the background LCR-structure.

We have already found that the global universe has to be studied in the
bounded realization. Disregarding the singularitie (matter), the universe LCR-
manifold is identified with the ”natural U(2)” LCR-structure. Its Kaehler metric
(16.14) is reduced to the de Sitter metric ds2S (18.57), which is also conformally
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equivalent to the Minkowski metric

ds2S = (dt)2 − T 2
0 cosh2 t

T0
[(dρ)2 − sin2 ρ(dσ)2 − sin2 ρ sin2 σ(dχ)2] =

= T 2
0 cosh2 t

T0
[η̂µνdx

µdxµ]

τ = 2arctan(e
t

T0 ) , T0 :=
√

3
Λ

(26.6)

but with ρ ∈ [0, 2π). It covers the entire covering spacetime R × SU(2). It
is essentially imposed by the U(2) topology of the spacetime. The dressings
(potentials) of the singularities are local deformations which have to be added.
This picture seems to provide the cosmological constant needed to describe dark
energy.

The origin of dark matter may be analogous. This may be the effect of the
second fundamental form of the embedding of the universe LCR-submanifold in
C4.

In order to visualize the embedding consiquences of the universe as a real
submanifold of C4, it is convinient to work in real coordinates. In the Eisenhart
book[9] notation, the Gauss-Codazzi equations have the form

Rijkl =
8∑

σ=0
eσ(Ωσ|ikΩσ|jl − Ωσ|ilΩσ|jk) +Rαβγδy

α
,iy

β
,jy

γ
,ky

δ
,l

Ωσ|ij,k − Ωσ|ik,j =
8∑

τ=0
eτ (µτσ|kΩτ |ij − µτσ|jΩτ |ik) +Rαβγδy

α
,iy

γ
,jy

δ
,kξ

β
σ

(26.7)

where the universe is V4 with induced metric gij , and the enveloping space is
V8 with metric aαβ . The latin indices i, j, k, ... take values up to four and the
greek indices α, β, γ, µ, ... take values up to eight. We see that the induced
curvature Rijkl of the surface depends on the second fundamental form Ωσ|ik
and the curvature Rαβγδ of the ambient Kaehler manifold. These relations of
the geometric tensors are essentially implied by their precise dependence on the
four real embedding functions ρij(z

b, zc), and the implied embedding relations
(26.3).

One of the most striking effects attributed to ”dark matter” comes from the
velocities vj of the stars at different distances from the galactic center. This
mathematical problem is studied in paragraph 48, where the following relation
(48.7 p.165) of the curve curvatures: 1

ρa
relative to the ambient metric aαβ ,

1
ρg

relative to the spacetime metric gij , and
1
R the normal curvature of spacetime

determined by the second fundamental forms

ea
ρ2a

=
eg
ρ2g

+ e
R2 (26.8)

where ea, eg and e are plus or minus one. Apparently the deviation of the ob-
served trajectory from the the geodetic one indicates that the observed space-
time is not a totally geodetic submanifold.

In the study of the ”accererated” electron we saw (20.13) that the observed
trajectory ξaR(t) is the real part of the complex trajectory ξa(t). Therefore
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the computations in the Eisenhart book[9] have to be properly adapted (or
interpreted). We have to start from the proper complex trajectory in the grass-
mannian G(4, 2) of a ruled surface.
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Part IV

ON THE ”ORIGIN” OF QUANTUM THEORY

Synopsis: General relativists have already understood that the existence
of inevitable Hawking-Penrose singularities is a drawback of the riemannian
geometry. The solution to this problem is to change the fundamental struc-
ture. The Penrose censorship hypothesis ”naked singularities are not permitted
in nature” simply throws in the garbage the clear indications that the Kerr-
Newman metric is related with the electron, which Ezra Newman called[27] the
magic hidden recesses of general relativity. On the other hand, the expectation
that the elementary particles are ”quantum objects” and all the open problems
will be solved when the quantum theory of everything is found turns out to be
wrong too. The intimate relation between the LCR-structure and the Schwartz
distributions indicates that quantum theory is a way to cope with this large
set of generalized functions. This conjecture is essentially in the background of
this Part IV of the present Research eBook and provides a raison d’etre of the
success of Bogoliubov perturbative causal approach of quantum field theory.

Pseudo-conformal field theory (PCFT) is based on a well defined renormaliz-
able action (see Part I). Besides the fact that the conditions of the fundamental
geometric structure (the lorentzian CR-structure) enter the action through La-
grange multipliers, the path-integral quantization may be viewed as a geometric
integration (through cobordism) over the lorentzian CR-manifolds. Recall that
this was first observed in 2-dimensional Polyakov action. But quantum elec-
trodynamics and its extension, the standard model of electroweak interactions
is based on a correspondence between observed particles and quantum fields.
I find that the appropriate formalism to derive this picture is the Bogoliubov
perturbative (causal) formulation of quantum field theory and its improvements
by Epstein-Glaser as presented by Scharf and collaborators. The essential dif-
ference of the present derivation is to consider the Bogoliubov axioms as a con-
sequence of the distributional (generalized functions) character of the solitonic
configurations identified with the elementary particles. Recall that the ordinary
solitons are smooth functions, but the present solitons are generalized functions,
viewed as distributional operators of the well defined rigged Hilbert-Fock space
(Gelfand triplet) of the tempered distributions. The Bogoliubov S-matrix and
the considered ”interacting” fields should be viewed as a harmonic expansion
of the distributional (classical) LCR-solitons to the unitary Poincaré represen-
tations of the free particle fields, the basis of the rigged Hilbert-Fock space of
the tempered distributions.
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27 TWO PATHWAYS TO ”DERIVE” QUAN-
TUM THEORY

The formal consequences of PCFT makes clear that it conforms with the sug-
gestion of E. Cartan to Einstein to look for his unified theory in the general
framework of the moving frame (xµ; eνb∂ν) formalism. The simple substitution
of the riemannian structure with the lorentzian CR-structure provides enough
”formalistic space” to incorporate all currently known particles as stable distri-
butional solitons in the context of a renormalizable LCR-structure compatible
action. But PCFT also provides the framework to ”derive” quantum field theory
itself. The two frameworks are the following:

A. Cobordism approach: We assume that the path-integral of PCFT
is the starting point and try to find mathematical methods to compute tran-
sition amplitudes over LCR-manifolds with initial and final solitonic configu-
rations. That is, to formulate a 4-dimensional ”cobordism approach” based
on LCR-manifolds and their precise bundles, analogous to that applied on the
Polyakov action, which is a 2-dimensional PCFT. Recall the difficulties to make
the corresponding 2-dimensional calculations with the CR(1)| |CR(1) cobor-
dism, where the two Cauchy-Riemann boundaries correspond to ρ1(z

0, z0) = 0

and ρ2(z
0̃, z0̃) = 0. Only the 2-dimensional cylinder S1| |S1 propagator has

been computed so far. Therefore the computations of such an approach seem
to be very difficult in the required CR(3)| |CR(3) cobordism in 4-dimensional
PCFT, where the two Cauchy-Riemann boundaries would be ρ11(z

α, zβ) = 0

and ρ22(z
α̃, zβ̃) = 0.

B. Einstein’s approach: It is well known the Einstein-Infeld derivation of
the classical equations of gravitational motion of many bodies by simply assum-
ing that they are precise singularities of the gravitational field. In the math-
ematical terminology, the effort to accommodate the existence of non-trivial
deRham cohomologies in a Riemannian manifold imply the equations of gravi-
tational motion of bodies. Apparently everything stops there, because we could
not derive the existing elementary particles as stable solitons from the rieman-
nian geometry. But in the previous chapters, we saw that the LCR-structure
and the implied compatible 4-dimensional action admit (classical) solitonic solu-
tions, which are Schwartz distributions. Hence the substitution of the Einstein
riemannian structure with the LCR-structure opens up the possibility to ”de-
rive” quantum theory by simply identifying the quantum Hilbert space with the
natural rigged Hilbert-Fock space of tempered distributions.

The passage of classical PCFT to quantized PCFT seems to be analogous to
the well known ”invention” of the non-rational numbers. Pythagora had based
his worldview (ARCHE, theory of everything) to the prime numbers. Near the
end of his life he realized that the hypotenuse of a right equilateral triangle with
unit sides cannot be written as the ratio of integers, i.e.

√
2 is not a rational

number. But the length of hypotenuse is a real (hence measurable) quantity
and subsequently

√
2 must be a ”physical” number. This discovery destroyed

his ARCHE-ToE! HE then disclosed his discovery to the first ”circle” of his
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”stoa” (masonic lodge) and HE ordered them to kill the member who would
disclose it. Hippasus was drown because he did it! Today, we do know that the
non-rational numbers are determined by the rational ones Q. R is a completion
of Q. An irrational number is approximately computed, i.e. written as an infi-
nite sum of rational numbers. I mention this story (myth?) in order to stress
the analogy between the measurement of the physical quantity ”length of the
hypotenuse of a right equilateral triangle”, with the more advanced completion
of the Schwartz tempered distributions. That is, the locally integrable singular
gravitational, electromagnetic, weak and gluonic dressings belong to an exten-
sion of the Fourier transformable functions. Like the computation (using digits
with decimals) of a real irrational number needs the infinite decimal representa-
tion, so the computation of a real field needs a Cauchy series to be ”computed”,
i.e. an expansion into a basis of a Hilbert space. That is, PCFT has the ge-
ometric point of view of the dynamics of LCR surfaces of C4, and quantum
field theory describes the dynamics of their singular parts (identified with the
elementary particles) as irreducible representations of the Poincaré group in the
corresponding rigged Hilbert space.

Following Scharf and collaborators, I will show below that quantum elec-
trodynamics is achieved by the Bogoliubov procedure by simply replacing the
classical electromagnetic current with the Dirac field current which satisfies the
conservation law. This procedure is extended to the leptonic part of the stan-
dard model with the ”spontaneous symmetry breaking” and the subsequent
conditions between coupling constants and masses implied. Recall that Epstein-
Glaser have already shown that renormalizability of electrodynamics is equiva-
lent to the proper definition of the product of theta (step function) distribution
with the Wightman distribution in the framework of Bogoliubov causal quantum
field theory. In this formalism, the S-matrix in the complete Hilbert space of the
Gelfand triplet (rigged Hilbert space) of the tempered distributions is considered
as an expansion to Wick monomials of the Poincaré representations of the free
distributional solitons of (classical) PCFT. In the following sections, I will re-
view the Stuckelberg-Bogoliubov causal perturbative field theory adapted to the
distributional solitonic spectrum of the classical PCFT, indicating the relevant
sections of the books of Bogoliubov and Scharf for details.

28 RIGGED HILBERT SPACE

The bra(c)ket formal notions of Dirac and his delta ”function” constitute the
natural formalism of quantum mechanics. Its proper mathematical incorpora-
tion to quantum field theory is done through the notion of rigged Hilbert space
[[2], Chap. 1]. It is the Gelfand triplet

Ω ⊂ H ⊂ Ω† (28.1)

where Ω is a normed vector space (≡ a vector space with a norm N(f)), H
is a complex Hilbert space (≡ a vector space with a complex scalar product
(f, g)) and Ω† is the vector space of linear functionals (dual) of Ω. The normed
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vector space Ω is not complete (≡ every Cauchy sequence an converges, i.e. if
lim
n,m

||an− am|| = 0 implies lim
n
an = a in the same space). But Ω is completed in

H. A typical example of such a non-complete vector space is the set of rational
numbers, with the set of real numbers its completion. It is well known that the
dual of a Hilbert space H is the same vector space, i.e. H† = H. Hence the
second part (H ⊂ Ω†) is implied from the dualization of the first part (Ω ⊂ H).

In the present context of rapidly decreasing test functions τ(x) ∈ S(Rn) and
their corresponding tempered distributions f ∈ S ′(Rn), Ω = S(Rn) (also called
Schwartz space) and its completion is the Hilbert space of square integrable
functions L2(Rn). After the passage to the distributions through duality, the
interesting properties are transferred to the framework of generalized functions.
This passage is essential in the case of unbounded operators A on a dense
subspace DA of a Hilbert space H, which cannot be extended on H.

In the context of Bogoliubov axiomatic formulation of quantum field theory
the rigged Hilbert space is

S(Rn) ⊂ L2(Rn) ⊂ S ′(Rn) (28.2)

The space S(Rn) is dense in L2(Rn) relative to the supremum definition topol-
ogy. A generalized eigenvector f ∈ S ′(Rn) of an operator A is defined by the
relation

< f,Aϕ >= λ < f, ϕ >, ∀ϕ ∈ S(Rn), f ∈ S ′(Rn) (28.3)

The unitary operator U is defined by the relation

(Uϕ,Uψ) = (U−1ϕ,U−1ψ), ϕ, ψ ⊂ L2(Rn) (28.4)

The self-adjoint (hermitian) operator A is defined by

< Af, ψ >:=< f,Aψ >, ψ ⊂ S(Rn) f ∈ S ′(Rn) (28.5)

The following completeness theorems of the unitary and hermitian operators
are derived: a) A unitary operator in a rigged Hilbert space possesses a com-
plete set of generalized eigenvectors corresponding to eigenvalues λ such that
|λ| = 1. b) A hermitian operator in a rigged Hilbert space possesses a com-
plete set of generalized eigenvectors corresponding to real eigenvalues λ. c) The
corresponding spectral theorems and the resolution of the identity are valid.

In conventional quantum field theory, the initial quantum Hilbert space is
”rigged” to permit the coexistence of the discrete and continuous spectrum.
Here we will first create the rigged Hilbert space H1 of one free scalar particle
and after the rigged Fock space of multiple particles. The point is to work in
momentum representation, where the following qj and pj are hermitian and they
satisfy the quantum commutation relations

qj =
√
m2 + p2i ∂

∂pj
1√

m2+p2
, pj ⇒ [qi, pj ] = iδij

(Φ1,Ψ1) =
∫
V +

Φ1(p)Ψ1(p)
d3p
2p0 , V + ≡ {pj : p0 =

√
m2 + p2 ∈ R+}

(28.6)
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These permit the definition of the creation and annihilation of the states of a
free particle

b†j =
1√
2
(pj + iqj) , bj =

1√
2
(pj − iqj)

[bi, b
†
j ] = δij

(28.7)

Do not confuse these creation and annihilation operators in the one-particle
Hilbert space with the corresponding operators of the multiparticle states of
the Fock space, which we will define below. The ”fundamental” state Ψ0, de-
termined by the condition bjΨ0 = 0, may be computed

Φ0(p) =
4

√
m2+p2

π3 e−
p2

2
(28.8)

Using the above one-particle-state creation and annihilation operators, a com-
plete orthonormal basis of one-particle-states is found through the relations

Φν(p) =
(b†1)

ν1 (b†2)
ν2 (b†3)

ν3
√
ν1!ν2!ν3!

Φ0(p) (28.9)

The spanned space is S(R3). These states admit a Fourier transform, where
eip·x ∈ S ′(R3) are the generalized eigenstates of the continuous spectrum of the
momentum operator. That is, the essential property of a rigged Hilbert space
is its ”capacity” to accommodate a vector basis Φν(p) with discrete index ν,
and a basis eip·x with continuous index −→p . The multiparticle second quantized
rigged Fock space is constructed by taking the symmetrized or antisymmetrized
states as usual [[2], Chap. 4]. The comprehensive and complete description of
this procedure in the Bogoliubov and collaborators’ books (already classical in
quantum field theory), makes a longer review unnecessary.

29 BOGOLIUBOV’S QUANTUM FIELD THE-
ORY

The recursive axiomatic formulation of a quantum field theory has been ana-
lyzed in the book of N. N. Bogoliubov, A.A. Logunov and I.T. Todorov[2], and
the book of N. N. Bogoliubov and D. V. Shirkov[3]. It approaches the axiomatic
formulation of a quantum field theory starting from the S-matrix, the introduc-
tion of a ”switching on and off” test function c(x) ∈ [0, 1] and assuming the
following expansion of the S-matrix

S = 1 +
∑
n≥1

1
n!

∫
Sn(x1, x2...xn)c(x1)c(x2)...c(xn)[dx] (29.1)

where Sn(x1, x2...xn) are generalized operators, which depend on the free field
operators (the local Poincaré representations of the free particles). That is, the
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S-matrix is an operator valued functional in the Fock space of free relativistic
particles, and the above formula is the proper expansion of S. Apparently this
perturbative expansion needs the existence of a small coupling constant. The
imposed axioms are

Poincaré covariance : UPSn(x1, x2...xn)U
†
P = Sn(Px1, Px2...Pxn)

Unitarity : SS† = S†S = 1

Microcausality : δ
δc(x) [

δS(c)
δc(y)S

†(c)] = 0 for x ≾ y

Correspondance principle : S1(x) = iLint[ϕ(x)]
(29.2)

where ϕ(x) denotes the free particle fields (distributional operators in the
rigged Fock space) and x ≾ y means x0 < y0 or (x−y)2 < 0. A general solution
of these conditions is

S = T [exp(iL[ϕ(x); c(x))]

L[ϕ(x); c(x)] = LInt[ϕ(x)]c(x) +
∑
n≥1

1
n

∫
Λn+1(x, x1...xn)c(x)c(x1)...c(xn)[dx]

(29.3)
where Λn+1(x, x1...xn) are quasilocal quantities (arbitrary add-ons of general-
ized functions), which permit the renormalization process. This order by order
construction of a finite S-matrix provides a well established algorithm to dis-
tinguish renormalizable from non-renormalizable interaction lagrangians. The
initial form of the S matrix contains a non-permitted multiplication of time
step functions with other distributions. Epstein-Glaser showed that the recur-
sive procedure does not essentially need these non-defined multiplications. Their
procedure is essentially equivalent to the differential renormalization, based on
the ”scaling degree” of the distribution. The book of Scharf [47] combines the
Epstein-Glaser remark with the Bogoliubov procedure providing a mathemati-
cally self-consistent description of quantum electrodynamics in the well defined
context of Schwartz distributions.

The Bogoliubov formalism is derived from the identification of the ”physical
Hilbert space” with the complete Hilbert space of the tempered distributions
and the well defined rigged Hilbert-Fock space of the free quantum field repre-
sentations of the Poincaré group. The causality condition should be imposed
by the analytic extension of the singular part of the distributions in one from
the two sides of R4 in C4 in the Siegel realization of the SU(2, 2) symmetric
classical domain (the edge of the wedge theorem). The advantage of the Bo-
goliubov procedure is that it may be used in the opposite sense. Knowing the
(free) Poincaré representations in the rigged Hilbert-Fock space of tempered dis-
tributions, they are identified with ”free particles” with precise mass and spin.
Then they are described with the corresponding free fields, which are used to
write down an interaction lagrangian, suggested by the corresponding dynamics.
In the present case, the fundamental dynamics is the PCFT and the particles
are the solitonic solutions and their corresponding potentials (dressings) which
satisfy the wave equations. The suggested interaction takes the place of the
”correspondence principle” in the Bogoliubov procedure. In the present case of
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effective electrodynamics, the suggested interaction is

LEM = e : ψγµψAµ : (29.4)

where ψ is the free Dirac field (the operator valued distribution of the ( 12 ,
1
2 )

representation) and Aµ is the electromagnetic field (the operator valued distri-
bution of the vector representation). The order by order computation introduces
counterterms to the action (with up to first order derivatives). If the number
of the forms of the counterterms is finite, the action is renormalizable and the
model is considered compatible with quantum mechanics, otherwise the whole
construction is rejected as inapplicable. The great value of this constructive
procedure will appear in its application for the construction of the action of the
standard model.

The idea of Scharf [[48], Chap. 1] and collaborators was for any irre-
ducible representation of the Poincaré group to include all the auxiliary ghost
(fermionic) fields required to determine the corresponding physical Hilbert space.
The Dirac field does not need any additional field, but the free photon field must
satisfy the gauge transformation

A′
µ(x) ≃ Aµ(x) + λ∂µu(x) +O(λ2) , ∂2u(x) = 0

A′
µ(x) = e−iQAµ(x)e

+iQ ≃ Aµ(x)− iλ[Q,Aµ(x)]
(29.5)

where Q is the generator of the gauge transformation assumed to be nilpotent.
It is found to be

[Q,Aµ(x)] = i∂µu(x) , Q2 = 1
2{Q,Q} = 0

Q =
∫
x0d

3x[∂µA
µ∂0u− (∂0∂µA

µ)u]
Q+ =

∫
x0d

3x[∂µA
µ∂0ũ− (∂0∂µA

µ)ũ]

(29.6)

where u(x) and ũ(x) is the anticommuting ghost pair which fixes the two physical
components from the four Lorentz components of the electromagnetic potential
Aµ(x). So the S matrix is properly expanded into free field operators, because
it remains unitary and invariant under the gauge transformation order by order.
The precise transformation-derivatives are[48]

dQAµ := [Q,Aµ(x)] = i∂µu , dQu = 0

dQũ := {Q, ũ} = −i∂µAµ
(29.7)

The starting lagrangian is gauge invariant, because the free Dirac field satis-
fies the conserved current relation ∂µ(ψγ

µψ) = 0. Hence the knowledge of
the starting free fields provide the S-matrix order by order. We should not
care about singularities and counterterms, which are properly managed by the
Epstein-Glaser technique. Hence, PCFT predicts the fermionic massive elec-
tron with g = 2 and its massless photon interaction through its electromagnetic
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dressing (which belong to precise Lorentz group representations) and their dis-
tributional character imposes the application of the Poincaré compatible rigged
Hilbert-Fock space technique. All the rest ”quantum field” calculations are just
mathematically algorithmic! But the background geometric relations imposes
conditions.

29.1 Self-consistency conditions

The perturbative approach permits the definition of general dynamical variables
through the generating functional introduced considering the formal existence
of a ”classical” current J(x) for every field ϕ(x) of the action. The generating
functional Z0(J) and the connected generating functional are

Z0(J) =< 0|T [exp{i
∫
(LI(x) + ϕ(x)J(x))d4x}]|0 >

Zc(J) = −i ln[Z0(J)]
(29.8)

The general and the connected Green functions are defined taking (formal) func-
tional derivatives of the generating functionals. Through this formal procedure,
the symmetries of the action become Ward identities for the Green functions.
The anomalies appear as disagreements between the formal and the exact (quan-
tum) computations.

Any field ϕ(x) defines a generating field Φ(x; J) and the Legendre transfor-
mation

Φ(x; J) = δZc(J)
δJ(x)

Zc(J) →W (Φ) = Zc(J)−
∫
Φ(x; J)J(x)d4x

(29.9)

In quantum field theory

< 0|ϕ(x)|0 >= ϕC +O(ℏ) (29.10)

is the vacuum expectation value of the field ϕ(x). We should not confuse it
with the ”classical” dressing of one elementary particle and the corresponding
generating field. In the context of the Bogoliubov-Shirkov notation [[3], Chap.
VII]

Φ(x; g) = − δH(x;g)
δJ(x) = −i

g(x) (
δS

δJ(x)

∗
S)|J=0

H(x; g) := i( δS(g)δg(x)

∗
S(g))

(29.11)

where H(x; g) is the ”quantum” hamiltonian of the system. The expected re-
lation of a ”dressing” potential of the elementary particles in PCFT and the
above formalism is
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A1(x; 1) = − δE(J)
δJ(x) |J=0 = −i

<S>

∗
Φ1(

δS
δJ(x)

∗
S)Φ1|J=0

Φ1 = (2π)
3
2 a+ν (

−→
k )Φ0

(29.12)

where Φ1 is the one-electron state. Notice that the elementary particle has the
same initial and final energies and their creation and annihilation operators are
outside the time ordering. The physical intuition is that we use the classical
current J(x) as a sensor of the potential generated by a particle.

The relativistic field equations are derived from the Bogoliubov approach
and all the experimental results are properly computed [[3], Chap. 7]. Hence
(29.12) is going to provide precise self-consistency conditions between PCFT and
current quantum field theories, which we will describe below. The causal pertur-
bative approach of quantum field theory has provided the transition amplitudes
between the free elementary particles (the stable asymptotic LCR-manifolds),
but it is practically impossible to sum up the terms. That is, ”quantum” per-
turbative field theory cannot compute the geometric ring singularity of the el-
ementary LCR-manifolds, which determines the particles themselves and the
geometry of the background R× S3 universe.

30 ”QUANTUM” ELECTRODYNAMICS

Quantum electrodynamics describes extremely well current phenomenology. Up
to now it was thought that it also solves the electron gyromagnetic ratio g = 2.
But this is solved even in the first solitonic approximation in the context of
PCFT, where the dressings of the electron naked singularity appear through
the Kerr-Newman manifold, viewed as an LCR-manifold. The gyromagnetic
ratio of the Kerr-Newman manifold was computed by Carter[5] in the context
of general relativity. PCFT simply makes spinorial naked singularities (like
electron Kerr-Newman manifold) compatible with the fandemental geometric
structure, which is now LCR-structure instead of the metric.

We have already found that the electromagnetic dressing of the (static) elec-
tron soliton is

dFC = 0 , d ∗ FC = ∗jC , d ∗ jC = 0

FCµν = ∂µA
C
ν − ∂νA

C
µ , ∂µF

µν
C = jνC , ∂νj

ν
C = 0

(30.1)

where the classical conserved current jνC is written using the delta function in-
dicating the localization of the electron (its singularity ring). This distribution
does not contain a wavefront singularity. The existence of this electromagnetic
density constitutes the breaking mechanism of the tetrad-Weyl symmetry down
to the ordinary Weyl symmetry. As a generalized function, the potential ACµ is
the locally integrable fundamental distribution, which after its differentiations
determines the ”ladder” of well defined (non-locally integrable) distributions.
But a general solution (as a ruled surface of CP (3) corresponding to a general
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accelerating trajectory in G(4, 2)) of the differential equation does contain solu-
tions with the wavefront singularities, which constitute the ”quantum” modes
of the photon and the electron. The simple formal description of this extension
may be achieved through the substitution

Aµ = ACµ +AQµ , jµ = jµC + eψγµψ

∂µF
µν
C = jνC , ∂µF

µν
Q = eψγνψ

[γµ(i∂µ − eACµ (x))−m]ψ = eγµAQµψ

(30.2)

where the last equation is imposed by the conservation of the current. Recall
that the static electron LCR-structure (with the electromagnetic and gravita-
tional dressings) admits the t-translation and z-rotation automorphisms. That
is, the solitonic configuration, including its dressings, belong to a representation
of the Poincaré group. Hence the distributional character of the electron LCR-
structure ”forces” us to start with fields A and ψe in the rigged Fock space of
the tempered distributions and equations

∂µF
µν = e : ψeγ

νψe :
[γµ(i∂µ − eAµ(x))−m]ψe = 0

(30.3)

with ACµ +AQµ = Aµ unified in one distributional operator. These equations are
also self-consistent with the required charge conservation. The causal approach
is implied by the Hilbert space framework. The electromagnetic interaction
lagrangian takes the form

LEM = e : ψeγ
µψe : Aµ (30.4)

as the first term of the Bogoliubov inductive procedure. The implied perturba-
tive S-matrix is compatible with the Q gauge charge algorithm[48]. That is, the
Bogoliubov procedure in the rigged Fock space of the ”free” photon and electron
fields is self-consistent with the above initial term. The Epstein-Glaser remark
was that the product of step (Heavyside) function distribution and the free field
propagators, which appear in the time-ordering notation, can be properly de-
fined in the context of microlocal analysis as the appropriate multiplication of
distributions satisfying the causality condition. In fact Epstein-Glaser remark
is equivalent to the conventional differential renormalization based on the scal-
ing transformation [[48], Chap. 2]. Additional ”Wightman-Bogoliubov axioms”
are not needed any more, because the distributional electron solution is already
present in ”classical” PCFT. Recall that after the Cauchy completion of the
rational numbers Q to the real numbers R, we do not need any additional phys-
ical laws (axioms) to compute the Pythagora hypotenuse. We have just to use
the proper mathematics which provide the irrational numbers as infinite sum
of rational numbers satisfying the Cauchy criterion. But here we have func-
tions, which must be restricted to the Schwartz space completed into the square
integrable functions L2(R3), leading to the well known bound states (Hermite
polynomials 28.9).
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The first term of the effective electron potential in conventional quantum
electrodynamics is

A1µ(x; 1) ≃ −i
2

∗
Φ1

δŜ2(J)
δJµ(x)Φ1|Jµ=0

Ŝ2(J) =
∫
T ((LI(x1) +Aν(x1)J

ν(x1))(LI(x2) +Aν(x2)J
ν(x2))[dx]

(30.5)

which becomes

Aµ1 (x) ≃ −e
∫
Dc

0(x− y)
∗
Φ1p′ : ψe(y)γ

µψe(y) : Φ1pd
4y

Φ1p = (2π)
3
2

∗
a+ν (

−→p )Φ0

(30.6)

The electromagnetic dressing (19.80) A = qr3

4π(r4+a2(x3)2)ℓµdx
µ in cartesian

coordinates

A = qr3

4π(r4+a2(x3)2) (dx
0 − rx1−ax2

r2+a2 dx1 − rx2+ax1

r2+a2 dx2 − x3

r dx
3)

dF = 0 , d ∗ F = − ∗ je
(30.7)

of the electron LCR-structure has the proper asymptotic charge e and magnetic
moment ea, already computed by Carter without any reference to quantum elec-
trodynamics. Besides, all its components are locally integrable functions deter-
mining through derivations the ”ladder” of the generalized functions. Hence, it
strongly suggests the Einstein approach to the derivation of quantum electrody-
namics. But (30.7) is singular at the ring with radius a, while the perturbative
terms (30.6) are singular at the point −→x = 0, which emerge after an expansion
of (30.7) and the definition of r in powers of a = ℏ

2m . The emergence of the
Plank constant ℏ strongly indicates that (30.7) includes the contributions of
loop diagrams. But there is a subtlety. The above electromagnetic field is part
of the Kerr-Newman solution, therefore its form could emerge in the context
of a causal perturbative approach including electromagnetism and Einstein’s
gravity.

30.1 ”Quantum” electrogravity

The Einstein approach is essentially based on the distributional nature of the
present elementary particle-solitons. They are not smooth configurations with
finite energy. The energy-momentum conservation of the free particle-soliton
(electron) is implied by the existence of a metric gµν in the tetrad-Weyl class
[gµν ;Viµν , i = 1, 2, 3], which takes the Kerr-Schild ansatz form and hence the
gravitational field

hµν = 2f(x)LµLν

gµν = ηµν + κhµν

(30.8)
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satisfies linear field equations with compact singular support sources. The initial
interaction lagrangian for the causal perturbative field theory is

LI =
k
2h

µν : (ψeγµ∂νψe − (∂νψe)γµψe) : (30.9)

with the electron free field. The first third degree gravitational term has been
computed [[48], Chap. 5].

The use of the ghost complex of Scharf and collaborators to fix the physi-
cal Hilbert-Fock subspace provides the natural framework to study the problem.
Their observation that the up to third degree identification with the correspond-
ing terms of the expansion of the Einstein-Hilbert action should be expected,
because the other gravitational terms contain higher order derivatives, which
generate states with negative norm. Hence, this indicates that the Einstein-
Hilbert action with cosmological constant could be properly treated in causal
perturbative approach. The nilpotent Q gauge charge method (based on the
Krein structure)[48] permits the order by order elimination of the unphysical
negative norm ”states” and assures the non-emergence of ”counterterms” with
higher order derivatives.

The above analysis strongly indicates that the perturbative causal approach
of electrogravity is well defined providing exact results. Bogoliubov-Shirkov
book mentions that in conventional ”non-renormalizable” lagrangians the infi-
nite number counterterms should sum up to non-local forms. In the present case
of gravity and electromagnetism, this non-locality emerges in the Kerr-Newman
metric and electromagnetic potential through the r variable

r4 − [(x1)2 + (x2)2 + (x3)2 − a2]r2 − a2(x3)2 = 0
⇓

r = ±
{

(x1)2+(x2)2+(x3)2−a2
2 +

√
[ (x

1)2+(x2)2+(x3)2−a2
2 ]2 + a2(x3)2

} 1
2

(30.10)
which vanishes in the entire disk and not just at a point. Notice that the (naive)
expansion in powers of a = ℏ

2m

r ≃ ±|−→x | ∓ (x1)2+(x2)2

2|−→x |3 a2 +O(a4) (30.11)

the singularity is restricted at |−→x | = 0.
Perturbative causal approach is an expansion of the S-matrix into the rigged

Hilbert-Fock space of the free Poincaré representations, the basis of the free fields
tempered distributions. But the relativistic interactions of electron and photons
with the atoms have to be treated differently. Under the argument[23],[47]
of the classical approximation, the rigged Hilbert space is enriched with the
atomic bound states. In the context of quantum electrodynamics, it is formally
achieved through the introduction of external sources or equivalently of external
electromagnetic potentials[3]. The same approach should be applied in the case
of relativistic study of positronium.

Concluding this section, I want to point out the great result of PCFT, that
the electromagnetic gauge potential coincides with the ℓµ cotangent vector of
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the LCR-manifold, which is also a null vector of its metric. The implied causal
perturbative quantum field theory can provide the first terms in the expansion in
a, but the series cannot be summed up. Hence, causal perturbative field theory is
excellent to compute the evolution of the point singularities of the distributions,
but the ring singularity of the electron cannot be revealed without suming up
the series. On the other hand, the identification of the electromagnetic potential
with ℓµ provides a breaking of the tetrad-Weyl symmetry. In the next section we
will show the same ”phenomenon” to appear in the weak interactions approach
in the context of PCFT.

31 ”QUANTUM” WEAK INTERACTIONS

The leptons are found as stable distributional lorentzian Cauchy-Riemann (LCR-
) manifolds. The free massive (electron) and its massless partner (neutrino) are
explicitly computed as the general and developable (23.3) quadratic ruled sur-
faces of CP (3). The spin and energy-momentum parameters are determined by
their linear (Newman) complex trajectory, i.e.

ξb(τ) = vbτ + iab (31.1)

where vb and ab are real SO(1, 3) contravarient vectors.
The ambiguity in the dummy parameter τ needs a normalization. The fol-

lowing ”massive” choice

dξb(τ)
dτ

dξc(τ)
dτ ηbc = 1 → vbvcηbc = 1 (31.2)

implies the Einstein energy-momentum relation of special relativity E2−(−→p )2 =
m2. The same relation we find if we assume the following ”general” choice

ξb(τ) = pbτ + isb → ξ0(τ) = Eτ
⇓

dξb(τ)
dτ

dξc(τ)
dτ ηbc = m2 → E2 − (−→p )2 = m2

(31.3)

Notice that the second normalization covers both free electron and its neutrino.
The Kerr-Newman manifold describes the electromagnetic and gravitational

dressing of the free electron. I have already computed them using the SL(2,C)
bundle over the grassmannian space. The two null vectors ℓ and n are the
two gravitational and electromagnetic principal null directions of this type D
spacetime.

In the case of the accelerated electron we have, in the general normalization

ξb(τ) = ξbR(τ) + isb , ξ0(τ) = Eτ, E ∈ R
⇓

dξb(τ)
dτ

dξc(τ)
dτ ηbc =: m2(τ) → E2 − (d

−→
ξ R(τ)
dτ )2 = m2(τ)

(31.4)
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which could be found as the mass definition for massive and massless (devel-
opable) ruled surfaces. Hence there is a direct relation between the ”massive”
ruled surface and its reduced ”massless” developable surface. Besides, the elec-
tron LCR soliton is determined by a left and right chiral spinors λAi, which are
different from the ”vacuum” light-cone LCR-structure which does not have any
local singularity. On the other hand, the flatprint neutrino has only its left part
different from the vacuum left part, while its right part coincides with the vac-
uum right part. And all these chiral ”particles” admit the correct vanishing Lie
derivatives of the massive and massless Poincaré group, which is a fundamental
ingredient of ”axiomatic” quantum field theory.

The successful application of the causal perturbative theory to build up
quantum electrodynamics and its extraordinary experimental verification, sug-
gest us to extend it including the massless neutrino soliton as a left-hand Dirac
field 1−γ5

2 ψν , and all the permitted charged and neutral currents. No neutrino
electromagnetic interaction should be introduced or permit it to appear through
the inductive procedure. It has already been shown[48] that assuming the ex-
istence of all the standard model particles (for every generation separately) the
implied standard model lagrangian is a consequence of the Q gauge charge al-
gorithm. Let us now enumerate the fields and the interactions we will consider
in the beginning (correspondence principle) of the Bogoliubov procedure, indi-
cating their existence in the context of PCFT:

1) The massive distributional soliton based on the ruled surface of CP (3)
with linear trajectory will be represented with the massive Dirac electron field
ψe(x), which satisfies the free Dirac equation and hence it implies a free massive
Dirac propagator in the time ordering term.

2) The corresponding massless developable ruled surface of CP (3) will be
represented with the left-hand part of the massless Dirac neutrino field 1−γ5

2 ψν ,
which satisfies the free Dirac equation and hence it implies a free massless Dirac
propagator in the time ordering term. All the considered currents will contain
only the left-hand part of the neutrino field.

3) The potential of the real part of the closed self-dual 2-form will be repre-
sented with the massless electromagnetic field Aµ(x), which implies the corre-
sponding massless propagator. We have already showed that the LCR-structure
implies the existence of a U(2) Cartan connection (22.12), which extends the
electromagnetic potential. A scalar field (22.15) also emerges from the relative
invariants Φi of the LCR-structure. These are identified with the observed elec-
troweak U(2) gauge fields and the corresponding currents are assumed to be
defined from the electron and its neutrino.

4) Following the procedure Scharf and collaborators [[48], Chap. 3], we in-
clude the necessary ghost pairs for every free field in order to apply the gauge
symmetry transformations, which fix the physical Hilbert space. The impor-
tance of the order by order fixing of the physical Hilbert space assures that
the final counterterms do not include higher order derivatives, a well-known
source of negative-norm states. I do not repeat this procedure because it is well
described in the second book of Scharf[48].

Including all these assumptions in the initial action through the ”correspon-
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dence principle”, the causal perturbative procedure implies a closed lagrangian
form only if the well known relations between the coupling constants and the
masses of particles are valid. This means that the ”internal symmetry” U(2)
breaking mechanism, is a consequence of the initial mass difference between the
electron and the neutrino.

Let us now turn to the origin of the three elementary particle generations
(23.17, 23.23). We have already computed the Hopf invariants of the left and
right chiral parts of the flatprint electron and its neutrino. We found that the
left parts of the electron and its neutrino are equal to +1, justifying the exis-
tence of the charged current in the Hilbert-Fock space of the weak interactions.
The right chiral parts of the electron and its neutrino have Hopf invariants
−1 and 0 respectively. In the case of the flatprint configurations, there is no
limitation on the Hopf invariants, and subsequently on the number of LCR-
moving frames. But a self-consistent gravitational dressing restricts the number
of geodetic and shear-free null congruences up to four, which is the maximum
number of gravitational principal null vectors. Hence I think that the limitation
to three particle generations is a consequence of the gravity potentials of these
solitons which emerge through the Einstein metric gµν . It is well known that
the Einstein metric gµν = ηabe

a
µe
b
ν , where e

a
µ are the four linearly independent

vectors of Cartan moving frame. They are defined up to a local SO(1, 3) trans-
formation e′aµ = Sab e

b
µ which generates and relates the Cartan connection with

the ordinary metric gµν connection. Newman and Penrose have noticed that
assuming a null tetrad, the Cartan formalism acquires very useful properties
easily applied to the radiation problems. In the Newman-Penrose formalism the
LCR-structure coincides with the existence of two geodetic and shear-free null
congruences (with κ = σ = λ = ν = 0). Besides, the use of the spinor dyad
(oA, ıB) through the relations

ℓµ = oA
′
σaA′Bo

Beaµ , nµ = ıA
′
σaA′Bı

Beaµ , mµ = ıA
′
σaA′Bo

Beaµ

oAıBϵAB = oBı
B = 1

(31.5)
imply the spinorial formulation of general relativity. I have already pointed out
that a metric does not always admit two geodetic and shear-free congruences. In
this case of metrics, using an arbitrary tetrad, the spinor form of the conformal
tensor ΨABCD can always be defined, and it admits two spinors (λA1, λB2),
which satisfy the relation λAλBλCλDΨABCD = 0. In the linearized gravity
approximation they become the spinors of the first two rows of the homogeneous
coordinates of G(4, 2). Hence locally, a non-conformally flat metric compatible
with a LCR-structure has at most four geodetic and shear-free null congruences,
i.e. at most four branches (sheets). Every two of them determine a LCR-
structure. From the Petrov classification, we have the types of spacetime with
four (type I), three (type II), two double (type D) and a triple (type III) principal
null directions. Apparently the electron and the neutrino solitons correspond to
type D spacetimes. I discuss the three leptonic generations in Part III of this
Research eBook.
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Concluding this section, I think that it would be interesting to perturbatively
compute the charged and neutral weak dressings, and the Higgs dressing of
the electron generation, using the inverse procedure, from ”quantum” to the
classical solution.

31.1 Self-consistency conditions

The standard model is a well defined and very successful quantum field the-
ory. In order to invert the point of view, and consider it as consequence of
the distributional character of the LCR-structure solitons, we have to fix the
U(2) connection, find its curvature, and finally apply the Hodge star exterior
derivative to fix the sources. The second application of the Hodge star exterior
derivative gives the conservation law for these sources. The starting point is the
identification of the (22.9) U(2) connection

B = BIµdx
µtI =

(
ℓ′ m′

m′ n′

)
, [tI , tJ ] = iCIJKtK

F = dB − iB ∧B −→ DF := dF + iB ∧ F − iF ∧B = 0

(31.6)

with the weak gauge field.
Electrodynamics suggests the following (hermitian) U(2)-connection and

curvature for the standard model

B =

(
A W
W Z

)
=

(
ℓ′ m′

m′ n′

)
F = dB − iB ∧B

(31.7)

where the tetrad is chosen with precise tetrad-Weyl factors. In the case of the
electron generation we have

B0µ + 1
2B3µ = ℓ′µ , B0µ − 1

2B3µ = n′µ , 1
2 (B1µ + iB2µ) = m′

µ

F0µν = ∂µB0ν − ∂νB0µ

Fiµν = ∂µBiν − ∂νBiµ − ϵijkBjµBkν

(31.8)

where (ℓ′µ, n
′
µ,m

′
µ) is the electron LCR-tetrad with the factors(21.32)

Λ = qr
r2+a2 cos2 θ

N = − qr
4π(r2+a2+h)

MM = − qra cos θ
2π(r2+a2 cos2 θ)2

(31.9)

In order to help the reader clarify the relations between the tetrad-Weyl
transformation and the weak U(2) gauge group, I think I have to make a very
brief review. The tetrad-Weyl transformations is the symmetry of the funda-
mental LCR-structure (which replaces the Einstein metric structure) of PCFT.
On the other hand the weak U(2) gauge group is a ”Cartan lift” implied by the
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application of the (holomorphic) Frobenius theorem. Recall that the solution is
the real submanifold with the cotangent bundle

ρ11(z
α, zα) = 0 , ρ12

(
zα, zα̃

)
= 0 , ρ22(z

α̃, zα̃) = 0
⇓(

ℓ m
m n

)
= i(∂ − ∂)

(
ρ11 ρ12
ρ12 ρ22

) (31.10)

and its normal bundle dρij . Apparently a weak U(2) gauge transformation
breaks the tetrad-Weyl symmetry and connects different LCR-structures. There-
fore the sources of the gauge field section must generally be identified with the
electron-neutrino weak currents.

The Higgs field is related to the ”relative invariant” fields Φi. Notice that
the weak curvature of the ”flat” U(2) LCR-manifold (4.33) vanishes. The great
success of the standard model could permit us to invert the ”self-consistency
conditions”. That is, to perturbatively compute effective fields and identify
them with the gravitational, electromagnetic, weak and Higgs dressings of the
electron-neutrino solitonic system. But it is practically impossible to sum up all
the terms and find back the dressings and reveal the lepton and neutrino ring
singularity!

Recall that in conventional standard model of the leptonic interactions there
is no relation between the gauge fields and Einstein’s metric. By simply replac-
ing gµν with the LCR-structure as fundamental geometric structure (the well-
known dream of Einstein) not only quantum Einstein’s gravity and standard
model are derived, but we precisely find the intimate relation (31.8) between
them!

32 ”QUANTUM” CHROMODYNAMICS

In the context of the fundamental action of PCFT, quantum chromodynamics
could be defined by the tetrad-Weyl covariant gauge field action. I computed
the gluonic dressing (24.39) of the static axisymmetric LCR-manifold. The lep-
tonic solitons have vanishing gluonic dressing and the corresponding quark have
non-vanishing gluonic dressing. This general procedure explains the particle
correspondence between leptons and hadrons. Besides the SU(3) group should
be determined by an anomaly cancellation, in complete analogy to the com-
putation of the dimension 26 of the ambient spacetime in the Polyakov action
(the 2-dimensional PCFT). I have also considered the possibility that the SU(3)
gauge group could emerge from a Cartan lift of the LCR-structure. That is, that
the gluonic field has a geometric origin like gravity and electroweak gauge fields.
The implied gluonic connection (24.50) essentially coincides with the previous
one, while the SU(3) gauge group is also fixed.
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But the form of the electron electromagnetic dressing and its potential

F = q
4π(r2+a2 cos2 θ)2 [(r

2 − a2 cos2 θ)dt ∧ dr − 2a2r cos θ sin θdt ∧ dθ+
+2a2r cos θ sin θdr ∧ dθ + a(r2 − a2 cos2 θ) sin2 θdr ∧ dφ−
−2ar(r2 + a2) cos θ sin θdθ ∧ dφ =
= d[ qr

4π(r2+a2 cos2 θ) (dt− dr − a sin2 θdφ)]

⇓
A = qr3

4π(r4+a2(x3)2) (dx
0 − rx1−ax2

r2+a2 dx1 − rx2+ax1

r2+a2 dx2 − x3

r dx
3)

(32.1)

is completely different from the gluonic dressing of the corresponding quark

F
(g)
j = − γj

4πa [
a

(r2+a2)dt ∧ dr + dr ∧ dφ] =
= d[

γj

4πa (tan
−1 r

adt− rdφ)]

∗F (g)
j = − γj

4π [
1

a sin θdt ∧ dθ + sin θdθ ∧ dφ]

(32.2)

Notice that the spin parameter a appears in the denominator which permits the
quark gluonic potential to have a magnetic linear component that could provide
a kind of confinement. On the other hand the electromagnetic dressing can be
expanded in powers of a permitting the appearance of a linearized interaction,
while the gluonic dressing is singular at a = 0. No self-consistency conditions
seem to apply. The form of the ”quantum” gluonic interaction is not evident
(to me).
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